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FOREWORD 


Shell  structures  are  important  components  of  airplanes,  missiles,  and 
space  vehicles,  but  present  capabilities  for  predicting  the  local  and  gen- 
eral instability  of  many  such  structures  are  inadequate.  A large  effort 
continues  to  be  devoted  to  the  stability  analysis  of  shell  structures,  and 
considerable  progress  has  been  made.  Results  are  slowly  disseminated, 
however,  and  many  engaged  in  research  are  not  fully  cognizant  of  the  prob- 
lems and  practices  of  the  vehicle  designers  who  utilize  research  results. 
Therefore,  an  NASA  SYMPOSIUM  ON  INSTABILITY  OF  SHELL  STRUCTURES  was  organ- 
ized by  the  Langley  Research  Center  with  sessions  held  there  on  October  2b 
and  25,  1962.  Participants  were  limited  to  persons  contributing  papers  and 
to  certain  officials  of  the  U.S.  Government. 

This  symposium  was  planned  to  provide  those  persons  concerned  with 
shell  instability  at  research  laboratories,  at  educational  institutions, 
and  in  the  aerospace  industry  with  a comprehensive  view  of  the  present 
state  of  the  art,  including  the  voids  in  present  knowledge,  important  cur- 
rent problems,  and  the  most  fruitful  directions  for  future  theoretical  and 
experimental  research  on  the  instability  of  all  types  of  shell  structures . 

Individuals  actively  engaged  in  research  on  shell  stability  or  design 
were  invited  to  contribute  written  papers  for  inclusion  in  a compilation 
to  be  distributed  to  the  participants  prior  to  the  symposium.  A few 
papers  were  selected  by  a steering  committee  for  oral  presentation  at  the 
symposium.  Provision  was  made,  also,  for  a discussion  of  all  papers. 

Individual  authors  prepared  their  final  manuscripts  and  figures  in  a 
form  that  could  be  directly  reproduced  in  this  volume.  The  material  pro- 
vided was  neither  checked  nor  edited  by  NASA.  Opinions  and  data  presented 
are  the  responsibility  of  the  authors  and  do  not  represent  official  views 
of  the  NASA. 

The  following  steering  committee  guided  and  assisted  the  Langley 
Research  Center  personnel  in  the  organization  of  the  symposium: 

R.  R.  Heldenf els , Chairman,  NASA  Langley  Research  Center 

George  Gerard,  Allied  Research  Associates 

M.  G.  Rosche,  NASA  Headquarters 

E.  E.  Sechler,  California  Institute  of  Technology 

R.  S.  Shorey,  General  Dynamics/Astronautics 
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SHELL  INSTABILITY  PROBLEMS  AS  RELATED  TO  DESIGN 


By  Levis  H.  Abraham 
and 

Mortimer  J.  Lovy 
Douglas  Aircraft  Company  Inc. 


SUMMARY 


A presentation  is  made  which  highlights  several  current  shell 
stability  problems . A searching  reappraisal  of  shell  stability  re- 
search is  advocated  in  the  light  of  the  current  rapidly  mounting 
intensity  of  shell  research  which  in  many  cases  is  disproportionately 
academic  and  non-design  orientated. 

INTRODUCTION 


In  scanning  the  list  of  participants  in  this  symposium  one  can 
only  marvel  to  see  that  so  many  serious  investigators  in  the  field  of 
elastic  stability  can  be  gathered  at  any  one  time.  Likewise,  the  papers 
presented  cover  a cross  section  of  the  important  recent  works  being  ac- 
complished in  the  field  of  shell  stability.  At  such  a distinguished 
gathering,  however,  the  responsibility  of  pointing  out  areas  which  are 
not  receiving  sufficient  emphasis,  is  of  equal  importance  to  the  task 
of  reporting  accomplishments . It  is  the  hope  of  the  authors  that  in 
pointing  out  specific  problem  areas  and,  where  possible,  indicating 
their  relative  importance  in  the  design  process,  that  interest  will  be 
aroused  and  solutions  be  expedited.  Contrary  to  what  has  quite  often 
became  the  expected  plea,  this  paper  will  not  ask  for  more  effort  in 
the  discipline  of  shell  instability,  rather  a diversion  of  the  serious 
worker  to  the  problem  areas  offering  a maximum  return  potential . Even 
a casual  glance  at  Figure  1 would  indicate  the  widespread  interest  in 
shell  stability  as  evidenced  by  the  increase  in  the  quantity  of  litera- 
ture being  published  on  shell  analysis . Unfortunately  much  of  it  is 
concerned  with  peripheral  problems  and  much  deals  with  trivia.  Perhaps 
it  was  this  inundation  of  mediocre  and  inconsequential  papers  that 
prompted  the  editorial  board  of  the  Journal  of  Applied  Mechanics  to 
adopt  a policy  which  excludes  from  consideration,  without  review,  papers 
in  the  field  of  shell  stability  which  employ  small  deflection  theory  or 
otherwise  apply  established  techniques  to  the  solutions,  "no  matter  how 
interesting,"  (reference  3)-  While  not  a deterrant  to  all,  at  least 
such  a policy  will  discourage  waste  effort  involving  trivial  refine- 
ments and  mathematical  gymnastics . In  the  face  of  a limited  and  in- 
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expandable  supply  of  competent  talent  we  must  turn  our  attention  from 
the  inconsequential  problems  to  those  where  increased  knowledge  and 
analytical  techniques  hold  promise  of  increased  structural  reliability  l 

and  efficiency. 


DESIGNING  FOR  STABILITY 


A missile  or  spacecraft  is  primarily  a pressure  sustaining  struc- 
ture . Perhaps  in  excess  of  90$  of  the  structure  may  be  sustaining 
pressure  loads • In  the  early  missile  designs  most  she! Is  were  pressure 
critical  and  stabilization  was  not  necessary  except  for  certain  handling 
conditions.  However,  as  material  applications  and  properties  have  ad- 
vanced, wall  thicknesses  have  diminished  until  today  many  shells  which 
have  been  previously  designed  by  pressure  vessel  criteria  are  now  at  or 
beyond  the  threshold  of  the  instability  problem.  Figure  2 represents 
a design  problem  involving  a solid  propellant  motor  case  which  Ulus- 
trates  this  situation.  The  case,  a second  stage  sustalner,  is  subject- 
ed to  compression  and  bending  loads  during  the  Initial  boost  stage. 

After  first  stage  booster  cut-off  the  sustalner  is  fired  and  the  case 
is  subjected  to  an  internal  pressure  condition.  Figure  2 shows  the  re- 
quired wall  thickness  of  this  l8-inch  radius,  steel  cylindrical  shell 
versus  the  tensile  stress  of  the  material  considered.  For  the  condi- 
tion of  internal  pressure  the  typical  hyperbolic  relationship  is  obtain- 
ed. However,  consideration  of  the  condition  which  induces  compression 
in  the  shell  establishes  a lower  limit  of  wall  thickness  which  can  be 
drawn  as  a horizontal  cut-off  line.  This  cut-off  line,  when  derived 
for  an  unsupported  shell  by  the  method  of  reference  4 intersects  the 
hyperbola  at  an  ultimate  tensile  stress  of  251,000  psi.  This  approaches 
very  closely  the  ultimate  strength  of  the  material  selected  for  the 
motor  case.  Thus  it  can  be  seen  that  additional  improvements  in  the 
strength  of  case  materials  would  be  pointless  without  something  being 
done  about  the  shell  stabilization  problem. 

Where  previously  it  was  conservative  to  neglect  core  stabilizing 
effects  they  now  are  a first  order  consideration.  Figure  2 shows  two 
additional  cut-off  lines.  The  intermediate  one  is  based  upon  the  work 
of  Seide  on  cylinders  stabilized  by  elastic  cores  (reference  5)  and  the 
lower  one  is  based  upon  a value  obtained  in  a full-scale  compression 
test  of  a motor  case  filled  with  inert  propellant.  If  the  case  were 
designed  to  the  lowest  cut-off  value  a weight  saving  of  approximately 
40$  would  result.  These  particular  values  of  the  limitations  due  to  com- 
pressive instability  are  cited  merely  to  illustrate  the  problems  rather 
than  define  actual  allowables . Methods  of  predicting  stabilizing-effects 
of  viscoelastic  cores  are  rather  difficult  to  apply  in  practice . For 
example,  in  applying  Seide 's  theory  it  was  necessary  to  assume  a value 
for  the  modulus  of  elasticity  of  the  core.  This  is  difficult  to  obtain. 
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as  it  is  veil  known  that  core  materials  behave  in  a viscoelastic  manner 
and  any  test  program  must  realistically  account  for  the  actual  tempera- 
ture and  strain  rate  if  it  is  to  be  an  acceptable  analog  of  the  opera- 
tional problem.  Here  then  is  a fertile  field  of  investigation. 

STIFFENED  SHELLS 

The  designer,  faced  with  the  problem  of  shell  instability  must  ask, 
"why  monocoque? " It  is  veil  known  that,  except  for  the  limiting  cases 
of  minimus-gage  handling  problems  and  thick -walled  shells  the  monocoque 
is  structurally  the  least  efficient  mode  of  material  disposition  for 
non- s tab  ill  z ed  shells  in  compression. 

In  general,  then,  it  behooves  the  designer  to  either  avoid  monocoque 
or  stabilize  it  wherever  possible.  Some  methods  of  avoiding  monocoque 
include  the  following  construction: 

(a)  Conventional  frame  and/or  stringer  combinations 

(b ) Integral  stiffening 

(c)  Sandwich  construction 

(1)  Isotropic  core  (e.g.  foam) 

(2)  Orthotropic  core  (e.g.  honeycomb) 

(3)  Unidirectional  core  (e.g.  corrugations) 

Hie  integrally  stiffened  shell  is  illustrated  in  Figure  3 which 
shows  a machined  waffle  pattern  that  has  been  successfully  used  for  de- 
sign of  several  cryogenic  fuel  tanks . This  simple  configuration  at 
first  represented  a fabrication  challenge.  Nov  that  it  has  been  success- 
fully produced  for  several  designs,  attention  has  been  given  to  opti- 
mizing the  stiffener  configuration.  Interestingly  enough,  the  most 
difficult  problems  here  are  not  those  concerned  with  optimizing  the 
shell  for  strength  only,  but  rather  optimization  consistant  with  the 
conditions  imposed  by  manufacturing  limitations  and  other  design  con- 
siderations . 

Figure  4 shows  a weight  comparison  of  several  systems  of  construc- 
tion for  cylinders  as  a function  of  loading  intensity  for  an  actual  de- 
sign case  involving  combined  axial  compression  and  bending.  Similar 
consideration  is  given  to  spherical  caps  under  external  pressure  in 
Figure  5*  Here  the  treatment  is  more  general  in  that  weight,  or  gage, 
has  been  normalized  as  has  the  loading.  There  are  several  items  worthy 
of  note  in  this  figure.  First,  we  find  a substantial  difference  between 
classical  theory  for  monocoque  and  the  empirical  curve  based  on  test 
data.  The  empirical  curve  shown  is  based  upon  a constant  coefficient 
of  0.2  in  the  classical  formula.  This  agrees  within  10$  with  the  avail- 
able experimental  data.  Further  examination  of  Figures  4 and  5 shows 
that  there  is  a much  larger  potential  pay-off  in  attempting  to  apply 
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sandwich  construction  to  the  design  problem  than  there  is  in  operating 
on  the  monocoque  theory.  One  problem  which  loans  large  in  designing  for 
sandwich  construction  — especially  in  cryogenic  tankage,  is  that  of 

stress  and  the  technique  of  combining  thermal  stresses  with  load- 
induced  stresses . A rigorous  address  to  this  problem  should  provide 
useful  information  to  the  designer.  An  even  more  pertinent  observation 
is  that  the  weight  advantages  shown  for  sandwich  construction  are  often 
lost  in  the  reduction  to  design  practice,  especially  in  the  design  of 
joints  and  attachments.  Thus  the  question  must  be  raised  whether  a 
portion  of  funds  spent  on  shell  research  and  development  could  not,  in 
many  cases  show  greater  returns,  even  for  the  long  term,  if  spent  on 
development  of  design  and  fabrication  techniques  rather  than  analytical 
methods.  The  problems  of  the  stability  of  stiffened  shells  afford  a 
propitious  interface  for  the  interests  of  the  researcher  and  the  design- 
er and  the  contributions  of  both  are  essential . 


SCATTER  AND  RELIABILITY 


One  problem  of  the  designer  which  is  even  difficult  to  state,  let 
operate  upon,  concerns  the  relationship  among  shell  instability 
solutions,  product  testing  and  design  factor-of-safety  philosophy.  In 
the  design  and  construction  of  large  boosters  and  space  vehicles  time 
rwH  economic  considerations  dictate  that  full  scale  test  specimens  be 
few  in  number;  yet  the  reliability  of  the  vehicle  must  be  close  to  100$ . 
Under  the  circumstances  the  large  scatter  in  test  and  performance  data 
experienced  under  present  test  techniques  and  the  large  deviations  from 
predictions  cannot  be  accepted  without  unwarranted  design  weight  penal- 
ties or  reduction  in  vehicle  reliability. 

It  might  be  argued  that  many  reliable  aircraft  were  designed  with 
limited  full  scale  testing.  It  can  also  be  argued  however  that  there 
were  many  compensating  factors  in  aircraft  design  that  are  not  found 
in  missiles . Among  these  were  the  sometimes  meaningless  corrections 
such  as  material  and  coupon  correction  factors,  none  of  which  had  much 
direct  bearing  on  shell  instability.  Nevertheless  these  corrections 
inadvertently  provided  reliability  due  to  a high  induced  safety  factor . 
Figure  6 reflects  the  design  of  a typical  thin  shell  structure . If  only- 
specimen  No.  1 >v*d  been  tested  and  the  design  based  on  this  value  (e.g. 
the  normal  1.5  safety  factor  applied  to  this  value)  the  structure  produc- 
ed would  have  apparently  operated  satisfactorily  and  would  still  not  have 
failed  under  limit  stress  even  if  an  actual  strength  value  as  low  as 
specimen  No.  6 had  been  realized.  Missile  and  spacecraft  designers  how- 
ever, under  pressure  to  produce  more  and  more  efficient  structures  have 
been  forced  to  reduce  this  so  called  ultimate  factor  of  safety  from  the 
standard  value  of  1.5  to  1.25  and  even  less.  Using  this  criteria  the 
allowable  working  stress  for  the  illustrative  example  would  have  been 
raised  and  the  reliability  of  the  production  structure,  based  on  this 


5 


limited  test  data,  would  have  been  reduced  to  an  unacceptable  level. 

Certainly,  there  must  be  a reason  for  this  scatter.  Does  the  ob- 
served scatter  of  test  data  reflect  a variation  fran  specimen  to  speci- 
men or  does  the  prime  variational  Influence  lie  in  the  testing?  If  the 
former,  perhaps  we  can  control  variations  by  design  techniques . If  the 
latter,  can  we  expect  similar  variations  in  actual  operations?  These 
problems  must  be  answered  if  the  designer  is  to  apply  rational  relia- 
bility criteria  to  his  products . If  some  of  the  parameters  affecting 
scatter  were  known,  these  data  could  be  reduced  to  a much  narrower 
scatter  band  — even  to  a reasonably  accurate  standard  value.  If  this 
were  possible,  data  fran  a few  tests  could  be  used  with  greater  assur- 

. ance.  Work  to  reconcile  and  explain  the  observed  scatter  would  be  most 

■ welcome  by  those  of  us  in  the  design  effort.  In  any  event  more  rigor 

must  be  observed  in  the  reporting  of  new  test  data. 

) 

) 

OTHER  PROBLEMS 


Dynamic  loading  of  shells,  although  not  necessarily,  or  even  pre- 
dominately, a structural  stability  problem , is  another  area  of  great 
concern  to  the  designer.  For  the  large  boosters  now  in  study  phases 
the  effects  of  ground  winds,  wind  shears  and  gusts,  transient  thrust 
and  release  loads,  fuel  sloshing  and  structural  cross-coupling  and  blast 
exposure  loom  as  first  order  problems . We  feel  that  these  problems  are 
not  receiving  their  proportionate  share  of  attention. 

CONCLUDING  REMARKS 


At  the  risk  of  making  a presentation  - and  a short  one  at  that  - 
of  perhaps  considerably  different  context  than  most  of  those  here,  we 
have  attempted  to  expound  a philosophy  based  upon  the  immediate  needs 
of  the  design  engineer.  Certainly  we  have  not  covered  all  important 
areas . The  tremendous  Increase  in  the  tempo  of  shell  instability  re- 
search in  recent  years  would  indicate  such  appraisals  are  periodically 
necessary  if  our  precious  research  resources  are  to  be  used  intelligent- 
ly. The  temptation  to  work  on  a problem  because  it  yields  a more  tract- 
able mathematical  model  or  is  academically  interesting  must  be  seriously 
weighed  against  the  gains  to  be  expected.  Quite  often  a less  elegant 
attack  on  a more  abstruse  problem  will  show  a greater  return  in  terms 
of  advancement  of  the  state-of-the-art  of  structural  design.  Most  agen- 
cies charged  with  expenditure  of  the  structural  research  dollars  are 
forced  into  continuing  reappraisal  of  the  emphases  and  aims  of  contract- 
supported  shell  instability  investigations  in  the  light  of  the  near  and 
far  term  mission  requirements . The  point  of  philosophy  we  wish  to  re- 
iterate is  that  things  now  appear  out  of  balance . Perhaps  seme  of  the 
research  dollars  now  spent  on  shell  instability  might  be  given  up  Anri 
spent  in  more  lucrative  endeavors . 
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STRENGTH  TO  WEIGHT  COMPARISON 
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BUCKLING  PRESSURE 
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Figure  6 
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STABILITY  PROBLEMS  HI  MISSILE  STRUCTURES 
By  Richard  J.  Sylvester 
The  Catholic  University  of  America 


A number  of  specific  buckling  problems  relating  to  missile  pro- 
pellant tanks  and  transition  sections  are  enumerated,  in  some  cases 
approximate  techniques  used  by  missile  designers  to  determine  stability 
are  mentioned,  flie  inadequacies  of  these  approximate  methods  and  the 
unavailability  of  appropriate  usable  Information  is  stressed. 

Furthermore,  the  mathematical  complexities  of  nonlinear  buckling 
problems  are  considered.  Some  possibly  fruitful  areas  of  mathematics  to 
simplify  these  complexities  are  discussed  with  the  hope  that  research  in 
these  areas  will  provide  a better  means  through  which  the  analyst  may 
supply  the  designer  with  more  realistic  and  accurate  theoretical  data. 


UmtCOUCTIDM 


The  desire  to  reduce  structural  weight  in  missiles  and  space 
vehicles  in  order  to  Increase  payload  has  resulted  in  thin-walled  shell 
construction  subject  to  elastic  and  Inelastic  buckling  as  one  primary 
mode  of  failure.  In  many  instances  an  adequate  buckling  analysis,  or 
method  of  analysis,  or  experimental  information  is  not  available.  Con- 
sequently, very  crude  but  hopefully  conservative  approximations  or  ideal- 
isations are  employed  for  analysis  of  the  design.  Often  designers  even 
avoid  entirely  particular  lightweight  configurations  because  of  the 
complete  lack  of  experimental  or  theoretical  information  on  potential 
instability  problems.  The  results  of  the  above  situations  may  be  either 
the  choice  of  a design  which  may  not  be  near  optimum  or,  perhaps  even 
worse,  a very  expensive  static  test  or  flight  test  failure  resulting  in 
costly  delays  and  vehicle  modifications. 

This  paper  discusses  a number  of  missile  shell  stability  problems 
which  can  be  categorised  among  those  which  cause  difficulty  for  designers. 
The  specific  problems  are  considered  under  the  classifications  of  t-anir 
dome  problems,  tank  barrel  problems,  or  transition  section  problems. 

Many  of  these  stability  problems  may  be  formulated  as  boundary  value 
problems  in  nonlinear  partial  or  ordinary  differential  equations;  how- 
ever, the  solutions  of  these  equations  are  extremely  difficult  to  obtain 
or  to  approximate. 


Preceding  page  MankJ 
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Three  distinct  sets  of  ideas  are  entertained  in  regard  to  simplify- 
ing the  methods  of  solution  for  these  problems.  The  first  ideas  are  In 
regard  to  high-speed  digital  computer  means  of  determining  parameters 
resulting  from  Rita-type  methods  used  with  stationary  energy  principles. 
The  second  set  of  notions  concerns  the  behavior  of  approximation  to 
integral  equation  formulations  of  shell  buckling  problems  rather  than  to 
differential  equation  formulations.  The  last  group  of  ideas  explore  in 
a -very  preliminary  fashion  the  possibility  of  converting  the  boundary 
▼aims  problems  of  shell  stability  into  initial  -value  problems  by  methods 
similar  to  those  of  Ambarxumian  or  those  of  "invariant  imbedding"  used 
in  transport  theory.  Perhaps  then  as  initial  value  problems  simpler 
methods  may  be  found  to  determine  stability  or  multiplicity  of  solutions. 


STAB  HITT  OF  TANK  DOMES 


Elliptical  Domes  Under  Internal  Pressure 

The  thin-walled  elliptical  shell  (hemi-ellipaoidal  shell  of  revolu- 
tion) whose  ratio  of  length  of  major  to  length  of  minor  axis  is  \J2  is 
often  chosen  as  a missile  tank  deem  primarily  on  the  premise  that  such 
domes  give  the  shallowest  rise  and  hence  minimise  transition  section 
length  and  weight  without  introducing  the  possibility  of  dome  circum- 
ferential buckling.  Rattinger  has  clearly  shown  by  experiment  that  flatter 
elliptical  dooms  will  buckle  under  internal  pressure. 

Without  entertaining  the  idea  that  such  buckling  might  not  be  an 
adverse  phenomenon,  two  important  assumptions  underlie  the  choice  of  a 
"root-two"  elliptical  dome.  The  first  is  that  linear  membrane  analysis 
tells  all  that  the  designer  needs  to  know.  This  implies  that  the  dis- 
placements of  the  dome  under  load  and  the  effect  of  edge  restraints  have 
little  bearing  on  the  dome  stresses  or  stability.  The  second  assumption 
is  that  the  loading  is  a constant  internal  pressure. 

Within  the  framework  of  linear  membrane  theory  Baltrukonis  has 
shown  that  for  "root-two"  elliptical  domes  under  axisysmmtric  internal 
hydrostatic  pressure  compressive  circmferential  stresses  do  arise.  These 
stresses  appear  in  the  neighborhood  of  the  attachment  points  of  the  dome} 
the  extent  to  which  they  continue  into  the  dome  depends  upon  the  pressure 
gradient  in  relation  to  the  total  pressure.  The  fact  that  a great  number 
of  missiles  with  "root-two"  domes  which  have  been  flight  tested  and  have 
not  experienced  detectable  buckling  due  to  this  effect  may  imply  any  of 
the  followings 

1.  the  domes  have  sufficient  stiffness  to  withstand  the 
compressive  stress  without  buckling,  or 


13 


2.  the  pressure  gradient  In  relation  to  the  maximum  pressure 
Is  sufficiently  small  so  that  the  compressive  region  is 
confined  to  the  shell  boundaries  where  attachments  provide 
restraint  against  buckling,  or 

3.  the  displacements  of  the  shell  are  large  enough  to  change 
substantially  shell  curvatures  and  thus  Invalidate  linear 
theory. 

The  nonlinear  behavior  of  very  thin  elliptical  domes  under  internal 
pressure  Is  still  a quantitative  unknown.  Tests  indicate  bursting  pres- 
sures of  20 % to  U0£  over  that  which  linear  membrane  theory  predicts.  This 
phenomenon  seems  to  be  due  to  large  curvature  changes  in  domes  under  high 
pressure.  These  observations  are  offered  as  part  justification  for  the 
third  reason  given  above. 

The  successes  of  past  designs  of  given  geometry,  thickness,  and 
"pressure  gradient-maximum  pressure"  relations  unhappily  do  not  insure 
the  success  of  future  designs  which  may  Incorporate  variable  thickness 
"root-two"  domes  of  larger  than  conventional  diameters  and  with  different 
relationships  between  pressure  gradient  and  maximum  pressure.  Conse- 
quently, the  problem  of  buckling  of  elliptical  dames  under  axi symmetric 
internal  hydrostatic  pressure  still  remains  an  open  question. 

When  a propellant  tank  is  in  the  horizontal  position  and  containing 
a propellant,  Baltrukonls  has  again  shown  membrane  hoop  compression  under 
the  nonaxi symmetric  hydrostatic  pressure.  Here  again  is  the  source  of 
a significant  stability  problem. 


Shallow  Spherical  Domes  Under  Internal  Pressure 

In  order  to  decrease  the  total  length  of  a missile,  decrease  its 
structural  weight,  and  raise  its  fundamental  frequency  of  lateral  vibra- 
tion one  tries  to  shorten  as  much  as  practical  transition  sections  between 
propellant  tanks.  To  accomplish  this  shortening  sane  designers  have  con- 
sidered using  shallow  spherical  shells  for  tank  domes.  Reasoning  from 
linear  membrane  theory  they  conclude  that  the  lateral  component  of  the 
longitudinal  membrane  stress  at  the  dome-tank  juncture  must  be  resisted 
by  a sufficiently  stiff  ring  frame  so  that  buckling  of  the  tank  walls  and 
dome  is  avoided.  The  ring  frame  is  customarily  designed  with  a stiffness 
sufficient  to  prevent  first  mode  "out-of-roundness"  buckling  were  the  ring 
free  and  under  a uniformly  distributed  line  load  in  the  plane  of  the  ring. 
The  intensity  of  this  line  load  la  determined  from  the  lateral  component 
of  the  membrane  stress  in  the  dome.  Consequently,  the  Increased  weight 
due  to  the  heavy  ring  required  under  the  above  assumptions  does  not  give 
the  shallow  spherical  dome  design  a decided  advantage  over  the  elliptical 
dome  design. 


The  author  is  not  at  all  certain  that  for  a shallow  done  without  a 

£m&  buckling  will  occur  as  first  mode  out— of— roundnsss.  Most 
certainly  large  nonlinear  local  bending  effects  will  occur  as  Internal 
pressure  is  Increased.  The  done  and  tank  wall  curvatures  will  change 
measurably  before  buckling  occurs.  The  deformed  shape  may  tend  to  approach 
that  of  a shallow  ellipse  for  which  the  mode  of  buckling  is  not  In  general 
first  mode  out  of  roundness.  The  presence  of  a ring  frame  may  tend  to 
reduce  the  amount  of  displacement  at  the  edge  of  the  dome , but  the  mode 
of  would  seem  to  be  dependent  upon  the  stiffness  of  the  ring 

frame.  Hence , the  nature  of  the  stability  of  a shallow  spherical  shell 
under  Internal  pressure  and  attached  to  a cylindrical  tank  wall  with  or 
without  a ring  frame  of  given  stiffness  is  still  an  unresolved  problem. 

It  seems  heurlstlcally  reasonable  that  for  sufficiently  stiff  rings 
" out-o f -roundne ss " first  mode  buckling  is  most  likely  to  govern  the  ring 
design.  A pertinent  suggestion  has  been  to  stabilise  the  ring  against 
such  buckling  by  a series  of  lightweight  tension  rods  much  like  the  spokes 
on  a bicycle.  It  Is  believed  that  these  rods  would  inhibit  first  mode 
buckling  by  providing  restrain  against  outward  motion  of  the  ring.  If 
such  stabilisation  is  possible,  then  a lighter  ring  may  be  used  designed 
against  buckling  at  some  higher  mode.  Perhaps  a weight- saving  may  be 
realised.  Thus,  the  problem  of  the  stability  of  a shallow  spherical  dome 
attached  to  a cylindrical  shell  edged  by  a ring  frame  which  itself  is 
stabilised  by  tension  rods  (perhaps  pre stressed)  provides  a challenging 
and  useful  area  of  investigation  for  the  shell  analyst.  Further,  weight 
optimisation  Including  the  ring  and  tension  rod  weights  with  stability 
as  the  failure  criterion  would  be  most  useful. 


Domes  for  Segmented  Tanks 

In  order  to  reduce  the  circtmferential  stress  in  propellent  tank 
barrels  the  segmented  tank,  whose  cross-section  resembles  the  shape  of 
a scalloped  round  doily,  was  devised.  Domes  for  such  tanka  pose  a 
stability  problem  for  the  analyst.  For  relatively  flat  domes  a vail 
radius  of  curvature  is  required  at  the  transition  from  the  dome  to  the 
segments  of  the  barrel,  hence  one  may  legitimately  anticipate  circumferential 
compression  in  these  areas  when  the  tank  is  subjected  to  internal  pressure. 
These  transition  segments  are  not  shells  of  revolution  but  more  closely 
resemble  sections  of  a football.  A computational  complexity  is  thus 
encountered  in  determining  the  linear  membrane  stresses  as  well  as  the 
buckling  behavior  of  these  football  segments.  Certainly,  the  solution 
of  this  problem  would  be  useful  to  designers. 


15 


Dorns  Under  Static  External  Pressure 

Several  environmental  and  test  conditions  introduce  the  occurrence 
of  static  or  quasistatic  external  pressures  on  domes.  Such  mishaps  as 
rapid  emptying  of  propellant  tanks  during  simple  hydrostatic  testing 
without  proper  vent  valve  opening,  air  transport  of  tanks  from  higher  to 
lower  altitudes  with  unopened  vent  valves,  and  geysering  of  cryogenics 
during  tank  filling  have  all  Inadvertently  caused  situations  of  external 
pressures  on  domes.  The  frequency  of  buckling  failures  due  to  such  mishaps 
have  prompted  designers  to  consider  using  various  "failsafe"  valves, 
which  would  permit  rapid  pressure  equalization  under  such  conditions.  The 
design  of  such  valves  requires  the  knowledge  of  the  buckling  pressure  of 
the  dames.  The  problem  of  static  external  pressure  on  domes  arises  also 
in  regard  to  recoverable  boosters  and  in  missile  tanks  in  which  a common 
dome  separates  two  varieties  of  propellant. 

Under  some  of  the  conditions  mentioned  above  buckling  occurs  without 
rapture  of  the  dome  but  with  plastic  deformations.  Internal  pressure 
may  be  used  to  "pop"  the  domes  back  into  shape.  Whether  or  not  such  a 
procedure  is  harmful  to  the  integrity  of  the  dome  has  not  yet  been 
determined. 

Thus,  dome  buckling  under  external  pressure  is  a significant  large 
deflection  problem  complicated  by  the  fact  that  in  practice  domes  are  not 
always  shallow.  Judging  from  the  discussions  in  the  literature  on  the 
nonlinear  solution  of  the  shallow  spherical  shell  problem  one  may  say 
with  assurance  that  the  buckling  of  deeper  dooms  provides  an  extreme 
challenge.  Perhaps  different  mathematical  and  new  numerical  schemes  are 
necessary  to  eek  out  the  solutions  to  such  problems. 


Domes  Under  Dynamic  External  Pressure 

In  a number  of  applications  tank  dooms  are  subjected  to  rapidly 
applied  external  pressures.  For  example,  in-flight  ignition  df  a higher 
stage  engine  In  the  neighborhood  of  a lower  stage  tank  dome  causes  a 
sudden  dynamic  blast  to  Impinge  on  the  dome  below.  In  order  to  prevent 
damage  to  the  lower  stage  which  may  be  intended  to  be  recovered  or  which 
might,  if  damaged,  explode  and  cause  a disruption  of  the  higher  stage 
the  dome  must  be  able  to  withstand  the  dynamic  load.  As  the  outstanding 
work  of  Ezra  and  Foral  of  the  Martin  Company  In  Denver  has  shown,  for 
blast  loads  of  short  duration  a peak  external  pressure  considerably 
greater  than  the  static  buckling  pressure  can  be  withstood  before  permanent 
buckling  is  experienced.  However,  high  speed  motion  pictures  by  Foral 
show  considerable  motion  and  large  displacements  due  to  high  pressure 
impulses.  An  Tinderstanding  of  the  dynamic  response  under  such  loads  and 
the  relation  of  this  dynamic  response  to  the  permanent  buckling  or  tearing 
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of  the  shell  is  not  at  all  apparent.  Just  what  stability  means  under 
such  dynamic  conditions  is  not  at  all  clear.  Here  again  is  a complicated 
nonlinear  problem  to  test  the  acuity  of  the  analyst. 


Concentrated  Loads  on  Domes 

The  weight  of  many  missile  components  is  often  supported  by  rela- 
tively heavy  trusses  in  tbs  transition  section  areas.  These  trusses  are 
usually  fastened  to  ring  frames  in  the  walls  of  the  transition  sections. 
Should  these  components  be  mounted  directly  on  domes  in  the  transition 
areas,  truss  weights  could  be  saved,  nils  practical  consideration  leads 
one  to  be  concerned  with  the  effects  of  concentrated  loads  on  dames. 

In  testing  of  same  shallow  domes  under  single  concentrated  loads 
one  of  two  different  types  of  behavior  is  usually  observed.  For  thicker 
domes  plastic  yielding  in  a significant  neighborhood  around  the  concen- 
trated load  is  observed.  For  thinner  domes  no  noticeable  plastic  yielding 
takes  place;  however,  the  concentrated  load  causes  snap through  or  oil 
canning.  Aside  from  desiring  to  know  the  load  which  causes  snap through 
either  local  or  general  on  shallow  or  deep  domes,  one  should  also  like  to 
know  the  values  of  those  physical  parameters  which  mark  the  separation 
point  between  the  two  different  phenomena;  i.e.,  elastic  snapthrougb  or 
local  yielding. 


Explosively  Formed  Domes 

Explosively  forming  from  flat  sheets  large  diameter  domes  for  missile 
application  has  been  suggested  as  a useful  and  economical  manufacturing 
scheme.  Tests  on  small  scale  models  show  that  for  sufficiently  thin 
sheets  of  material  used  in  explosively  forming  domes,  wrinkles  or  buckles 
can  fom  in  the  neighborhood  of  the  apex  of  the  dome  and  also  around  the 
supporting  edge  of  the  dome.  Although  methods  for  preventing  these  wrinkles 
are  being  devised,  better  understanding  of  the  forming  of  these  wrinkles 
would  certainly  be  useful. 


STABHITT  PROBLEMS  RELATING  TO  TANK  BARBELS 
Problems  of  Barrel  Design 

The  choice  of  the  type  of  barrel  design  to  be  used  in  missile  pro- 
pellant tanks  is  determined  by  several  important  considerations.  Pri- 
marily the  function  of  the  tank  barrel  is  to  contain  the  propellant; 
thus,  it  must  be  able  to  withstand  the  internal  pressures  caused  by  the 
propellant  and  the  tank  pressurisation  system.  Another  function  relegated 
to  the  tank  barrel  is  transmitting  the  axial  thrust  of  the  engines  to  the 
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payload}  thus,  the  barrel  must  be  able  to  withstand  the  compressions 
developed.  It  is  the  resistance  of  this  compressive  loading  that  often 
leads  to  varieties  of  barrel  designs. 

A popular  choice  is  the  cylindrical  tank  with  integral  longitudinal^ 
stringers  and  hoop  frames  flexibly  fastened  to  the  stringer- flanges. 

The  stringers  are  usually  designed  to  some  sort  of  column  buckling  and 
crippling  criterion  which  in  the  hands  of  a good  analyst  appears  adequate. 
Whether  or  not  the  interior  hoop  frames  provide  an  aid  to  stability  is 
an  unanswered  question.  On  the  basis  of  a variety  of  tests  with  internal 
pressure  the  presence  of  the  frames  and  whether  they  are  attached  to  the 
shell  or  the  stringers  does  not  seem  to  affect  the  buckling  load  signi- 
ficantly. A more  adequate  resolution  of  this  problem  is  desirable. 

For  larger  diameter  rockets  requiring  relatively  less  internal 
pressure  honeycomb  construction  for  tank  barrels  will  reduce  tank  weights. 
Honeycomb,  however,  in  its  customary  design  is  adversely  affected  by 
thermal  stresses.  When  the  outer  skin  is  heated  and  the  inner  skin 
cooled,  the  core  material  is  placed  under  tension  stresses  which  bring 
about  separation  between  the  core  and  the  face  sheets.  A design  which 
permits  periodically  spaced  creases  or  ripples  in  the  inner  face  sheet 
of  a sandwich  construction  will  tend  to  permit  contraction  of  the  inner 
face  and  expansion  of  the  outer  face  without  extremely  high  core  ten- 
sions. The  ripples  will  merely  be  pulled  flat.  The  problem  of  the 
stability  of  honeycomb  cylinders  with  such  ripple  inner  face  sheets  has 
not  at  all  been  examined.  Here,  too,  is  a fruitful  area  of  research  for 
the  structural  analyst  in  the  area  of  nonlinear  buckling  of  sandwich 
cylinders. 


Concentrated  Load  on  Tank  Barrels 

Hmnng  the  causes  of  concentrated  loads  on  tank  barrels  one  can 
Include 

1.  struts  and  straps  used  in  fastening  booster  rockets  in 
cluster  configurations, 

2.  handling  loads  in  transport  of  missiles. 

Significant  problems  in  shell  stability  arise  from  these  concentrated 
loads.  Internally  pressurised  thin  shells  with  identical  longitudinal 
struts  of  varying  cross  section  equally  spaced  about  the  circumference 
and  supporting  concentrated  loads  pose  a problem,  of  stability.  Not  only 
the  behavior  of  these  struts  under  longitudinal  loads,  but  also  under 
concentrated  normal  loads  is  significant.  Study  of  the  stability  and 
deformation  of  such  design  with  two,  four,  or  six  longerons  would  be 
most  useful. 
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Straps  or  linkages  which  nay  be  used  to  hold  clusters  of  booster 
rockets  together  impose  concentrated  loads.  Usually  the  strength  of  the 
barrel  shell  is  ignored  in  the  direct  carrying  of  these  loads  and  interior 
rings  or  support  structures  are  assumed  to  carry  the  loads.  If  the  degree 
to  which  the  shell  can  resist  concentrated  tangential  loads  is  better 
assessed,  the  internal  support  structure  can  be  lightened  or  perhaps  even 
eliminated. 

The  Interior  hoop  frames  mentioned  in  the  section  entitled.  Problems 
of  Barrel  Design,  are  useful  in  preventing  tank  collapse  due  to  handling 
loads.  Precisely  to  what  degree  they  are  useful  is  not  known.  They 
are  customarily  designed  by  no  really  rational  method.  Knowing  how  these 
rings  interact  with  the  shell  structure  and  maintain  stability  would  be 
useful. 


Dynamic  Loads  on  Tank  Barrels 

Rapidly  applied  dynamic  loads  on  tank  barrels  may  arise  from  three 
important  sources;  the  launch  of  a rocket  vehicle  from  an  underground 
silo,  a nearby  detonation,  or  a nearby  upper-stage  ignition.  As  in  the 
case  of  dynamic  loads  on  domes  just  what  structural  stability  means  and 
whether  it  should  be  considered  in  analysis  under  such  loads  is  still 
an  open  question. 


STAB  HITT  PROBLEMS  IN  TRANSITION  SECTIONS 
Longerons  in  Transition  Sections 

The  tremendous  thrusts  of  rocket  engines  in  liquid  propellant 
missiles  are  usually  resisted  by  heavy  longerons  which  distribute  these 
thrusts  to  cylindrical  panels  by  means  of  shearing  action.  The  required 
length  of  longeron  is  dictated  by  the  buckling  strength  of  the  attachedd 
panels.  This  buckling  strength  is  usually  assessed  as  that  of  a flat 
plate  of  approximately  the  same  dimensions  as  the  curved  panel.  An 
adequate  stability  analysis  of  curved  panels  with  variable  section 
longerons  does  not  seem  to  be  available. 

In  order  to  save  weight  and  shorten  transition  sections,  some 
designers  run  the  longerons  into  the  tank  barrel  area.  The  stability 
behavior  of  a longeroned  "transition  section"  and  "tank  barrel"  ensemble 
is  indeed  complex  and  even  good  approximations  to  this  behavior  have  not 
been  forthcoming  although  certain  designs  employing  this  principle  have 
been  successful. 
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Should  the  longeron  be  made  In  two  sections  spliced  in  some  way  at 
the  "tank-transition  section"  junction  a noticeable  decrease  in  bending 
stiffness  of  the  longeron  may  be  realized  at  this  splice.  This  reduction 
in  bending  stiffness  will  tend  to  make  the  configuration  more  susceptible 
to  buckling.  The  effect  on  stability  of  such  a splice  should  be  studied. 


Other  Transition  Section  Problems 

Transition  sections  between  tanks  and  between  missile  and  payload 
must  transmit  high  compressive  forces  and  are  designed  entirely  on 
stability  considerations.  To  complicate  the  analysis  of  such  sections 
is  the  presence  of  access  doors.  The  stability  of  the  section  often 
depends  strongly  on  the  fastening  and  load-carrying  capability  of  these 
doors,  complicated  by  other  loading  environments  such  as  transonic 
buffeting. 

Still  another  interesting  problem  relating  to  transition  sections 
is  that  of  local  elastic  buckling  on  the  compressive  side  of  a laterally 
vibrating  missile.  The  amount  of  bending  stiffness  reduction  in  the  mis- 
sile cross  section  due  to  local  buckling  is  not  well  known.  Determining 
this  would  enable  the  analyst  to  determine  the  decrease  in  the  fundamental 
structural  frequency  of  the  missile  due  to  such  local  elastic  buckling 
during  large  lateral  vibrations. 


SOME  AREAS  OF  MATHEMATICAL  RESEARCH 

With  Donnell's  idea  that  the  buckling  of  a cylindrical  shell  under 
axial  load  is  essentially  a nonlinear  phenomenon  and  with  the  clear  con- 
firmation of  this  notion  by  Von  Karman  and  Tsion  the  shell  analyst  is 
forced  into  a mathematical  discipline  which  is  both  very  complicated  and 
still  in  its  infancy.  Many  shell  stability  problems  can  be  considered 
as  boundary  value  problems  in  the  theory  of  nonlinear  partial  differential 
equations.  This  author  would  like  to  mention  three  different  mathematical 
areas  in  which  he  feels  research  would  be  of  benefit  to  the  shell  analyst. 


Extremizing  Nonlinear  Functions 

In  the  work  of  Von  Karman  and  Tslen  and  more  recently  of  Kempner 
concerning  the  po  st buckling  behavior  of  thin  cylindrical  shells  the 
method  of  approximate  solution  of  the  nonlinear  problem  stems  from  the 
Principle  of  Stationary  Potential  Energy.  Ignoring  the  important  question 
of  existence  of  a solution,  analysts  often  employ  a Ritz-type  procedure. 

An  approximate  displacement  function  containing  a number  of  arbitrary 
parameters  is  generated}  compatibility  in  terms  of  this  function  is 
satisfied.  The  remaining  task  is  to  determine  the  values  of  the  parameters 
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which  minimize  or  at  least  make  stationary  the  potential  energy  function. 

Research  to  determine  adequately  convergent  numerical  schemes  ap- 
plicable to  high-speed  digital  computers  to  minimize  or  extremlze  non- 
linear functions  of  many  parameters  would  certainly  be  fruitful  to  the 
shell  analyst.  Methods  of  steepest  descent  seem  most  promising  and  should 
be  investigated  further. 


Integral  Equation  Formulations 

Budiansky  appears  to  be  the  only  author  to  have  employed  the  dis- 
cipline of  Integral  equations  to  shell  buckling.  His  formulation  of 
the  shallow  shell  problem  under  uniform  pressure  led  to  nonlinear  Ham- 
merstein-like  Integral  equations  defined  over  a finite  domain  with  a 
rather  complicated  kernel  of  Kelvin  functions  with  singularities  at  its 
boundaries.  An  equivalent  formulation  with  linear  kernels  but  an  infinite 
domain  is  also  possible. 

Since  generally  speaking  the  boundary  conditions  of  the  problem 
are  already  incorporated  into  the  Integral  equation  formulations , such 
questions  as  existence  and  uniqueness  of  solutions  or  numbers  of  non- 
unique solutions  should  be  simpler  for  integral  equation  formulations  than 
for  differential  equation  formulations.  Also,  this  rapidly  developing 
field  of  functional  analysis  should  provide  many  powerful  theorems  useful 
in  the  study  of  integral  equations.  Since  nonsingular  linear  problems  in 
integral  equations  lend  themselves  to  numerically  better  behaved  approxi- 
mate solutions  than  do  the  equivalent  differential  equation  formulations, 
one  might  hope  for  the  same  advantage  in  singular,  nonlinear  problems. 

For  all  these  reasons  the  author  would  like  to  encourage  the  mathematically 
inclined  shell  analyst  to  become  interested  in  and  do  some  research  in 
nonlinear  integral  equations. 


Invariant  Imbedding 

Recent  work  by  Bellman,  Kalaba,  and  Wing  in  the  mathematics  of 
transport  theory,  has  led  to  a method  of  solving  boundary  value  problems 
called  "invariant  imbedding"  which  is  an  extension  of  the  work  of 
Ambarzumian.  A primary  objective  of  the  method  is  the  conversion  of 
boundary  value  problems  to  initial  value  problems  which  seem  to  be  well 
suited  to  high-speed  digital  computation.  Although  this  method  has  not 
been  applied  to  shell  theory,  preliminary  investigations  indicate  that 
it  has  good  potential.  The  invariant  imbedding  technique  may  be  very 
useful  in  determining  shell  stability  and  should  be  examined  more  carefully. 
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SOME  TYPICAL  SHELL  STABILITY  PROBLEMS  ENCOUNTERED  IN  THE  DESIGN 

OF  BALLISTIC  MISSILES 
by 

A.  Kaplan,  E.  J.  Morgan  and  W.  Zqphres 

Space  Technology  laboratories,  Inc. 

INTRODUCTION  AND  SUMMARY 


Investigations  carried  out  at  STL  on  three  current  problems  involv- 
ing instability  of  thin  shells  in  applications  to  aerospace  vehicles  are 
discussed.  The  first  concerns  the  experimental  determination  of  the 
buckling  behavior  of  longitudinally  stiffened  pressurized  cylinders;  the 
second,  the  analytic  prediction  and  experimental  confirmation  of  the  buck- 
ling behavior  of  multi-layer  cylinders  and  the  third  involves  the  behavior 
of  cylinders  under  combined  axial  load  and  lateral  pressure.  In  each  case 
the  background  of  the  application  is  reviewed,  followed  by  a short  descrip- 
tion of  the  work.  It  is  indicated  that  the  longitudinally  stiffened  cylin- 
der shows  considerable  promise  in  taking  maximum  advantage  of  the  strength- 
ening effect  of  internal  pressure,  that  the  use  of  an  external  low  modulus 
layer  as  an  insulator  can  have  a significant  effect  on  the  buckling  capa- 
bility of  a shell,  and  that  the  assumption  of  a linear  interaction  for 
pressure  and  axial  load  is  unnecessarily  conservative. 


STIFFENED  PRESSURIZED  CYLINDRICAL  SHEI1B 


The  two  original  ballistic  missiles.  Atlas  and  Titan,  were  engineered 
with  quite  different  design  philosophies.  In  the  Atlas,  the  primary 
axial  load  carrying  ability  is  due  to  a high  internal  pressure  and  the 
thin  walls  serve  primarily  to  contain  the  pressure , although  they  do 
rake  a small  but  significant  contribution  to  the  strength  of  the  structure. 
This  type  of  design  can  be  quite  efficient  if  high  pressures  are  required 
for  other  systems  such  as  the  pump,  and  if  high  strength  materials  are 
employed.  Its  major  disadvantage  is  the  requirement  of  continual  pres- 
surization or  axial  tension  in  the  structure  to  prevent  collapse. 

The  Titan  criteria  specified  that  the  fully-loaded  missile  be 
capable  of  standing  erect  in  a wind  with  zero  internal  pressure.  To 
meet  this  condition,  the  initial  design  called  for  a conventional  alumi- 
num aircraft  type  structure  with  longitudinal  stringers  supported  by 
circumferential  rings.  However,  due  to  the  high  pressurization  stresses 
and  severe  aerodynamic  heating  this  design  is  subjected  to  very  large 
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secondary  stresses  at  the  frame  attachments.  These  were  eliminated  by 
supporting  the  frames  with  radially  slotted  fittings.  The  frames  sup- 
ported the  longerons  in  the  unpressurized  condition  by  preventing  inward 
motion,  but  exerted  no  restraint  to  the  outward  motion  resulting  from 
internal  pressure  and  heating.  In  the  pressurized  condition  the  only 
support  for  the  longerons  was  obtained  from  the  elastic  foundation 
provided  by  the  stressed  skin.  The  procedure  used  for  design  was  to 
size  the  stringers  for  the  unpressurized  ground  condition  assuming  the 
tank  behaved  as  a conventional  stiffened  structure,  and  then  to  check 
for  the  pressurized  flight  condition  assuming  that  the  skins  buckled 
and  that  the  elastically  supported  stringers  failed  by  crippling.  This 
structural  concept  was  proved  out  by  full  scale  room  temperature  tests 
and  programmed  heating  tests  conducted  by  the  Martin  Company  at  their 
own  plant  and  at  Wright  field.  It  has  been  successfully  used  on  both 
the  Titan  I and  Titan  II  missiles.  However,  for  the  Titan  tanks  the 
unpressurized  ground  condition  is  critical,  therefore  there  was  no  need 
to  determine  the  effect  of  the  various  parameters  of  the  pressurized 
stiffened  structure  and  thus  optimize  its  design. 

To  determine  the  full  potentialities  of  this  type  of  structure,  a 
small  scale  testing  program  was  started  at  STL  a year  and  a half  ago. 

It  was  felt  that  in  addition  to  the  reasons  for  its  use  in  the  Titan 
design,  pressurized  stiffened  cylinders  had  the  potential  of  mak-t  ng 
better  use  of  the  stiffening  effect  of  the  internal  pressure  than  did 
the  monocoque  type  of  structure.  This  expectation  was  based  on  the 
observed  buckling  behavior  of  pressurized  monocoque  cylinders.  With 
increasing  internal  pressure,  the  monocoque  buckling  waves  become 
shorter  longitudinally  and  larger  circumferentially.  When  they  approach 
an  axially  symmetric  shape,  the  buckling  stress  which  has  been  increasing 
with  the  pressure  reaches  a limit  equal  to  the  classical  buckling  stress 
for  a monocoque  cylinder.  The  addition  of  longitudinal  stiffening  would 
be  expected  to  inhibit  the  formation  of  these  axially  synmetric  buckles 
and  thus  increase  the  buckling  stress  of  the  skin.  Furthermore,  after 
buckling,  the  skin  would  be  expected  to  act  as  a stretched  membrane  in 
the  circumferential  direction  and  thus  continue  to  provide  an  elastic 
foundation  for  the  longerons.  These  expectations  were  reinforced  by 
the  theoretical  results  of  Thieleman  (Reference  1)  which  indicated  that 
internal  pressure  has  a much  stronger  effect  on  the  buckling  stress  of 
an  orthotropic  cylinder  with  the  major  stiffness  in  the  longitudinal 
direction  than  on  an  isotropic  cylinder. 

a.  Specimen  Description 

The  aim  of  the  test  program  was  to  determine  the  buckling  behavior 
of  longitudinally  stiffened  cylinders  as  a function  of  the  internal 
pressure  and  the  geometrical  parameters  of  the  cylinder.  The  latter 
included  the  R/t  and  L/R  of  the  cylinder  skin,  and  the  number,  size  nnri 
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shape  of  the  stiffeners.  Because  of  the  large  number  of  combinations, 
it  was  necessary  that  a simple,  easily  made  specimen  be  used.  The  test 
specimen  and  testing  technique  used  were  similar  to  that  developed  in  a 
previous  program  and  described  in  detail  in  Reference  2.  The  cylinders 
were  formed  from  t.hin  (2  mil  to  10  mil)  Mylar  plastic  and  were  bonded  to 
plexiglas  stringers.  The  specimens  were  joined  to  the  end  caps  by  casting 
them  in  a ring  of  Cerrelow,  a low  melting  temperature  metal  alloy,  thus 
providing  a uniform  loading  of  both  stringers  and  skin. 

The  principal  advantage  in  the  use  of  Mylar  is  that  due  to  its  large 
range  of  linear  elongation,  buckling  tests  can  be  repeated  without  any 
degradation  in  performance.  This  had  been  demonstrated  in  the  previous 
program  and,  in  addition,  it  had  been  shown  that  there  was  no  significant 
difference  between  the  results  for  Mylar  and  those  for  metal,  provided 
the  buckling  stresses  were  within  the  elastic  limit. 

Hie  basic  test  cylinder  was  8 inches  in  diameter  and  8 inches  long, 
but  the  effects  of  length  and  diameter  were  checked  by  spot  testing  of 
other  sizes  covering  a range  of  R/t  from  400  to  4,000  and  of  L/R  from 
1 to  4.  Most  of  the  stringers  were  of  rectangular  section,  but  a few 
tests  using  I and  H sections  were  also  made.  The  number  of  stringers 
was  varied  from  4 to  72. 

b.  Test  Procedure 


Tests  on  each  specimen  were  made  at  a sequence  of  increasing  pres- 
sures. The  specimen  was  loaded  at  a constant  displacement  rate  until  the 
peak  load  was  achieved.  The  total  axial  load  and  the  relative  axial 
displacement  of  the  cylinder  ends  were  continuously  measured  and  record- 
ed on  an  XI  plotter.  The  results  of  a test  sequence  for  a typical  speci- 
men with  intermediate  size  stiffening  are  shown  in  Figure  1.  The  inter- 
ruption in  the  curve  indicates  visual  observance  of  panel  buckling,  while 
the  horizontal  intercept  indicates  the  load  carried  by  the  pressure, 
k R^p. 


c.  Description  of  Results 

The  buckling  of  the  specimens  fell  into  several  regions  depending 
primarily  upon  the  internal  pressure  and  the  relative  size  and  number 
of  the  stringers. 

For  relatively  light  stringers  at  low  pressures  the  specimens  be- 
haved as  orthotropic  cylinders  with  buckling  of  the  skin  and  stringers 
occurring  simultaneously.  As  the  pressure  was  increased,  the  stringers 
continued  to  carry  load  after  buckling  of  the  skin  and  finally  failed 
as  columns.  Finally,  at  high  pressure,  general  failure  occurred  in  an 
axisymmetric  mode  (Figure  2)  similar  to  the  failure  of  a monocoque  cylin- 
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der  at  high  pressure.  She  onset  of  the  ax i symmetric  mode  was  accelerated 
by  an  increase  in  the  number  of  stringers. 

For  the  heavier  stringers,  skin  buckling  occurs  appreciably  earlier 
than  general  failure.  The  skin  buckles  in  the  familiar  diamond  pattern 
with  the  longitudinal  wave  length  decreasing  with  increasing  pressure. 

At  low  pressure,  the  stringers  buckle  in  their  first  or  second  longitud- 
inal mode.  With  increasing  pressure,  the  stringer  buckling  wave  length 
decreases,  but  at  a slower  rate  than  that  of  the  skin.  Typical  failure 
mode  of  a heavily  stiffened  cylinder  at  intermediate  pressure  is  shown 
in  Figure  3. 

d.  Analysis  of  Results 

In  line  with  the  experimental  evidence,  two  approaches  were  used  in 
the  theoretical  analysis  of  the  problem.  In  the  first,  the  cylinder  was 
treated  as  an  orthotropic  shell  and  a one  term  solution  obtained  for  the 
corresponding  Donnell  type  equation.  In  the  second,  the  stringers  were 
treated  as  individual  columns  supported  by  the  skin  acting  as  an  elastic 
foundation.  Neither  of  these  approaches  has  been  very  satisfactory  as 
yet  but  they  have  indicated  the  qualitative  tpends  of  the  data. 

In  lieu  of  an  analytic  theory,  an  empirical  equation  indicating  the 
influence  of  the  various  parameters  was  developed.  The  initial  step  in 
this  direction  was  to  separate  the  load  carrying  capability  of  the  skin 
from  that  of  the  stringers.  This  was  done  by  subtracting  the  sum  of  the 
load  carried  by  pressure  and  the  calculated  buckling  load  of  the  monocoque 
skin  from  the  total  failure  load,  and  dividing  the  result  by  the  number 
of  stringers.  This  gave  F^,  the  increase  in  load  above  that  of  pure 
monocoque  cylinder  due  to  each  stringer. 

Plotting  PN  for  various  numbers  of  stringers  as  a function  of  pressure 
indicated  that  over  most  of  the  range  of  configurations  tested  Pjj  was 
independent  of  the  number  of  stringers  and  was  proportional  to  the  square 
root  of  the  pressure,  except  at  very  low  pressures.  Continued  plotting 
and  analysis  led  eventually  to  the  following  formula 


The  formula  agrees  within  an  accuracy  of  about  lOjo  with  all  the  experi- 
mental results  except  those  for  a large  number  of  stringers  and  high 
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pressures.  For  those  cases,  the  formula  overestimates  the  increase  in 
PN  with  pressure.  The  over estimation  occurs  earlier  with  relatively 
light  stringers  and  is  evidently  associated  with  the  onset  of  the  axially 
symmetric  buckling  mode.  Methods  of  including  this  effect  in  the  formula 
are  still  being  studied.  In  Figure  4 the  results  for  similar  cylinders 
with  a wide  variation  in  size  and  number  of  stringers  are  compared  with 
the  predictions  of  the  formula.  The  good  agreement  over  most  of  the 
range  of  parameters  together  with  the  drop  off  for  the  large  number  of 
stringers  is  evident. 

The  difficulties  in  obtaining  an  accurate  analysis  using  the  concept 
of  an  elastically  supported  column  are  evident  by  comparing  the  empirical 
buckling  formula  with  the  equation  for  the  buckling  of  a clamped  column 
on  an  elastic  foundation 


This  indicates  that  the  effective  elastic  foundation  is  a function  of 
p ^ and  thus  evidently  cannot  be  the  simple  Winkler  type  foundation 
which  is  usually  assumed.  The  comparison  also  indicates  that  for  large 
pressures  the  stiffness  is  independent  of  the  skin  thickness  and  thus 
the  effective  width  of  the  skin  is  independent  of  pressure.  This  con- 
clusion is  confirmed  by  the  load  deflection  curves. 

Additional  analyses  are  being  performed  in  an  attempt  to  determine 
the  mechanism  of  this  effect  and  additional  tests  are  planned  to  further 
delineate  the  region  of  axially  symmetric  buckling.  To  determine  if  the 
axial  compression  results  are  applicable  to  bending,  a small  bending 
program  has  been  started.  Initial  results  from  this  program  are  encourag- 
ing and  indicate  that  the  bending  behavior  can  be  inferred  from  tae  axial 
test  results. 


LOW  R/t  MONOCOQUE  CYLINDERS  SUBJECTED  TO 
COMBINED  EXTERNAL  PRESSURE  AND  AXIAL  LOAD 


The  interstage  structure  of  the  Minuteman  consists  of  ring  stiffened 
monocoque  cone  frustums  of  small  included  angle  and  with  an  R/t  of  about 
200.  For  the  loads  encountered  by  the  Minuteman,  this  monocoque  design 
provides  a good  combination  of  high  bending  stiffness,  high  heat  sink 
capability  to  minimize  aerodynamic  heating,  and  relatively  low  weight. 

The  critical  loading  conditions  for  the  interstages  occur  at  stage  burn- 
out due  to  a combination  of  axial  compressive  load  and  high  temperature. 
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at  maximum  dynamic  pressure  due  to  a combination  of  axial  compression, 
bending  and  a slight  external  pressure,  and  at  silo  launch,  due  to  a 
combination  of  social  compression  and  high  external  pressure.  To  optimize 
the  design  for  the  launch  condition,  a small  scale  testing  program  was 
instituted  at  STL. 

An  earlier  test  program  (Reference  2)  covering  a wide  range  of  cones 
and  cylinders  had  indicated  that  the  interaction  curve  far  buckling  of 
cylinders  under  axial  compression  and  external  pressure  was  concave  up- 
wards, particularly  for  low  values  of  R/t.  However,  there  was  not  enough 
data  to  be  conclusive  and  there  was  no  data  for  R/t  less  than  U00.  Ad- 
ditional testing  was  therefore  indicated.  Because  of  the  small  included 
angles  of  the  interstages,  and  because  the  previous  results  had  indicated 
good  correlation  between  low  angle  cones  and  cylinders,  it  was  decided  to 
simplify  the  testing  by  using  cylinders.  The  specimens  were  similar  to 
those  described  in  the  previous  section,  being  made  of  Mylar  plastic 
sheet  joined  to  the  end  plates  by  casting  in  a Cerrelow  ring. 

Tests  were  run  on  a series  of  specimens  with  R/t  ■ 156  and  approxi- 
mately 200,  and  with  values  of  Z ranging  from  26  to  739-  The  results 
are  presented  in  Figure  5 as  the  ratios  of  the  experimentally  determined 
buckling  pressures  and  loads  to  design  values  for  lateral  pressure  alone 
and  axial  load  alone,  respectively.  The  reference  buckling  coefficients 
for  lateral  pressure  are  taken  as  90$  of  the  values  suggested  by  Batdorf 
(Reference  3)  while  the  reference  axial  buckling  coefficients  are  those 
recommended  in  Reference  2,  that  is 

- 1 

15  V t 

It  is  seen  that  the  interaction  curve  is  strongly  nan- linear  and 
also  asymmetrical.  A line  drawn  through  the  mean  of  the  data  would  be 
definitely  non-circular.  However,  due  to  the  increased  scatter  for  the 
high  axial  load  conditions,  a circular  interaction  curve  is  recommended 
for  design.  A report  describing  the  details  of  the  experimental  work 
is  in  preparation. 

It  is  clear  that  in  this  low  range  of  R/t  the  assumption  of  a 
linear  interaction  curve  between  axial  load  and  lateral  pressure  is 
unnecessarily  conservative . 


C = 0.606  - 0.5k6  1-  exp 
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COMPOSITE  CYLINDERS  SUBJECTED  TO  AXIAL 
COMPRESSION  AND  EXTERNAL  PRESSURE 


ttie  Guidance  and  Control  Compartment  of  the  Minuteman  is  subjected 
to  similar  loading  conditions  as  are  the  interstages.  However,  due  to 
its  forward  position,  the  load  intensities  are  lower  and  the  aerodynamic 
heating  is  higher.  As  the  result  of  several  design  studies,  it  was 
decided  to  use  an  aluminum  monocoque  shell  with  one  intermediate  lateral 
pressure  ring  to  which  was  bonded  a layer  of  low  conductivity  fiberglass 
insulation.  An  important  factor  in  the  choice  of  this  configuration  was 
the  major  contribution  of  the  fiberglass  insulation  to  the  buckling 
strength  of  the  shell  for  silo  launch  and  max  q conditions.  At  these 
times,  particularly  the  silo  launch  condition,  only  the  surface  layers 
of  the  fiberglass  were  heated  and  therefore  it  maintained  most  of  its 
room  temperature  properties.  At  the  final  burnout  condition,  the  fiber- 
glass was  heated  throughout  and  its  structural  contribution  was  therefore 
neglected. 

The  analytic  approach  (Reference  k)  to  the  buckling  of  the  two  layered 
cylinder  was  based  on  neglecting  the  difference  in  Poisson's  ratio  between 
the  two  materials.  This  approximation  allows  a simple  calculation  of  the 
bending  and  stretching  stiffnesses  of  the  composite  shell.  On  substituting 
these  stiffnesses  into  Donnell's  equations,  revised  expressions  were 
obtained  for  the  curvature  parameter  Z and  the  buckling  coefficient  K. 

These  revised  expressions  then  allow  direct  utilization  of  the  solutions 
obtained  by  Batdorf  (Reference  3)  &ud  others  for  the  buckling  of  thin 
cylindrical  shells  for  various  loading  conditions. 

Thus  for  a shell  consisting  of  two  thicknesses,  t^  and  t2  with 
elastic  moduli  and  Eg,  respectively,  the  composite  extensional  stiff- 
ness B is  given  by 


E-i  t' 


B 


1*1 


a 9 2 


, u 


while  the  composite  bending  stiffness  D is  given  by 
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Ei  t 
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Then 


and 


For  large  Z,  the  equation  for  "buckling  under  an  axial  load  is 
singly 


K 


^/3 


which,  on  making  the  proper  substitutions  becomes 
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cr 
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V^~  = 0.6 


E t. 


■yfW 


Thus,  the  theoretical  influence  of  the  second  layer  is  proportional 
to  Vet  P • Presumably  there  is  a similar  reduction  in  the  theoretical 
coefficient,  0.6,  for  the  multilayer  cylinder  as  there  is  for  the  homogen- 
eous cylinder.  The  actual  functional  variation  can  only  be  determined 
experimentally,  but  a likely  candidate  is  to  assume  the  same  function  of 
R/t  as  for  a single  cylinder  based  on  the  effective  thickness  term  in  the 
expression  for  Z,  tgff  * V^p/a 

In  Figure  6(a)  are  shown  the  results  of  axial  buckling  tests  of  full- 
scale  cylinders  representing  the  Minuteman  G&C  Compartment.  The  results 
are  expressed  as  the  ratio  of  the  actual  buckling  loads  to  the  average 
buckling  load  obtained  for  three  single  layer  aluminum  cylinders.  The 
R/t  of  the  aluminum  cylinder  is  2Wt-  and  the  L/R  is  1.8.  !Hiese  tests 
were  conducted  by  the  Space  and  Information  Division  of  North  American 
Aviation.  Also  shown  are  the  theoretical  predictions  for  the  two  assump- 
tions  that  the  buckling  coefficient  is  considered  a function 
and  that  it  is  considered  independent  of 1/3/5  • The  data  is  insuf- 

ficient to  confirm  the  theoretical  predictions  over  a range  of  thickness 
ratios,  but  it  does  confirm  the  major  increase  in  load  at  the  tested 
thickness  ratio. 
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For  the  buckling  of  cylinders  under  lateral  pressure,  the  Batdorf 
expression  for  the  buckling  coefficient  for  large  Z is 

K - 1.0  k^fz 

On  substitution,  the  expression  for  the  lateral  buckling  pressure,  pcr, 
is  obtained 

pcr  = 0.926  Sjj^J  l 

Thus,  for  lateral  pressure,  the  influence  of  the  second  layer  is  propor- 
tional to 

and  is  considerably  greater  than  for  the  axial  load  case. 

In  figure  6(b)  are  shown  the  results  of  similar  tests  performed  by 
North  American  for  the  lateral  pressure  case.  The  results  are  presented 
in  the  same  vay  as  for  the  axial  load  case  except  that  the  reference 
value  for  a single  layer  is  computed.  Two  of  the  specimens  were  cylinders 
(R/t^  = 240,  L/R  * 1.8)  and  the  other  two  were  conical  frustums  with  a 
semi  angle  of  5°  (R/t-^  240,  L/R  ^ 0.9).  In  this  case  the  tests  were 
conducted  at  a variety  of  thickness  ratios  and  indicate  excellent  agree- 
ment with  the  theoretical  predictions. 

It  thus  appears  that  the  simple  theory  presented  here  gives  good 
correlation  with  experiment  and  further  that  the  addition  of  a relatively 
thick  but  low  modulus  layer  has  a significant  effect  on  the  buckling  load 
of  a cylinder,  particularly  under  lateral  pressure.  It  should  be  noted 
that  for  Minuteman  interstages,  the  proportionate  amount  of  insulation 
required  is  much  smaller  and  therefore  the  use  of  fiberglass  would  have 
a much  less  significant  effect  on  the  buckling  strength. 

One  severe  problem  should  be  mentioned  before  closing.  The  buckling 
capability  of  a two  layer  structure  is  a critical  function  of  the  bond 
between  the  layers.  This  is  particularly  the  case  when  plastics  are 
bonded  to  metals  because  the  wide  difference  in  thermal  coefficients  of 
expansion  can  induce  significant  internal  stresses.  It  is  only  when 
these  factors  are  considered  in  detail  in  laying  out  the  fabrication  and 
quality  control  procedures,  as  was  done  by  North  American,  that  a success- 
ful structure  can  be  built. 
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Figure  1.-  Typical  sequence  of  Figure  2.-  Axisymmetric  buckling  mode  of  a 
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Figure  5.-  Experimental  results  for  Mylar  cylinders  under  combined  axial 
compression  and  external  pressure. 
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O TRUNCATED  CONE  TEST  RESULTS,  CONE  SEMI  ANGLE*  5 
(FLIGHT  TYPE  HARDWARE;  SLIGHT  AXIAL  LOAD  IN  TESTS 
ACCOUNTED  FOR  IN  RESULTS  SHOWN) 

• CYLINDER  TEST  RESULTS 


BUCKLING  COEFFICIENT 
ASSUMED  TO  CHANGE 
VV(TH 


V NO  CHANGE  IN  BUCKLING 
COEFFICIENT  WITH  Jg. 


\ THEORY 
(E2/E,  - -3) 


(a)  Axial  compression. 


(b)  External  pressure, 


Figure  6.-  Buckling  of  two-layer  cylinders  (cylinders  of  aluminum- 
reinforced  plastic  combination) . 
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SOME  SHELL  STABILITY  PROBLEMS 
IN  MISSILE  AND  SPACE  VEHICLE  ANALYSIS 
By  D.  0.  Brush 

Lockheed  Missiles  & Space  Company 
Sunnyvale,  California 


SUMMARY 


A brief  discussion  is  presented  of  three  structural  shell  stability 
studies  in  progress  at  Lockheed  Missiles  & Space  Company:  the  stabi- 

lizing influence  of  solid  propellants , the  effect  of  cushion  stiffness 
on  buckling  under  cushion  loading,  and  the  snap-through  buckling  of 
axially  loaded  cylinders*  Recent  analytical  results  are  compared  with 
test  data*  Also  included  is  a brief  description  of  a few  shell  stabil- 
ity problems  of  present  interest  to  LMSC  for  which  satisfactory  methods 
of  analysis  are  not  available. 


INTRODUCTION 


One  of  the  consequences  of  the  critical  importance  of  weight  saving 
in  missile  and  space  vehicle  design  is  that  most  major  structural  com- 
ponents consist  of  thin-walled  structural  shells.  In  terms  of  the  usual 
classifications  of  shell  theory,  most  of  the  shells  in  such  applications 
are  not  only  thin  but  are  extremely  thin.  This  thinness,  of  course, 
promotes  buckling  and  large  deflections.  Consequently,  a substantial 
portion  of  the  structural  research  effort  in  any  missiles  and  space 
company  must  be  devoted  to  shell  stability  investigations. 

Research  and  methods -of -ana lysis  studies  are  presently  in  progress 
at  Lockheed  Missiles  & Space  Company  on  a broad  range  of  shell  stabil- 
ity problems.  This  report  briefly  discusses  three  of  these  problems: 
the  stabilizing  influence  of  solid  propellants , the  effect  of  cushion 
stiffness  on  buckling  under  cushion  loading,  and  the  snap- through  buck- 
ling of  axially  loaded  cylinders.  The  first  of  these  concerns  analyses 
in  which  the  propellant  is  assumed,  as  a first  approximation,  to  act  as 
a soft  elastic  foundation.  The  accuracy  of  small-deflection  buckling 
theory  in  such  analyses  and  the  suitability  of  the  Winkler-foundation 
assumption  are  considered.  The  second  study  pertains  to  the  design  of 
large -diameter  cylindrical  shell  structures  to  resist  handling  and 
storage  loads.  A support  load  occasionally  must  be  introduced  into  a 
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cylindrical  shell  in  an  unstiffened  region  of  the  shell  surface.  The 
possibility  of  buckling  under  loads  applied  by  cushioned  supports  and 
the  effect  of  cushion  stiffness  on  the  buckling  strength  of  the  struc- 
ture are  discussed.  The  third  problem,  snap-through  buckling  of  axially 
loaded  cylinders,  is  very  well-known.  New  theoretical  results  are  pre- 
sented which,  for  the  first  time,  agree  with  experimental  data  for  the 
minimum  postbuckling  equilibrium  load. 

Finally,  in  spite  of  the  research  effort  devoted  to  shell  stability 
studies,  what  may  be  called  the  "methods  gap"  continues  to  grow.  A brief 
description  also  is  presented  of  a few  shell  stability  problems  of 
present  active  interest  to  I24SC  for  which  satisfactory  methods  of  anal- 
ysis are  not  available. 


THREE  SHELL  STABILITY  STUDIES 


Influence  of  Soft  Elastic  Cores 

The  use  of  solid-propellant  fuels  in  rocket  motor  cases  has  led  to 
widespread  interest  in  the  stabilizing  influence  of  soft  elastic  cores 
on  the  buckling  strength  of  circular  cylindrical  shells.  As  a conse- 
quence, a number  of  papers  on  core-stabilized  cylinders  have  appeared 
in  the  literature  in  recent  months.  A notable  example  is  the  recent 
paper  by  Seide  on  buckling  under  uniform  lateral  pressure  and  axial 
compression  (ref.  1). 

Axially -symmetrical  loading.  - An  extensive  study  of  core  influence 
has  been  in  progress  at  LMSC  for  several  months.  As  a part  of  this 
study,  an  analysis  has  recently  been  completed  for  the  buckling  of  core- 
filled cylinders  subjected  to  axially- symmetrical  loading  (ref.  2).  A 
stability  equation  is  derived  for  a simply -supported  cylinder  subjected 
to  axially-symmetrical  lateral  pressure  of  arbitrary  axial  distribution, 
combined  with  a central  axial  force.  The  analysis  is  an  extension  of  a 
corresponding  empty -cylinder  analysis  in  reference  3*  and  the  treatment 
of  the  core  effect  is  based  on  Seide' s general  elastic-core  analysis  in 
reference  1. 

Numerical  results  are  presented  in  reference  2 for  certain  lateral 
pressure  distributions  of  interest  in  motor-case  analysis.  For  a cylin- 
der subjected  to  an  axially-symmetrical  band  of  pressure,  it  is  found 
that  the  magnitude  of  the  buckling  pressure  is  independent  of  both  band 
location  and  cylinder  length,  unless  the  band  is  located  near  one  end 
of  the  cylinder  or  the  cylinder  is  extremely  short.  Furthermore,  for 
sufficiently  vide  pressure  bands,  the  magnitude  of  the  buckling  pressure 
is  also  independent  of  the  bandwidth. 
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As  would  be  expected,  the  buckling  pressures  for  vide  pressure 
bands  are  found  to  be  the  same  as  those  given  in  reference  1 for  rela- 
tively long  core-filled  cylinders  pressurized  over  their  entire  length. 
These  buckling  pressures  also  may  be  shown  to  be  the  same  as  those  given 
by  the  following  relatively  simple  equation  derived  in  reference  k for 
a vide  ring  of  rectangular  cross  section,  filled  with  a soft  elastic 
core,  and  subjected  to  uniform  external  pressure: 
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where : 

D = Et3/[l2(l  - M2)] 

E,Ec  = Young's  modulus,  ring  and  core 
M,Mc  = Poisson's  ratio,  ring  and  core 

r = ring  radius 

t = thickness 

n = number  of  circumferential  waves  in  buckle  pattern 

The  physical  significance  of  individual  factors  in  the  analysis 
is  much  more  evident  in  equation  (l)  than  in  the  more  complex,  cylinder 
equations.  The  second  term  in  the  denominator  on  the  left  side  of  the 
equation  represents  the  prebuckling  influence  of  the  core,  and  usually 
is  negligibly  small.  The  first  term  on  the  right  side  represents  the 
ring  bending  stiffness,  and  the  second  term  the  core  effect  during 
buckling.  For  Ec  = 0 , equation  (l)  reduces  to  the  well-known  Donnell 
solution  for  an  empty  ring. 

The  Winkler-foundation  assumption.  - Equation  (l)  was  derived  in 
terms  of  the  assumption  that  the  core  in  the  ring  is  an  elastic  medium 
in  a state  of  plane  stress.  It  is  important  to  note  that  the  alternative 
assumption  that  the  core  acts  as  a Winkler  foundation,  i.e.,  as  a set 
of  uncoupled  springs,  may  be  shown  to  lead  to  a factor  (l/n2)  instead 
of  (l/n)  in  the  last  term  in  the  above  equation.  In  the  range  of 
practical  stiffnesses  for  solid  propellants,  n is  much  greater  than 
unity.  Therefore  omission  of  shear  coupling  in  the  foundation  (as  was 
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done,  for  example,  in  refs.  5 and  6)  greatly  underestimates  the  stabi- 
lizing influence  of  the  core,  and  may  lead  to  results  which  are  grossly 
conservative . 

Accuracy  of  small-deflection  theory.  - Both  Seide's  analysis  and 
the  analysis  in  reference  2 are  based  on  small-deflection  buckling  theory. 
As  is  well-known,  this  theory  does  not  always  yield  results  in  agree- 
ment with  test  data.  However,  it  is  generally  recognized  that,  for 
empty  cylindrical  shells,  the  agreement  is  reasonably  close  for  loadings 
in  which  the  prebuckling  membrane  stresses  are  predominantly  circum- 
ferential. Seide  has  shown  in  reference  1 that  reasonably  close  agree- 
ment also  may  be  obtained  for  core-filled  cylinders,  for  the  case  of 
uniform  lateral  pressure  loading.  An  additional  comparison  for  core- 
filled cylinders  is  shown  in  figure  1 for  a case  of  nonuniform  lateral 
pressure,  namely,  for  a circumferential  band  of  pressure.  The  theo- 
retical results  sure  based  on  reference  2,  and  the  test  data  are  from 
reference  7-  In  view  of  the  fact  that  it  is  quite  difficult  to  deter- 
mine an  appropriate  experimental  value  for  Young's  modulus  of  the  core 
material,  the  agreement  between  theoretical  and  experimental  values  again 
may  be  said  to  be  reasonably  close. 


Elastic  Cushion  Loading 

Cushioned  support -saddles  pressing  against  the  unsupported  lateral 
surface  of  a large -diameter  cylindrical  shell  structure  induce  compres- 
sive hoop  stresses  in  the  shell  wall  which  can  cause  the  shell  to 
buckle.  However,  the  cushions  also  act  as  an  elastic  foundation  which 
tends  to  stabilize  the  shell  wall.  The  stabilizing  restraint  is  similar 
to  that  derived  from  a soft  elastic  core.  Consequently,  the  stiffness 
of  the  support -saddle  cushioning  material  is  a strong  factor  in  deter- 
mining the  magnitude  of  the  applied  pressure  at  which  buckling  failure 
may  occur  under  cushion  loading.  The  allowable  pressure  is  lower  for 
relatively  soft  cushions,  with  fluid-pressure  loading  constituting  a 
limiting  case  corresponding  to  cushions  of  zero  stiffness. 

Unsymmetrical  loading.  - Both  axially  symmetrical  and  unsymmetrical 
(i.e.,  transverse ) cushion  loading  are  of  practical  interest  at  LMSC. 

Of  course,  if  the  circumferential  distribution  of  the  pressure  applied 
to  a cylindrical  shell  is  such  that  a significant  amount  of  circumferential 
bending  is  induced  in  the  shell  wall  from  the  outset,  the  shell  may  fail 
by  local  bending  or  local  beam-column  action  rather  than  by  buckling. 
However,  axial  symmetry  of  the  applied  pressure  is  not  a necessary  con- 
dition for  bifurcation  instability.  A band  of  pressure  circumferentially 
distributed  according  to  the  relation: 


(l  + cos  <p)/2 


(2) 
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where  (p  is  the  circumferential  coordinate,  causes  the  cylinder  cross 
sections  to  translate  and  decrease  in  diameter,  hut  does  not  induce 
significant  circumferential  bending  prior  to  buckling.  An  analysis  of 
bifurcation  instability  under  the  pressure  distribution  of  equation  (2) 
was  carried  out  as  part  of  the  present  study,  and  is  reported  in 
reference  8.  Results  of  the  analysis  indicate  that  the  maximum  allowable 
fluid  pressure  for  the  unsymmetrical  loading  treated  in  reference  8 is 
somewhat  greater  than  that  for  the  corresponding  axially- symmetrical 
case,  but  the  difference  is  not  great.  Therefore,  subsequent  studies 
of  bifurcation  instability  under  cushion  pressure  have  been  limited  to 
axially-symmetrical  loading  in  the  present  investigation. 

Axially-symmetrical  loading.  - The  most  recent  result  of  the  axially 
symmetrical  loading  investigation  is  a pilot  study  of  a core-filled 
circular  ring  subjected  to  external  pressure  applied  by  soft  elastic 
cushions  (ref.  4).  The  equation  determined  for  the  buckling  pressure 
in  that  analysis  is : 


where  the  subscript  s denotes  cushion,  and  the  remaining  symbols  are 
defined  above.  For  E = 0 , this  equation  reduces  to  the  relation 
given  in  equation  (l)  sfor  fluid  pressure  loading.  Equation  (3)  indi- 
cates that  the  stability  of  the  structure  may  be  increased  by  increasing 
the  stiffness  of  the  cushion  material  or  by  decreasing  the  cushion's 
thickness. 


The  Axially  Loaded  Cylinder 

A study  of  the  snap-through  buckling  of  axially  loaded  circular 
cylindrical  shells  has  been  in  progress  at  U4SC  for  quite  some  time . 
This  is  a well-known  problem  which  has  challenged  investigators  in  the 
field  of  structural  shell  stability  analysis  for  many  years.  The  con- 
tinuing interest  in  the  problem  is  indicated  by  the  relatively  large 
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number  of  references  to  it  in  the  collected  abstracts  of  papers  for  the 
present  symposium. 

Large-deflection  analysis.  - The  first  phase  of  the  IMSC  study  of 
this  problem  has  recently  been  completed,  and  is  reported  in  reference  9. 
This  phase  treats  the  theoretical  postbuckling  behavior  of  isotropic 
cylinders  which  are  free  from  initial  geometric  imperfections.  General 
interest  in  this  aspect  of  the  problem  was  first  stimulated  by  the  find- 
ings of  von  Karman  and  Tsien  in  1941  (ref.  10).  Results  of  their  analy- 
sis indicate  that  if  large  displacements  are  considered,  the  load  can 
be  shown  to  drop  sharply  from  the  bifurcation  point  given  by  small- 
deflection  theory  to  a relatively  low  minimum  in  the  postbuckling  range. 
Their  analysis  was  later  improved  by  other  investigators,  among  whom, 
Kempner  (ref.  11)  gave  the  most  accurate  solution.  However,  the  ratio 
given  in  reference  11  between  the  minimum  postbuckling  equilibrium  load 

and  the  classical.,  small -deflection  buckling  load  is  p/p  * 0.30.  The 
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corresponding  experimental  values  reported  by  Thielemann  in  reference  12 
are  only  0.10  to  0.12 

In  the  D4SC  analysis,  as  in  the  previous  analyses,  the  Rayleigh- 
Ritz  procedure  is  used  to  represent  the  elastic  system  in  terms  of  a 
countable  number  of  degrees  of  freedom.  The  Newton-Raphson  iteration 
method  vas  employed  to  obtain  solutions  to  the  nonlinear  equation  system, 
and  an  IBM  7090  computer  vas  used  in  the  numerical  work.  The  number  of 
degrees  of  freedom  in  the  Rayleigh-Ritz  analysis  was  successively  in- 
creased until  no  significant  change  occurred  in  the  magnitude  of  the 
minimum  postbuckling  equilibrium  load. 

Results  of  the  analysis  of  reference  9 are  shown  in  figure  2.  The 
expression  assumed  for  the  radial  displacement  component  is  of  the  form: 

v = 2 £ cos  (i  m 7T  x)  cos  (j  n ir  y)  (4) 

where  m,n  are  wavelength  parameters,  x,y  are  the  axial  and  circumfer- 
ential coordinates,  and  i, J are  integers.  Curve  A in  figure  2 repre- 
sents the  case  in  which  all  coefficients  a^j  except  a^ q , a^,  a^  are 

set  to  zero,  and  coincides  with  the  Kempner  solution.  By  success- 
ively including  additional  degrees  of  freedom  in  the  displacement 
function,  equation  (U),  the  results  represented  by  curves  B,  C,  and  D 
are  obtained.  It  may  be  seen  that: 

• the  magnitude  of  the  minimum  postbuckling  equilibrium  load 
decreases  as  the  number  of  degrees  of  freedom  is  increased, 


• the  rate  of  decrease  diminishes  as  the  number  of  degrees  of 
freedom  is  increased , 

• the  minimum  value  found  for  the  greatest  number  of  degrees  of 
freedom.  Case  D,  is  approximately  p/p^  = 0.11  and, 

• this  value  is  in  close  agreement  with  the  corresponding  experi- 
mental values  (O.IO  to  0.12)  reported  by  Thielemann. 

Reference  9 also  presents  information  on  the  energy  levels  associated 
with  various  postbuckling  equilibrium  configurations. 

Experimental  investigation* - Of  course,  the  objective  of  investi- 
gations of  postbuckling  behavior  such  as  those  in  references  9 through 
11  is  to  furnish  information  which  may  contribute  to  the  ultimate  estab- 
lishment of  an  adequate  buckling  criterion.  It  is  believed  that  exten- 
sive additional  testing  will  be  necessary  before  such  a criterion  can 
be  formulated.  Unfortunately  many  of  the  early  tests  of  axially  loaded 
cylinders  were  designed  to  determine  simply  the  load  level  at  which 
snap-through  occurs.  It  is  now  widely  recognized  that  experimental 
evidence  is  needed  on  a much  broader  range  of  questions,  such  as  the 
influence  of  initial  geometric  imperfections  of  known  form,  the  response 
to  dead-weight  loading,  changes  in  buckle  pattern  during  loading  and 
unloading  in  the  postbuckling  region,  etc.  A test  program  designed  to 
furnish  certain  information  of  this  kind  has  been  initiated  at  DiSC. 

It  is  believed  that  the  results  of  such  tests,  together  with  continued 
theoretical  effort,  can  ultimately  serve  as  a rational  basis  for  design 
of  the  axially  loaded  cylinder. 

Pressurized  and  core-filled  cylinders.  - The  analysis  reported  in 
reference  9 of  theoretical  postbuckling  behavior  under  axial  compression 
may  be  extended  with  relatively  little  difficulty  to  internally  pres- 
surized cylinders  and  to  cylinders  filled  with  a soft  elastic  core.  This 
work  also  is  in  progress.  Results  in  reference  12  and  elsewhere  indi- 
cate that  the  load  range  within  which  buckling  is  possible  for  internally 
pressurized  cylinders  (i.e.,  the  range  between  the  classical  buckling 
load  and  the  minimum  postbuckling  equilibrium  load)  diminishes  with 
increasing  internal  pressure.  The  same  tendency  also  may  be  expected 
with  soft  elastic  cores.  Hence,  the  choice  of  a buckling  criterion  in 
these  cases  may  well  be  less  critical. 


FUTURE  RESEARCH 


Although  the  number  of  papers  in  the  literature  on  structural 
shell  stability  has  increased  to  a substantial  volume,  the  present 
growth  of  aerospace  technology  is  creating  new  problems  at  an  even 


42 


greater  rate.  A few  shell  stability  problems  which  are  of  present 
interest  to  LMSC  and  for  which  satisfactory  methods  of  analysis  are  not 
available  are  briefly  listed  below. 

Methods  of  analysis  for  the  influence  of  solid  propellants  on  the 
buckling  strength  of  motor  cases  are  needed  in  which  the  propellant  is 
treated  as  a viscoelastic  rather  than  an  elastic  medium.  Results  are 
required  for  an  entire  class  of  load  distributions  and  load-time  pro- 
files. Another  broad  class  of  problems  of  particular  interest  is  that 
of  structural  instability  under  dynamic  loading.  Included  in  this 
category  are  impulsive  loading  of  only  a few  microseconds  duration. 
Within  the  field  of  ordinary  static  buckling  analysis,  insufficient 
information  is  available  on  the  buckling  of  shells  whose  principal  radii 
of  curvature  are  functions  of  one  or  both  of  the  shell  coordinates, 
e.g.,  a deep  ellipsoidal  dome  subjected  to,  say,  uniform  external 
pressure. 

A particularly  troublesome  task  for  the  structures  analyst  is  the 
assessment  of  the  effect  of  a large  cutout  on  the  buckling  strength  of 
a cylindrical  or  conical  shell.  Information  seems  to  be  lacking  for 
both  reinforced  and  unreinforced  openings  and  for  monocoque  and  stiff- 
ened shells. 

The  increasing  use  of  fi lament -wound  motor  cases  has  given  renewed 
emphasis  to  the  need  for  information  on  the  buckling  of  both  orthotropic 
and  bi-layered  cylinders.  Similarly,  the  immense  size  of  booster  fuel 
tanks  for  recently  proposed  vehicles  has  increased  the  interest  in 
methods  of  analyzing  cylinders  of  both  orthotropic  and  sandwich  con- 
struction. 

Finally,  in  shell  stability  investigations,  relatively  greater 
emphasis  must  be  given  to  experimental  research.  Although  it  is  often 
more  difficult  to  obtain  funding  for  testing  than  for  analysis,  the 
uncertain  reliability  of  small-deflection  buckling  theory  makes  the 
role  of  experimental  data  especially  critical  in  shell  applications. 
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COMPARISON  OF  THEORY  AND  TESTS  FOR  BUCKLING  UNDER 
CIRCUMFERENTIAL  BAND  OF  PRESSURE 


Figure  1 


THEORETICAL  LOAD -DISPLACEMENT  CURVES  FOR  THE 
AXIALLY  LOADED  CYLINDER  (FROM  REF.  9) 
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DEVELOPMENT  OF  DESIGN  STRENGTH  LEVELS 
FOR  THE  ELASTIC  STABILITY  OF 
MONOCOQUE  CONES  UNDER  AXIAL  COMPRESSION 
By  A.  H.  Hausrath  and  F.  A.  Dittoe 
General  Dynamics/Astronautics 


SUMMARY 


Design  relationships  have  been  derived  for  the  determination  of 
elastic  buckling  strength  levels  for  unpressurized  monocoque  truncated 
cones  under  axial  compression.  Theoretical  implications  have  been  con- 
sidered in  the  establishment  of  a semi-empirical  analysis  leading  to  the 
development  of  probability  based  design  expressions.  Data  from  170 
tests  by  various  investigators  were  statistically  evaluated  for  the  ex- 
pected mean,  90%,  and  99%  probability  strength  levels.  Dispersion  of 
data  was  found  to  be  slightly  less  than  that  of  monocoque  cylinders. 
Non-linear  effects  of  radius  to  thickness  ratio  or  strength  deteriora- 
tion with  length  to  radius  ratio  were  not  discernible. 


INTRODUCTION 


The  elastic  buckling  of  unpressurized  monocoque  right  truncated  cir- 
cular cones  under  axial  compression  is  analyzed  statistically  to  establish 
design  strength  levels.  The  resulting  prediction  equations  were  derived 
from  data  in  the  ranges  of  semi-vertex  angle  from  2.87°  to  75°,  mid- 
height radius  of  curvature  to  thickness  ratios  of  98  to  4-160 , and  slant 
height  to  mid-height  radius  of  curvature  ratios  of  0.133  to  4.45.  The 
resulting  equations  are  intended  for  the  design  of  cones  where  appli- 
cable in  aerospace  vehicles  and  other  structures  requiring  high  levels 
of  structural  reliability. 


SYMBOLS 


A subscript  indicating  the  "A"  level. 

"A"  level  that  level  which  would  be  exceeded  by  at  least  99^  of  the 

entire  population  with  95/S  confidence;  i.e.,  the  confidence 
is  95^  that  at  least  99%  of  the  stability  strengths  of  all 
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cones  in  axial  compression  can  be  expected  to  exceed  the 
"A"  level. 


B subscript  indicating  the  "Bn  level. 

nB"  level  that  level  which  would  be  exceeded  by  at  least  905?  of  the 

entire  population  with  95%  confidence*  i.e. , the  confidence 
is  955?  that  at  least  90%  of  the  stability  strengths  of  all 
cones  in  axial  compression  can  be  expected  to  exceed  the 
"B"  level. 

C buckling  coefficient;  see  eq.  (2). 

C mean  value  of  C;  see  eq.  (7). 

E material  modulus  of  elasticity  in  compression, 

e^  theoretical  frequencies  for  intervals  in  grouped  data, 

i subscript  indicating  i^h  value. 

k one-sided  tolerance  factor  for  the  normal  distribution;  a 

function  of  sample  size,  probability  level,  and  confidence 

level. 

1 slant  height  of  conical  frustum, 

m number  of  intervals  in  grouped  data. 

N number  of  data  values  in  sample. 

n^  observed  frequencies  for  intervals  in  grouped  data. 

Pcr  axial  compressive  load,  lbs.,  just  prior  to  buckling. 

Per  expected  mean  value  of  Pcr  . 

pcyl»  axiaymmetric  axial-buckling  load  of  infinite  cylinder  with 

constant-thickness  walls. 

r radius  of  cylindrical  shell. 

radius  at  small  end  of  conical  shell,  measured  in  plane 
normal  to  axis  of  cone. 

r2  radius  at  large  end  of  conical  shell,  measured  in  plane 

normal  to  axis  of  cone. 

s sample  standard  deviation;  see  eq.  (8). 
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t shell  thickness, 

a 3 end. -vert ex  angle  of  cone, 

p mean  value  for  a total  population, 

v Poisson's  ratio. 

0 radius  of  curvature. 

p radius  of  curvature  of  conical  shell  at  mid-height. 

a standard  deviation  for  a total  population. 

statistical  parameter  indicating  goodness-of-fit  of  data 
to  a distribution  function. 

DISCUSSIONS 


Justification  for  the  Statistical  Approach 

Large  variations  in  the  actual  buckling  strengths  of  unpressurized 
truncated  cones  can  be  expected  due  to  the  unstable  nature  of  pre-buck- 
ling  load-deflection  relationships  for  monocoque  shells  in  compression. 
Cylinders,  for  example,  tend  to  follow  the  familiar  peaked  load-deflec- 
tion curve  toward  the  bifurcation  point  and  then  into  the  post-buckling 
regime;  however,  to  attain  classical  values  of  the  buckling  coefficient, 
all  conditions  (imperfections,  eccentricities,  end  conditions,  etc.) 
oust  be  ideal.  Since  actual  shells  are  subject  to  less  than  ideal  con- 
ditions, the  resulting  buckling  strengths  will  be  not  only  significantly 
lower  than  theoretically  indicated,  but  also  widely  dispersed.  Existing 
data  from  cylinders  are  slightly  more  dispersed  than  from  cones  for 
axial  compression  and  the  response  of  spherical  shells  under  external 
pressure  shows  similar  scatter,  probably  for  related  reasons. 

An  examination  of  the  test  data  presented  in  fig.  1 shows  approxi- 
mately equal  scatter  for  all  values  of  the  semi-vertex  angle.  The  cause 
of  such  variations  in  test  results  is  not  currently  quantitatively  de- 
fined. The  high  sensitivity  to  unmeasured  or  unmeasurable  parameters 
makes  an  accurate  analytical  prediction  of  general  instability  strength 
improbable  for  the  types  of  applied  structure  used  in  aerospace  vehicles. 
Thus,  in  order  to  guarantee  a reliable  structure,  statistical  methods  are 
used  to  establish  practical  design  strength  levels.  These  levels  should 
not  be  considered  as  final.  Analysis  will  eventually  reveal  the  quanti- 
tative relationships  between  the  buckling  load  and  the  above  discussed 
conditions.  This  will  permit  a better  evaluation  of  the  test  scatter  and 
new  statistical  analyses  resulting  in  more  accurate  prediction  equations. 
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Designing  at  mean  or  typical  strength  levels  acknowledges  that  50% 
of  structures  so  designed  would  fail  before  reaching  design  ultimate  loads. 
A previous  statistical  analysis  (ref.  1)  indicates  that  10^  of  cylinders 
designed  to  mean  strength  levels  would  fail  at  75%  or  less  of  design  ulti- 
mate strength  in  axial  compression.  A similar  situation  exists  for  cones. 

Although  the  dispersion  of  test  data  for  monocoque  shells  is  gen- 
erally recognised,  mean  expected  strength  levels  are  often  erroneously 
advocated  for  design.  "Eyeball"  estimates  of  a lower  bound  to  test  data 
are  also  sometimes  used,  particularly  when  only  a limited  amount  of  test 
data  are  available.  Unfortunately,  the  lower  bound  approach  does  not 
result  in  a quantitative  evaluation  of  the  reliability  of  the  solution. 
Statistical  analyses  result  in  strength  level  estimates  at  desired  levels 
of  probability  and  confidence  and  thus  make  it  possible  to  design  to  the 
required  level  of  structural  reliability. 

This  study  endeavors  to  establish  practical  design  relationships 
for  the  elastic  stability  of  unpressurized  monocoque  cones  under  axial 
compression.  TSie  statistical  levels  adopted  correspond  to  "A"  and  "B" 
levels  as  defined  in  SYMBOLS. 


Test  Data 

The  total  number  of  pertinent  tests  known  to  the  authors  is  174. 

Refs.  2-6  contain  data  from  18  steel,  133  mylar,  15  nickel,  and  8 alumi- 
num cone  tests.  Although  the  preponderance  of  data  are  from  the  mylar 
specimens  of  ref.  2,  the  remaining  data  with  four  exceptions,  fit  into 
the  mylar  distribution  satisfactorily,  as  may  be  seen  in  fig.  1.  The 
value  of  mylar  as  a material  for  model  stability  test  specimens  was  treat- 
ed in  ref.  2 where  it  was  concluded  that  mylar  was  quite  attractive  for 
testing  of  this  kind.  A close  scrutiny  of  the  data  reveals  that  the 
nylar  results  tend  to  be  slightly  higher  than  those  of  the  metal  speci- 
mens. Reasons  for  this  may  include  experience  gained  in  fabricating  and 
testing  a large  number  of  mylar  specimens  and  the  low  probability  for 
local  yielding  of  these  specimens  prior  to  buckling.  The  metal  specimens 
were  worked  closer  to  their  proportional  limits  and  thus  were  more  sus- 
ceptible to  failures  precipitated  by  local  yielding.  In  the  cases  of 
one  aluminum  and  three  nickel  specimens,  early  failures  may  be  directly 
attributed  to  local  yielding.  In  the  aluminum  specimen,  the  failure  load 
produced  gross  stresses  in  the  cone  wall  above  the  material  proportional 
limit  while  in  the  nickel  tests  there  ware-questionable-end -conditions . 
These  four  tests  were  omitted  from  the  statistical  analysis  but  are 
shown  in  figs.  1 and  3 for  reference  purposes. 

The  remaining  sample  size  of  170  consists  of  cones  having 
2.87°  s a s 75°,  98  £ g/t  £ 4160  and  0.133  £ A/g  * 4.45. 
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METHODS  OF  ANALYSIS 


It  is  certainly  to  be  recognized  that  from  a statistician's  point 
of  view  the  sample  population  is  far  from  ideal.  The  experiments  were 
not  statistically  designed,  there  was  no  particular  effort  to  randomize 
the  combinations  of  geometrical  parameters,  and  there  are  several  obvi- 
ous sources  of  bias  in  the  sample  population;  however,  distribution 
charts  of  i/jj  and  a vs.  o/t  (tables  1 and  2)  reveal  some  sampling  in 
many  of  the  usual  ranges  of  interest. 

The  plot  of  the  buckling  coefficient  C vs.  p/t  shown  in  fig.  1 
discloses  the  most  interesting  implication  that  C is  independent  of 
p/t  . This  finding  is  contrary  to  the  conclusions  of  refs.  2,  3,  4, 
and  7 where  functional  relationships  between  C and  some  p/t  were  as- 
sumed similar  to  that  for  cylinders. 

The  theoretical  result  for  cones  presented  in  ref.  7 and  affirmed 
in  ref.  3 is 


P = P _ 
cr  cyl 


2 

cos  a 


which  may  be  written 

P - C 2itEt^  cos^  a 
cr 

The  well-known  classical  value  for  C is 


C 


1 

V3(1-v2)‘ 


(1) 


(2) 


(3) 


which,  for  v ” 0.3,  is  0.605.  However,  experimental  results  for  cylin- 
ders are  such  that  0.07  jC  ^ 0.5  and  that  C is  strongly  dependent  upon 
radius /thickness  ratios.  The  experimental  evidence  for  cones  is  pres- 
ently such  that  0.194  § 0.478  and  that  C is  independent  of  radius/ 

thickness  ratios,  at  least  for  the  range  of  data  available.  Additional 
influences  of  a or  length  effects  are  not  discernible  from  plots  of 
cone  data. 


An  examination  of  the  frequency  distribution  of  C by  means  of  a 
histogram  (fig.  2)  indicates  near  normalcy.  If  the  variations  in  C 
could  be  attributed  to  eccentricities  in  loading  and  specimen  geometry, 
local  irregularities,  etc.,  and  if  each  of  these  could  be  assumed  to 
occur  in  a random  manner,  then  it  can  be  shown  that  the  values  of  C 
would  be  expected  to  be  normally  distributed. 


The  normal  or  Gaussian  distribution  function  is  given  by 
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f(x) 


1 

0V2W 


exp 


fs*] 


so  that 


(4) 


m 

J 

a 


f(x)dx  = probability  that  x > a 


(5) 


In  sq.  (4),  V and  o are  respectively  the  mean  value  and  standard  de- 
viation for  a total  (infinite)  population.  As  is  the  usual  case,  only 
estimates  of  p and  o are  available.  These  are  the  sample  mean,  x , 
and  the  sample  standard  deviation,  s,  which  were  used  to  obtain  the 
fitted  normal  curve  shown  in  fig.  2 for  comparison  with  the  histogram. 


An  analytical  evaluation  of  the  conformity  ofjthe  grouped  data  to 
the  normal  distribution  was  conducted  using  the  X test.  This  test, 
discussed  in  most  texts  on  basic  statistics,  consists  of  evaluating 
the  parameter  x^  from  eq.  (6)  and  comparing  the  result  to  tabulated 
percentage  points  for  the  x*  distribution.  If  the  calculated  value  of 
X^  is  less  than  the  value  tabulated  for  the  applicable  significance 
level  and  number  of  degrees  of  freedom,  then  there  is  no  reason  to 
reject  the  hypothesis  that  the  data  are  from  a normal  population. 


X 


2 


(6) 


In  eq.  (6),  m is  the  number  of  intervals  over  which  the  simulation  takes 
place,  ni  are  the  observed  frequencies  in  the  intervals,  and  ei  are  the 
theoretical  frequencies  for  the  intervals  from  the  fitted  normal  dis- 
tribution. 


The  x45  goodness-of-fit  test  was  conducted  for  the  test  data  and 
resulted  in  the  conclusion  that  at  the  5%  level  of  significance,  the 
sample  distribution  is  consistent  with  the  hypothesis  that  the  parent 
distribution  is  normal.  The  55?  level  of  significance,  generally  used 
for  X*  tests  for  normality,  was  generously  exceeded  by  the  data.  For 
the  purposes  of  this  paper,  the  values  of  C were  thus  assumed  to  be 
normally  distributed. 


The  mean  value  of  C and  standard  deviation  were  obtained  from  the 
170  data  values  using  eqs.  (7)  and  (8). 
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(7) 


(8) 


The  " B"  and  "A"  level  estimates  of  C were  then  calculated  from 


CQ  s C - kBs  (9) 

C.  = C - k s (10) 

A A 


where  kg  and  k^  are  the  proper  probability  tolerance  factors.  Values 
of  k have  been  calculated  using  procedures  outlined  in  chapter  1 of 
ref.  8 and  tabulated  in  ref.  9.  The  values  of  k were  calculated  for 
the  normal  distribution  such  that  the  confidence  is  95£  that  at  least 
the  desired  proportions  will  exceed  the  MB"  and  "A"  levels.  For  169 
degrees  of  freedom,  kg  - 1.465  and  k^  ■ 2.592. 

The  results  of  calculations  using  eqs.  (7)  through  (10)  are: 

C = 0.316  (11) 

s * 0.06077  (12) 


CB  a 0.227 


(13) 


CA  3 0.158 


(14) 


Plots  of  the  expected  mean,  " B",  and  "A*  levels  are  shown  in  figs. 
1,  2,  and  3 for  comparison  with  available  data. 


RECOMMENDATIONS 


The  "A"  and  "B"  levels  are  recommended  for  the  practical  design  of 
unpressurised  monocoque  cones  critical  in  buckling  due  to  axial  compres- 
sion. The  "A"  level,  eq.  (14),  is  recommended  for  use  for  those  struc- 
tures the  single  failure  of  which  could  result  in  catastrophic  loss  or 
injury  to  personnel.  The  "B"  level,  eq.  (13),  may  be  used  for  struc- 
tures not  requiring  the  "A"  level. 


52 


Application  of  eqs.  (13)  and  (14)  as  coefficients  for  eq.  (2) 
should  be  limited  to  cones  having  the  following  approximate  geometries: 
100  < {/t  < 4000,  10°  < a < 75°,  and  0.25  < A/p  < 5.  Table  1 and  2 
may  be  consulted  to  determine  the  number  of  known  tests  for  a desired 
cone  geometry.  The  stress  level  at  the  small  end  of  the  cone  should 
be  checked  to  preclude  the  possibility  of  an  early  failure  precipitated 
by  inelastic  stresses. 

Structural  substantiation  tests  should  be  conducted  on  cones  de- 
signed by  the  use  of  eqs.  (2),  (13),  and  (14)  because  of  the  influences 
of  fabrication  techniques,  sise,  and  end  conditions  in  each  particular 
design. 


FUTURE  RESEARCH 


Additional  testing  of  cones  should  be  conducted  in  the  sparsely 
populated  ranges  of  tables  1 and  2.  Of  particular  interest  would  be 
additional  elastic  tests  in  the  high  and  low  o/t  and  small  a groups. 
These  could  permit  a better  understanding  of  the  present  experimentally 
indicated  independence  of  buckling  coefficient  with  radius/thickness 
ratio.  The  influence  of  end  conditions  on  buckling  of  cones  would  seem 
to  be  greater  than  for  cylinders  and,  if  adequately  evaluated,  might  be 
used  to  reduce  the  scatter  of  test  data.  Tests  of  larger  and  longer 
specimens  should  indicate  the  effects  of  size  and  length  which  are  not 
discernible  from  existing  data. 

Accurate  determinations  of  the  compressive  modulus  of  elasticity 
of  specimen  materials  should  be  reported  in  all  future  stability  test 
reports.  Although  difficult  to  obtain  for  thin  gages,  this  information 
is  helpful  in  statistically  evaluating  test  data  and  may,  in  fact,  be 
responsible  for  a significant  amount  of  scatter  in  the  existing  data. 


CONCIDDING  REMARKS 


For  practical  design  purposes,  reliable  design  buckling  load  levels 
may  be  established  if  sufficient  data  exist.  Recent  shell  stability  test- 
ing has  greatly  enhanced  the  fact  that  for  unpressurized  monocoque  shells, 
existing  theoretical  solutions  are  unrealistic  for  design.  The  use  of 
mean  expected  buckling  strengths  is  also  unconservative  while  lower  bound 
estimates  are  of  unknown  reliability.  Statistically  determined  allowable 
strength  levels  acknowledge  the  inevitable  scatter  of  test  data  and  per- 
mit the  estimation  of  strengths  at  desired  levels  of  probability  and  con- 
fidence. The  application  of  statistics  to  other  loading  conditions  and 
shell  configurations  would  be  desirable  when  enough  data  are  available. 
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DISTRIBUTION  CHART  P/i  VS  IjP 


DISTRIBUTION  CHART  9/ 1 VS  <* 
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CONE  DATA 


FREQUENCY 


Figure  2.-  Histogram  of  cone  data  and  fitted  normal  curve. 

« Per  DIRECT  STRESS  ALONG  GENERATOR  AT 
2ir/>tco$i«  " MIDHEIGHT  JUST  PRIOR  TO  BUCKLING 


t 


Figure  3.-  Non-dimensional  comparison  of  cone  data  vlth  statistical  levels. 


SHELL  STABILITY  PROBLEMS  IN  THE  DESIGN  OF 


LARGE  SPACE  VEHICLE  BOOSTERS 
By  James  B.  Sterett,  Jr. 

NASA  Marshall  Space  Flight  Center 


SUMMARY 


A discussion  of  the  current  methods  used  to  design  the  Saturn  type 
booster  shell  structures  is  presented  covering  bending  and  axial  com- 
pression, with  and  without  internal  pressure.  Problem  areas  encountered 
in  the  application  of  available  sheil  stability  data  to  these  designs 
are  delineated;  as  well  as,  suggested  areas  of  future  research  for  shell 
configurations  anticipated  in  advanced  designs. 


INTRODUCTION 


The  pressurized  and  unpressurized  cylindrical  shell  portions  of  the 
Saturn  Boosters  have  changed  considerably  in  configuration  as  payload 
requirements  became  more  stringent.  Various  cylindrical  cross-sections 
were  investigated  to  optimize  structural  designs,  with  corrugated  skins 
in  the  unpressurized  areas  and  "tee"  stiffened  tank  walls  indicating  min- 
imum weight  structures.  Additional  weight  savings  might  be  realized  with 
the  use  of  multicell  tanks  for  large  diameter  Boosters. 


SYMBOLS 


Cf  frame  stiffness  coefficient 

D shell  diameter 

E Young1 s modulus  of  elasticity 

Fc  ultimate  compressive  stress 

I area  moment  of  inertia 

K shell  buckling  constant 


58 


L shell  length  (between  transverse  frames) 

q axial  load  per  unit  of  circumference 

R shell  radius 

t monocoque  shell  thickness 

t equivalent  weight  monocoque  shell  thickness 

t*  equivalent  strength  monocoque  shell  thickness 

DEVELOPMENT  OF  SHELL  CONFIGURATIONS 
FOR  THE  SATURN  C-l  BOOSTERS 


Pressurized  Areas 

Pressurized  shell  designs  for  the  Saturn  C- 1 Boosters  were  based  on 
water  hydrostatic  test  pressure  requirements.  The  particular  aluminum 
selected,  5456-H343,  is  a work  hardening  alloy  and  develops  excellent 
mechanical  properties  after  pressure  cycling.  Weld  areas  in  the  tanks 
have  final  tensile  yield  strengths  as  high  as  90 7.  of  the  parent  material. 
Since  the  payload  requirements  were  not  critical  for  these  Boosters,  the 
test  pressures  shown  in  table  1 were  acceptable,  especially  considering 
the  resulting  high  structural  integrity.  Buckling  instability  of  the 
monocoque  shells,  under  combined  bending  and  axial  compression,  is  not 
critical  compared  to  the  hoop  tension  stresses. 


Unpressurized  Areas 

The  unpressurized  cylindrical  portions  of  the  Saturn  C-l  Boosters 
were  designed  more  efficiently  than  the  tanks  although  subsequent  load 
reductions  have  increased  their  safety  margins.  The  forward  and  aft 
skirts  of  the  70  and  105  inch  diameter  tanks  are  semi -monocoque  shells 
except  for  short  intermediate  modified  monocoque  sections  (as  defined  in 
reference  1)  attaching  these  skirts  to  the  tank  walls.  The  most  critical 
areas  of  these  skirts,  in  each  case,  are  the  modified  monocoque  portions. 
The  classical  buckling  equation,  Fc  - KEt/R,  with  a K value  - 0.30,  has 
been  used  to  establish  these  shell  thicknesses  and  compares  favorably 
with  the  structural  test  results.  The  R/t  range  of  from  140  to  390  as 
shown  in  table  1,  falls  within  the  limits  of  the  application  of  the  0.30 
constant  suggested  in  reference  2. 
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ADVANCED  SATURN  C-5  BOOSTER  SHELLS 


Pressurized  Areas 

Development  of  the  pressurized  portions  of  the  advanced  Saturn  C-5 
Booster  followed  a completely  different  design  philosophy  from  the  early 
Saturn  vehicles.  Stringent  requirements  for  maximum  payload  capacity, 
for  both  lunar  and  earth  orbital  rendezvous,  dictated  a refined  approach 
to  shell  design.  Initially,  preliminary  design  concepts  depicted  an 
integrally  milled  45°  waffle  pattern  for  the  skins  with  a full  length 
cruciform  anti-slosh  baffle  dividing  the  tanks  into  four  quarters.  Fur- 
ther shell  optimization  studies,  coupled  with  the  possibility  of  a re- 
design of  the  baffles  to  annular  rings,  indicated  a substantial  struct- 
ural weight  reduction  by  incorporating  integrally  milled  longitudinal 
"tee"  stringers  in  place  of  the  45°  waffle.  A comparison  of  these  shell 
designs  are  shown  in  tables  2 and  3.  The  values  presented  are  for  the 
actual  C-5  design  pressures,  bending  moments  and  longitudinal  forces, 
within  the  plate  thickness  limitations  for  the  2219-T87  aluminum  sheet 
sizes  required.  Since  the  skin  thickness  for  the  " tee”  stiffened  de- 
sign is  significantly  influenced  by  pressure  stresses,  additional  shell 
weights  were  investigated  for  both  waffle  and  "tee'*  stiffened  segments 
considering  pressure  increases.  The  "tee"  stiffened  cross  sections  were 
sized,  based  on  optimization  of  skin  to  stiffener  area  ratios,  with  the 
skin  fully  effective  in  compression  (no  local  buckling).  The  waffle 
sections  were  developed  through  application  of  the  work  accomplished 
by  Seide  (ref.  4). 

An  interesting  phenomena,  concerning  the  annular  rings,  developed 
in  the  optimization  studies.  To  suppress  sloshing  within  acceptable 
limits,  the  ring  baffles  required  a depth  of  approximately  30  inches, 
several  times  that  necessary  to  provide  column  stability  for  the  stiff- 
ened shell.  In  addition,  longitudinal  structural  ties  between  rings  on 
the  inner  flanges  were  required  to  support  the  normal  forces  on  the  ring 
webs  due  to  sloshing  pressures.  This  configuration  of  deep  rings,  with 
the  inner  flanges  supported  against  lateral  instability,  permitted  re- 
duction of  the  t contribution  by  the  rings.  A standard  ring  section, 
required  to  stabilize  the  shell,  was  generated  using  the  following  equa- 
tion from  reference  3: 

CfqirD4 

ET  * * 


This  ring  would  add  .078  inches  to  the  skin-stringer  t,  compared  to  .048 
inches  for  the  deep  anti-slosh  rings.  Sketches  of  the  typical  C-5  tank 
structures  are  shown  in  figures  1 and  2. 
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Unpressurized  Areas 

Cylindrical  skirt  areas  of  the  Advanced  Saturn  without  internal 
pressure  have  been  designed  based  on  minimum  weight  criteria  from  ref- 
erence 3 and  are  of  fabricated  (riveted)  7075-T6  aluminum  sheet  and 
stringer  combinations,  with  the  exception  of  the  inter- tank  shell. 

This  section  attaches  the  fuel  tank  to  the  oxidizer  tank  and  is  composed 
of  7075-T6  corrugated  sheet  with  transverse  stabilizing  ring  frames. 

In  contrast  with  the  C-l  Boosters,  the  monocoque  skirt  areas  are  re- 
stricted to  negligibly  short  segments  which  exist  only  at  bulkhead  to 
shell  junctures.  Weights  of  the  skirts  are  as  follows: 


SEGMENT 

WEIGHT  PER  INCH  1 

1 

Forward  Skirt 

i 

40  i 

Intertanlc  Skirt 

35  i 

Aft  Skirt 

48  j 

i 

Manufacturing  and  access  requirements  preclude  the  use  of  corrugated 
skins  for  all  of  the  skirts,  although  this  cross  section  is  structurally 
the  more  efficient. 


FUTURE  RESEARCH 


Monocoque  Buckling  Allowables 

Tables  2 and  3 present  weights  for  waffle  pattern  designs  based  on 
three  sources  for  buckling  allowables  (references  5 and  6).  The  basic 
waffle  dimensions  are  established  from  reference  4,  but  when  the  t*  value 
is  selected  from  each  buckling  reference,  different  shell  weights  are 
developed.  For  Boosters  in  the  size  range  of  the  Advanced  Saturn  and 
Nova,  these  differences  amount  to  thousands  of  pounds  of  structural  weight 
Extensive  research  should  be  conducted  to  establish  uniform,  generally 
accepted  cylinder  buckling  curves. 

Multicell  Designs 

An  area  which  shows  extreme  promise  in  future  space  vehicle  designs 
is  the  multicell  configuration.  Extensive  studies  accomplished  at  Mar- 
shall Space  Flight  Center  on  cylindrical  versus  multicell  tanks  and  tot- 
al Booster  structures  indicate  weight  savings  for  the  multicell,  which 
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increase  in  percentage  with  larger  vehicles.  Figure  3 presents  the  re- 
sults of  these  studies  ranging  from  a 360  inch  diameter  Booster  to  600 
inches.  The  typical  cross  section,  shown  in  figure  4,  does  not  present 
unusual  structural  problems  except  in  the  transition  areas  between  the 
shell  walls  and  bulkheads.  These  areas  are  geometrically  difficult  to 
define  and  defy  presently  available  methods  of  analysis  for  local  shell 
stability. 


CONCLUDING  REMARKS 


Minimum  weight  designs  for  large  space  vehicle  Booster  cylindrical 
shells  require  comprehensive  studies  to  establish  each  individual  config- 
uration. Shell  skins  with  integral  milled  stiffeners  appear  especially 
attractive  for  propellant  tanks.  The  selection  of  mill  patterns  such 
as  45°  waffle  or  longitudinal  "tees"  depends  on  loads  and  other  design 
criteria  peculiar  to  that  tank.  Uniformly  accepted  and  proven  cylinder 
buckling  curves  would  permit  further  refinement  of  shell  designs.  For 
future  Boosters,  research  is  needed  on  multicell  designs  and  their  sta- 
bility problems. 
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TABLE  1.-  PRESSURE,  SHELL  THICKNESS,  AND  R/t  VALUES  FOR  SATURN  C-l  TANKS 
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(1)  Total  Shell  Weights  Include  Required  Ring  Frames, 
t Values  Do  Not  Include  Frames. 


TABLE  3.-  COMPARISON  OF  WAFFLE  AND  "TEE"  STIFFENED  DESIGNS  FOR  C-5  BOOSTER  FUEL  TANKS 
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PROBLEMS  ASSOCIATED  WITH  THE  DESIGN 
OF  LARGE  SHELL  STRUCTURE 
By  W.  M.  Moseley 
General  Dynamic s/Fort  Worth 

SUMMARY 


An  account  of  the  approach  used  In  design  of  a large 
sandwich  construction  nose  cone  Is  given.  The  areas  in 
which  analytical  methods  are  needed  are  discussed  and  a 
theoretical  procedure  is  proposed. 


INTRODUCTION 


Many  of  the  space  exploration  probes  and  satellites 
are  housed  on  the  nose  of  large  missiles.  These  payloads 
require  protection  during  the  launch  phase  and  the  missile 
requires  fairing  to  reduce  aerodynamic  drag.  Thus,  large 
Jettlsonable  nose  panels  are  needed  in  many  applications. 
The  panels  must  possess  Integral  stiffness  since  there  is 
little  or  no  room  for  supporting  structure.  These  require- 
ments have  resulted  in  the  design  of  large  "split-cone" 
sections  of  sandwich  construction.  Satisfactory  methods 
of  analysis  do  not  exist  for  this  type  of  structure. 


SYMBOLS* 


x,  r,  2,  p 

e,  P 

a,  b,  c,  d,  L,  L’,  B 
u,  v,  w,  q,  v',  s 
I,  J,  F,  G,  N,  M, 


Linear  coordinates 
Angular  coordinates 
Dimensions 
Displacements 
Displacement  parameters 


K,  K', 


H 
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A (with  proper  subscript)  Coefficients  of  displacement 

parameters 

f,  S>  1 t 3t  k,  1,  m,  n,  h Integers  or  subscripts 
♦See  also  figures  1 and  2. 


DESIGN  APPROACH 


The  task  under  consideration  is  to  design  a nose  fair- 
ing for  a 10  foot  diameter  missile.  The  purpose  of  the 
fairing  is  to  reduce  vehicle  drag,  and  to  protect  the  pay- 
load  from  heat  and  airloads  during  the  boost  phase  of  the 
flight.  A cone-on-cylinder  configuration  is  chosen  for 
the  proposed  design.  The  10  foot  diameter  cylinder  portion 
is  10  feet  long.  The  conical  portion  is  16  feet  long  with 
a taper  of  14.5°  per  side.  There  are  no  internal  frames  or 
bulkheads  forward  of  the  base.  To  facilitate  Jettisoning 
in  flight,  the  fairing  is  fabricated  in  halves.  The  half 
shells  are  then  held  mated  by  a few  explosive  fasteners 
along  the  vertical  split  lines. 

The  air  pressure  or  loads  act  in  a crushing  direction 
and  produce  axial  and  hoop  compressive  stresses  in  the 
shell  wall.  Since  the  airload  is  not  uniform,  shear  and 
bending  are  also  present.  In  addition  the  shell  must  be 
able  to  withstand  thermal  stresses  resulting  from  rather 
severe  aerodynamic  heating. 

Environmental  conditions  indicate  the  use  of  fiber- 
glass sandwich  for  shell  wall  construction.  The  designer 
must  then  attempt  to  establish  the  required  core  and 
laminate  thickness  to  provide  the  required  strength  and 
stability.  He  can  satisfy  these  by  the  use  of  conventional 
stress  equations  but  he  soon  finds  that  these  apply  to 
complete  cylinders  of  solid  sheet  material.  The  cylinders 
treated  are  considered  very  long  or  assumed  held  round  at 
intervals.  Only  a small  amount  of  information  exists  on 
sandwich  cylinder  allowables,  and  in  each  case  the  author 
points  out  the  need  of  further  Investigation  and  testing 
to  establish  valid  design  allowables. 

In  this  particular  design  the  engineer  does  not  have 
a complete  cylinder.  He  has  two  half  cone-cylinders, 
since  moment  continuity  is  lost  at  the  split  lines.  The 


69 


knee  area,  or  juncture  between  the  cone  and  cylinder,  acts 
as  a stiffening  ring  to  some  degree.  It  divides  the  shell 
into  two  distinct  bays  which  might  buckle  independently  if 
the  juncture  is  stiff  enough.  The  designer  finds  very 
little  information  on  the  required  stiffness  of  reinforcing 
— rtfig's'Tor  cases  of  this  nature. 

To  determine  the  elastic  buckling  pressure  of  the 
conical  portion  of  the  half  shell,  the  designer  will  again 
be  forced  to  use  complete  cylinder  formulas  and  use  assumed 
values  for  effective  length  and  radius.  The  loss  in 
strength  due  to  the  split  line  and  the  absence  of  a rigid 
ring  cannot  be  adequately  predicted. 

The  airloads  on  a ring  (a  unit  length  of  shell)  can 
be  divided  into  a uniform  crushing  component  and  an 
asymmetrical  component.  The  uniform  component  is  reacted 
by  hoop  compression  in  the  ring  and  no  bending  is  present. 
The  asymmetrical  component  induces  a shear  reaction  in  the 
shell,  and  a ring  flattening  effect  is  expected.  A quick 
analysis  shows  that  a shear  reaction  of  the  classical 
VQ/I  type  produces  no  ring  bending  with  the  asymmetrical 
airload.  However,  further  checking  shows  that  only  slight 
variations  in  the  distribution  of  the  applied  pressure  or 
the  reacting  shear  will  produce  very  high  computed  ring 
flattening  deflections  and  bending  moments.  Thus  the 
stiffness  required  to  prevent  flattening  becomes  a major 
unknown. 

In  most  such  design  projects,  the  designer  is  aware 
of  the  vehicle  performance  penalty  for  unnecessary  struc- 
tural weight.  Yet  he  is  faced  with  a schedule  and  budget 
that  does  not  permit  developmental  testing.  A nose  cone 
failure  could  waste  a missile  and  launch  effort  costing 
millions  of  dollars.  If  a designer  is  to  have  a measure 
of  confidence  in  his  product,  under  these  circumstances, 
the  finished  hardware  is  sure  to  be  unnecessarily  heavy. 

For  example,  previous  analyses  of  this  type  panel 
have  treated  the  problem  on  an  "equivalent-thickness" 
basis.  The  sandwich  panel  is  reduced  to  an  equivalent 
thickness  of  solid  metal  and  compared  with  cylinder  data 
of  the  same  effective  length,  radius,  and  mean  radial 
pressure  distribution.  Margins  of  safety  of  50^  have 
been  allowed  to  account  for  the  effects  of  the  split  line. 
Such  procedures  are  believed  to  result  in  excessive 
sandwich  core  weight. 
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The  cone-on-cylinder  shell  discussed  here  Is  believed 
to  be  useful  enough  to  be  worthy  of  further  research.  The 
author  knows  of  four  existing  satellite  programs  which 
utilize  this  shape , and  several  more  that  are  under 
consideration . 


ADDITIONAL  THEORETICAL  INVESTIGATION 


A limited  Investigation  was  Initiated  to  determine  If 
the  critical  buckling  load  of  the  nose  cone  could  be  found  by 
theoretical  means.  For  this  purpose  a structural  Idealiza- 
tion of  the  nose  cone  was  made  considering  Its  physical 
features.  The  configuration  was  a sandwich  shell  composed 
of  a spherical  nose  cap,  a conical  section,  and  a cylindri- 
cal section.  The  shell  Is  split  Into  two  halves  to  facili- 
tate Jettisoning;  the  edges  of  the  half  shells  are 
reinforced  along  the  parting  line  by  fairly  stiff  beams. 

The  shell  Is  supported  at  Its  base  by  the  missile  body 
and  Just  below  Its  spherical  cap  by  stout  bulkheads. 

Only  the  cone-cylinder  sections  need  be  considered  In 
a stability  analysis.  At  the  juncture  of  the  cone  and 
cylinder  the  discontinuity  angle  of  the  shell  plus  a local 
thickening  of  the  sandwich  acts  as  a stiffening  ring. 

Since  It  could  not  be  decided  Initially  If  this  stiffening 
was  sufficient  to  cause  the  cone  and  cylinder  to  buckle  as 
Individual  elements,  provision  for  buckling  of  the  combina- 
tion was  Included  In  the  analysis.  It  was  also  decided  to 
Include  the  discontinuity  of  bending  moment  along  the  shell 
parting  line  although  the  effect  of  this  now  appears  of 
somewhat  minor  consequence.  It  was  felt  that  an  essential 
feature  In  this  analysis  should  be  the  low  transverse  shear 
stiffness  of  sandwich  construction. 

Before  attempting  an  analysis,  the  load-temperature- 
tlme  history  for  the  nose  cone  was  considered.  It  was 
found  that  the  design  loads  occurred  at  near  room  tempera- 
ture and  were  followed  at  some  later  time  by  the  peak 
thermal  gradient  during  which  the  applied  loads  were 
nearly  zero.  The  distribution  of  pressure  and  temperature 
Is  practically  uniform  over  the  conical  and  cylindrical 
segments  under  consideration.  Although  the  design  pressures 
can  occur  at  a slight  angle  of  Incidence,  It  Is  felt  that 
this  affects  the  bending  only  since  the  Instability  Is  pri- 
marily a function  of  the  mean  radial  pressure  distribution. 
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Having  made  the  above  Idealizations,  some  time  was 
spent  In  a brief  review  of  applicable  literature.  Papers 
on  thin  cones  and  cylinders,  and  on  sandwich  cylinders 
were  reviewed.  From  the  survey  It  became  apparent  that 
the  only  feasible  analytical  approach  would  be  an  approxi- 
mate one  based  upon  an  energy  method.  The  inherent  hazard 
of  such  an  approach  Is  that  it  leads  to  unconservative 
values  of  critical  loads  if  the  expression  for  deformation 
does  not  admit  the  true  buckled  shape  (reference  1,  page 
90) . Several  authors  state  that  satisfactory  solutions 
for  cylinders  subjected  to  hydrostatic  pressure  can  be 
obtained  with  small  deflection  theory  and  others  suggest 
that  for  sandwich  construction  snap- through  type  buckling 
is  unlikely  (sec.  1.1,  ref.  1,  p.  498;  ref.  2,  p.  49; 
ref.  3,  p.  2).  Although  no  such  statements  were  found  for 
cones,  there  appears  no  reason  for  their  behaving  differ- 
ently from  cylinders  as  long  as  the  cone  angle  is  not 
large.  With  these  assumptions  it  is  possible  to  follow 
the  procedure  of  reference  4,  which  also  makes  use  of 
reference  5*  in  computing  the  critical  buckling  load  for 
the  nose  cone.  The  detailed  steps  taken  and  the  equations 
are  much  too  lengthy  for  presentation  here  so  only  a 
brief  outline  of  principles  will  be  shown.  The  geometry 
of  the  cone  is  shown  in  figure  1. 

Strain  components  for  the  cylindrical  portion  of  the 
shell  can  be  expressed  in  terms  of  displacements  as  equa- 
tions 12.56  of  reference  6.  However,  in  addition  to  u, 
v,  and  w,  terms  involving  transverse  shearing  strains 
^ and  Jqz  omitted  in  equations  12.47  (ref.  5)  must  be 

included  in  the  last  three  equations  of  12.57  (ref.  6) 
to  account  for  the  low  shear  modulus  of  the  sandwich  core. 
Similar  strain  expressions  for  the  cone  may  be  derived  in 
terms  of  displacements  s,  v',  and  q and  shear  strains 


The  normal  deflection  (q,  w)  assumed  for  each  half 
shell  was  the  sum  of  the  three  shapes  shown  in  longitudinal 
section  in  figure  2. 

The  expressions  used  are: 
w = (F)  (M)  + (G)  (L)  + (N)  (K) 
q - (F)  (I)  + (H)  (J)  + (N)  (K*) 


3* 
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Where : 
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♦These  terms  are  zero  for  f,  g,  h,  n s even,  i.e.,  a 
continuous  shell. 
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- 1 Ai Sin  - I Ai Sln 


The  above  expressions  for  q and  w were  found  to 
satisfy  all  boundary  conditions  provided  shear  strains 
7ex>  7rp*  7&>  Bissons  ratio  effects 

in  the  strain  component  expressions  previously  derived 
are  neglected. 

The  strain  energy  of  the  sandwich  cylinder  and  core, 
due  to  deflections  q,  w,  are  determined  similarly  to 
the  method  of  reference  4.  It  was  found  more  convenient 
to  take  the  reference  surface  at  the  core  mid-height.  An 
expression  of  similar  form  to  that  of  equation  47  (ref.  4) 
is  found  for  the  strain  energy  of  the  shell,  and  the 
flexural  energy  of  the  edge  beams  of  the  nose  cone  is 
added  to  the  term  corresponding  to  B.^,  of  reference  6. 

In  applying  the  method  of  minimizing  the  total  poten- 
tial, only  the  change  of  load  potential  during  buckling 
need  be  found.  Part  of  this  change  comes  from  the  induced 
radial  compression  in  the  nose  cone  and  part  from  the  axial 
force  on  the  shell.  The  former  can  be  found  using  the 
trick  of  reference  1,  page  288.  The  equivalent  load  is 


the  quantity  on  the  right  side  of  equation  (a) . The 
quantity  in  parenthesis  is  replaced  with  the  radial  curva- 
tures from  the  expressions  for  strain  components  in  the 
nose  cone.  Radial  displacement  terms  can  be  eliminated  by 
consideration  of  lnextensible  buckling.  Longitudinal  dis- 
placements can  be  expressed  in  terms  of  the  ’’tilting" 
factors  and  neutral  surface  ordinates  used  for  strain 
energy  expressions.  For  the  second  part  of  the  change  in 
external  energy,  the  average  shortening  of  an  elemental 
length  of  genetrlx  can  be  taken  as 


where  terms  in  v,  v’  must  be  again  expressed  in  terms  of 
"tilting"  factors  and  neutral  surface  ordinates. 


The  change  in  total  potential  is  taken  as  the  sum  of 
load  potential  and  strain  energy.  Arranging  terms  involv- 
ing "tilting"  factors  and  neutral  surface  ordinates  on  the 
right-hand  side,  these  parameters  can  be  eliminated  by 
minimization  and  result  in  a right  side  expression  similar 
to  that  of  equation  59  (ref.  4). 

Further  minimization  of  the  change  in  total  potential 
with  respect  to  AcAm,  AgAg,  A^A±,  A^Aj,  and  AnAk 

results  in  five  simultaneous  equations  containing  q 
(pressure)  and  the  integers  f,  g,  h,  1,  J,  k,  cr 
1,  m,  and  n.  These  equations  are  much  too  lengthy  to 
show  here.  They  also  are  much  too  complex  to  solve 
manually  and  should  be  programmed  onto  a large  computer. 


Due  to  the  time  schedule  of  the  particular  nose  cone 
being  designed,  there  was  insufficient  time  to  attempt 
solution  on  the  IBM  7090  computer  available  at  this 
facility.  However,  this  would  be  an  ideal  tool  to  use 
in  this  analysis.  It  is  completely  feasible  and  practical 
to  obtain  an  IBM  solution  to  the  equations.  The  problem 
is  common  enough  -throughout  the  industry  to  warrant  this 
research  and  the  majority  of  the  aerospace  companies  who 
would  use  such  data  have  facilities  for  processing  a 
computer  program. 
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CONCLUDING  REMARKS 


Tying  such  a theoretical  analysis  development  program 
to  an  experimental  investigation  of  sandwich  nose  cone 
models  would  make  an  excellent  research  program.  For 
instance,  it  is  strongly  suspected  from  the  tests  of  thin 
metal  models  that  the  k-mode  displacements  are  unnecessary 
in  the  analysis  and  would  affect  large  simplifications  in 
the  analysis  by  being  omitted.  At  the  same  time,  there 
also  exists  the  possibility  that  tests  of  sandwich  shells 
might  reveal  that  some  other  displacement  mode  is  required 
although  this  does  not  appear  likely  from  tests  to  date. 

In  either  event,  completion  of  the  analysis  and  test 
corroboration  would  give  us  a very  useful  design  tool. 
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SDMMART 


L The  problem  of  optimum  design  of  axially  compressed  cylinders 

3 stiffened  by  rings  and  stringers  is  discussed.  Particular  atten- 

1 tion  is  devoted  to  configurations  suitable  for  large  launch  vehi- 

0 des.  Consideration  is  given  to  the  analytical  techniques  for 

9 determining  strength  as  well  as  the  procedures  for  optimization. 


INTRODUCTION 


One  of  the  primary  design  criteria  for  circular  cylindrical 
shells  in  flight  vehicles  is  the  necessity  of  carrying  axial  com- 
prsesive  loading.  In  most  situations,  the  loading  is  light 
enough  so  that  efficient  design  precludes  the  use  of  an  unstabi- 
lized, single-thickness  shell.  Of  the  various  means  of  stabili- 
sation, the  one  used  most  often  is  that  of  stringer  and  ring 
reinforcement. 

The  purpose  of  this  paper  is  to  discuss  methods  of  analysis 
and  of  optimum  design  of  stiffened  cylinders.  Attention  is  de- 
voted primarily  to  types  of  configurations  and  loadings  which  are 
suitable  for  large-scale  launch  vehicles.  Only  the  case  in  which 
integral  stringers  are  firmly  fixed  to  the  rings  and  in  which  pre- 
mature local  buckling  of  the  skin  between  stiffeners  is  prohibited 
is  considered,  in  the  belief  that  these  are  inherent  properties 
of  the  most  efficient  structure.  For  simplicity,  the  stiffening 
elements  are  assumed  to  have  negligible  torsional  or  sidewise 
bending  stiffness. 

Most  of  the  information  contained  herein  is  not  particularly 
new  or  surprising.  It  is  felt,  however,  that  the  discussion  taken 
as  a whole  is  a contribution  to  the  field  of  optimum  design. 
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DISCUSSION 


Before  looking  at  the  complex  atiffened  cylinder,  there  are 
some  lessons  to  be  learned  from  published  analyses  of  the  much 
simpler  stiffened  flat  plate.  For  example,  a study  of  the  results 
of  reference  1 shows  that  a longitudinally  compressed,  longitudi- 
nally stiffened  rectangular  plate  with  many  bays  in  the  transverse 
direction,  buckles  as  if  the  bending  stiffness  of  the  stiffeners 
was  "smeared  out",  provided  that  the  stiffeners  are  not  so  stiff 
that  local  buckling  of  the  plate  between  stiffeners  occurs.  For 
the  present  case  wherein  premature  skin  buckling  is  prohibited, 
this  means  that  the  stringer  stiffening  can  be  very  adequately 
accounted  for  by  means  of  orthotropic  analyses.  Since  the  larger 
the  stringer,  the  larger  the  ratio  of  stiffness  to  weight,  it  also 
means  that  a necessary  condition  for  optimum  design  is  that  local 
skin  buckling,  stringer  crippling,  and  overall  cylinder  buckling 
should  occur  at  the  same  load  level.  In  short,  for  a given  re- 
quired distributed  stringer  stiffness  determined  by  orthotropic 
theory,  optimum  design  implies  that  the  stringer  spacing  be  as 
wide  as  possible  without  encountering  local  wiHn  buckling,  and  as 
deep  as  possible  without  creating  crippling. 

The  situation  with  regard  to  rings  is  unfortunately  not  so 
straightforward.  Qualitative  help  is  afforded  by  the  results  in 
reference  2 for  the  longitudinal  loading  of  transversely  stiffened 
long  plates.  These  results  have  been  replotted  in  figure  1 in  a 
form  suitable  for  the  present  discussion.  In  this  form,  the  buck- 
ling curves  that  occur  if  the  stiffener  were  stiff  enough  to  force 
local  panel  buckling  and  the  curves  predicted  by  an  orthotropic 
analysis  are  the  same  for  all  proportions;  these  are  shown  by  the 
dashed  straight  lines.  The  exact  results  for  the  discrete  stiffen- 
ers are  indicated  by  the  solid  curves.  These  curves  are  very 
nearly  coincident  for  practical  panel  aspect  ratios.  There  are 
three  ranges  of  the  stiffness  parameter : For  light  stiffeners, 

the  curves  follow  the  orthotropic  theory;  for  heavy  stiffeners, 
the  panel  is  forced  to  buckle  between  stiffeners.  In  the  inter- 
mediate range,  the  stiffeners  participate  in  the  buckling  and 
their  discreteness  is  important. 

Several  lessons  pertaining  to  the  buckling  of  stiffened 
cylinders  are  learned  in  this  figure.  For  example,  there  is  no 
need  of  making  the  rings  stiffer  than  a certain  value.  Further- 
more, since  the  larger  a ring  is  the  more  efficient  from  a weight 
standpoint  it  is,  the  range  in  which  the  orthotropic  ring  theory 
is  valid  should  be  avoided.  The  optimum  design  will  have  a ring 
stiffness  that  would  be  associated  with  the  intermediate  range. 

This  is  unfortunate  since  in  this  range  analysis  techniques  are 
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the  moat  difficult.  In  addition*  the  optimization  procedure  would 
have  to  include  the  complicated  coupling  between  the  stringer 
stiffened  cylinder  and  the  rings.  Without  very  much  cost  in  weight 
one  can  eliminate  part  of  this  coupling  by  adopting  the  criterion 
that  the  rings  should  be  made  just  stiff  enough  to  force  nodes  at 
the  rings. 

On  the  basis  of  this  criterion  one  can  design  the  optimum 
stringer  panels  for  buckling  between  rings;  this  would  depend  only 
on  the  loading  and  the  ring  spacing.  Then  the  rings  can  be  sized 
so  that  the  selected  buckling  mode  would  be  obtained.  A subse- 
quent optimization  with  respect  to  ring  spacing  would  yield  the 
final  efficient  design. 

The  carrying  out  of  the  foregoing  optimization  procedure  is 
feasible  within  the  present  state  of  the  art  of  analysis 
techniques.  A discussion  of  some  of  the  interesting  aspects  of 
this  state  of  the  art  follows: 

Analysis  of  Stringer  Stiffened  Cylinders 

If  one  can  ignore  the  effect  of  "one  sidedness"  of  the 
stringers,  there  are  a number  of  orthotropic  cylinder  analyses 
that  are  applicable  to  solving  this  problem.  Such  an  analysis 
should  include  the  effects  of  plasticity  since  optimum  design 
should  entail  sizable  stresses.  This  is  particularly  true  if  the 
cylinder  is  pressurized.  The  inclusion  of  these  plasticity  effects 
for  the  pressurized  case  can  be  a source  of  trouble  because  of  the 
difference  in  effective  stress  levels  between  shell  and  stringers. 
Analysis  shows  that  the  shell  becomes  plastic  at  a considerably 
lower  load  than  do  the  stringers. 

Theoretical  results  obtained  from  such  orthotropic  analysis 
should  be  in  good  agreement  with  the  strength  that  would  be  real- 
ized experimentally  even  though  small  deflection  theory  is 
utilized.  This  conclusion  follows  from  an  examination  of  the 
kinds  of  configurations  that  are  optimum  for  large  launch  vehicle 
structures.  Here  the  optimum  ring  spacing  turns  out  to  be  rela- 
tively small  and  most  of  the  load  carrying  ability  of  the  stringer 
stiffened  cylinder  is  contributed  by  its  wide  column  capability. 

The  contribution  of  the  curvature,  which  is  most  subject  to  re- 
duction due  to  large  deflection  effects,  is  relatively  small. 
Furthermore,  a stringer  stiffened  cylinder  turns  out  to  have  a 
relatively  low  effective  radius-thickness  ratio  so  that  the  knock- 
down in  cylinder  strength  is  small.  These  conclusions  are  based 
in  part  on  the  results  obtained  in  reference  3 by  means  of  an 
approximation  of  the  orthotropic  analysis  of  reference  4. 
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An  investigation  of  the  influence  of  the  one  sidedness  of  the 
stringer  stiffeners  in  practical  cylinder  design  is  being  performed 
by  the  author.  Preliminary  results  of  the  investigation  indicate 
that  for  the  axisymmetric  mode  of  buckling,  locating  the  stringers 
on  the  inside  yields  a significantly  higher  strength  than  locating 
them  on  the  outside.  For  most  asymmetric  modes  of  buckling,  the 
converse  is  true.  Since  the  critical  mode  of  failure  is  usually 
the  latter,  attention  should  be  given  to  the  possibility  of  uti- 
lizing external  stiffeners  in  design. 

Determination  of  Required  Ring  Stiffness 

As  was  mentioned  before,  efficient  stiffened  cylinder  pro- 
portions require  the  rings  to  be  handled  as  discrete  entities 
rather  than  by  means  of  orthotropic  techniques.  An  oft  used  prac- 
tice is  to  size  the  rings  in  accordance  with  Shanley’s  criterion, 
reference  5,  which  is  a conservative  quasiempirical  specification 
based  on  the  envelope  of  a large  number  of  test  data.  For  large 
launch  vehicles,  Shanley’s  criterion  yields  rings  that  contribute 
significantly  to  the  overall  weight  of  the  cylinder.  A more  re- 
fined technique,  based  on  the  detailed  geometry  of  the  cylinder 
and  its  stiffeners  and  treating  the  rings  as  discrete  elements, 
is  therefore  an  important  adjunct  to  efficient  design. 

Examination  of  various  proposed  designs  for  launch  vehicles 
in  the  Nova  class  shows  that  the  tank  domes  and  the  manufacturing 
splices  divide  the  structure  into  relatively  short  cylinders.  For 
such  configurations  only  a few  additional  rings  are  necessary  in 
each  segment.  Therefore,  analyses  of  "infinitely  long"  geometries 
are  of  limited  usefulness.  One  must  deal  with  the  actual  structure, 
incorporating  the  restraint  effects  of  domes  and  other  attachments 
in  order  to  get  accurate  strength  estimates.  Mathematically  there 
are  two  ways  of  dealing  with  each  of  the  cylindrical  segments. 

One  is  by  writing  the  8th  order  partial  differential  equation  for 
the  stringer  stiffened  cylinder  with  the  proper  boundary  and  dis- 
continuity conditions  at  the  ends  and  across  rings.  The  other 
would  be  to  use  a potential  energy  approach.  In  either  case, 
various  values  of  circumferential  wave  length  would  have  to  be 
examined  and  the  rings  sized  in  order  to  yield  at  least  as  much 
strength  as  that  already  determined  for  the  stringer  stiffened 
cylinder.  Of  the  two  approaches,  the  energy  approach  would  seem 
to  be  more  suitable  for  programming  on  a computer. 

Effects  of  Alternative  Design  Conditions 

As  is  usual  in  structural  design,  launch  vehicles  are  sub- 
jected to  a variety  of  loading  conditions.  The  tank  barrels,  for 
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instance,  oust  be  capable  of  withstanding  not  only  the  very  large 
flight  compression  loads  coming  from  the  combined  longitudinal 
acceleration  and  wind  shears  but  also  less  large, but  still  appre- 
ciable, compression  loads  on  the  launch  pad.  The  high  reliability 
requirement  for  man  rating  dictates  capability  of  any  tank's  being 
empty  and  unpressurized  while  all  upper  stages  are  completely 
fueled.  The  necessity  of  meeting  both  of  these  design  loadings 
well  may  yield  a tank  structure  which  is  optimum  for  neither  of 
the  loadings  since  the  pressurization  existing  during  flight  re- 
duces the  requirements  for  rings  but  increases  the  plasticity 
problems.  The  first  rough  cut  would  be  gotten  by  designing  the 
tank  barrels  without  rings  for  the  flight  condition  and  then 
adding  a sufficient  number  of  rings  to  handle  the  launch  pad  con- 
dition. further  refinement  is  necessary,  however,  for  weight 
saving. 


CONCLUDING  RQ4ARKS 


All  actual  designs  are  affected  by  the  practical  aspects  of 
fabricability;  off-optimum  design  therefore  usually  results. 
Nevertheless,  the  optimum  configuration  should  be  determined,  if 
for  no  other  reasons  than  to  determine  what  the  cost  of  such 
practical  considerations  is, and  to  indicate  the  direction  in  which 
improvements  in  manufacturing  technology  would  be  most  helpful. 

In  addition,  for  very  large  launch  vehicles,  optimum  configurations 
might  well  be  feasible  because  of  the  absence  of  minimum-gage 
problems. 
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ELASTIC  STABILlTr  OOHSH8RATIQHS  Hf  AIRCRAFT  STRUCTURAL  DESIGN 
Rjr  Richard  L.  Schleicher 
North  American  Aviation,  Inc* 


General  instability  in  shell  type  structures  is  a relatively  in- 
frequent phenomenon*  Ry  general  Instability  Is  meant  that  a complete 
section  of  a structure  becomes  elastically  unstable,  as  compared  -with 
local  crippling  or  buckling*  The  first  step  In  design  Is  to  rough  size 
the  structure  and  determine  Its  compatibility  with  air  vehicle  config- 
uration and  systems  Installations.  After  this  step  has  been  completed, 
it  Is  possible  to  survey  the  layouts  to  determine  whether  general  in- 
stability Is  likely  to  occur*  The  general  parameters  of  length,  diam- 
eter, frame  spacing,  element  stiffness,  etc.,  are  then  Investigated  to 
determine  if  a general  falling  stress  exists  which  Is  less  than  any 
local  column,  beam  column,  or  panel  falling  stress*  In  this  way,  a 
wall-balanced  design  Is  determined  and  general  stability  failing  modes 
eliminated* 

The  structural  designer  has  a fairly  wide  selection  of  basic  pa- 
rameters during  the  early  phases  of  design*  These  diminish,  however, 
as  the  design  progresses  and  consideration  for  systems  Installations 
becomes  more  important.  In  many  cases  the  Ideal  arrangement  of  struc- 
tural elements  soon  gives  way  to  marked  discontinuities*  The  classical 
example  of  a circular  cylinder  with  symmetrically  spaced  elements  Is 
seldom  realized*  Uniform  frame  sections  and  spacing  give  way  to  deeper 
utility  frames  at  random  spacing*  The  effective  stiffness  of  the  deeper 
frames  may  he  20  - 50  times  greater  than  the  mini  mum  required  to  prevent 
Instability,  considering  the  general  proportions  of  the  shell*  In  like 
manner,  the  uniform  distribution  of  longitudinal  stiffeners  is  replaced 
by  a system  of  longerons  supplying  the  axial  compressive  elements*  Ma- 
jor frames  serve  as  base  points  in  support  of  beam-column  longerons* 

The  intermediate  frames  give  elastic  column  support  to  the  longerons  and 
form  boundary  members  for  tbe  shear  panels  la  the  shell  covering*  It 
has  been  found  that  longitudinal  stringers  became  superfluous  and  are 
more  difficult  to  accommodate  than  longerons,  even  though  these  too  may 
be  interrupted.  Without  longitudinal  stringers,  frame  stiffness  may 
actually  be  increased  through  simplified  design. 

A situation  frequently  arises  in  which  frame  depths  mist  be  arbi- 
trarily Increased  to  accomodate  alreraft  systems  Installations;  namely, 
pipe  lines,  conduits,  etc.  This  results  In  deep  frames  having  unstable 
Inner  flanges*  Whan  the  auxiliary  systems  fall  to  supply  the  necessary 
stability,  other  means  must  be  employed.  Straps  of  sheet  metal  are 
sometimes  fastened  to  the  Inside  flanges  of  frames,  lacing  them  together 
. - , — - --  . 

Preceding  page  blank 
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■rw<  terminating  at  convenient  major  frames*  These  latter  ties  serve 
as  node  points  to  the  frame  flanges* 

Vben  major  frmaes  or  'buJUmmSm  are  spaced  too  far  apart  to  stabil- 
ise the  longerons  laterally,  other  means  most  be  provided.  Each  design 
■ist  be  inspected  to  ascertain  whether  the  longeron  is  supporting  inter- 
mediate frames  or  -vice  versa.  Normally,  the  side  skin  will  give  contin- 
uous vertical  stability  to  the  longerons  vith  the  intermediate  frames 
serving  to  stabilise  the  inside  flanges*  Cross  plane  flooring  or  shelv- 
ing generally  serves  this  purpose*  In  some  Instances,  the  lower  longe- 
rons on  both  sides  of  the  weapons  bay  In  bombers  have  been  stabilised 
by  the  doors  attached  to  them.  Continuous  piano  hinges  are  excellent 
for  this  purpose*  Turing  the  transition  from  closed  to  open,  the  longe- 
ron has  reduced  lateral  stability.  However,  since  barbing  runs  are  made 
iuHng  unaccelerated  fUc^xt  conditions,  high  loads  are  not  encountered 
daring  the  qpick  opening  and  closing  cycles*  In  general,  careful  atten- 
tion to  frame  design  offsets  instability  failures  in  fuselage  structures. 

Wing  structures  are  seldom  affected  by  general  instability  if  prop- 
er attention  has  been  paid  to  rib  and  spar  design*  In  thin  wing  box 
structures,  bending  deflections  may  be  appreciable*  Rib  designs  nut 
be  checked  far  the  cospressive  loads  brought  about  by  the  surface  deflec- 
tion* This  consideration  usually  provides  enough  stiffness  to  support 
the  wing  surface  against  general  instability*  When  closely  spaced  ribs 
are  not  feasible  in  thin  wings,  the  skin  thickness  Is  increased  and  sur- 
face stiffness  is  achieved  through  the  use  of  multi-spars*  The  problem 
than  reverts  to  one  of  simple  panel  instability*  There  are  a number  of 
wing  boot  structures  in  service  today  whose  ccspresslon  surface  allowable 
stress  is  equal  to  the  ccegiresslve  yield  strength  of  the  material  used* 
TM  a been  achieved  through  the  use  of  thick  milled  aklna  and  multi- 
spar  support* 

Th*  structural  designer  is  not  without  constant  regard  for  the  gen- 
eral instability  problem*  Re  le  frequently  guided  by  hie  sense  of  pro- 
portion based  on  long  experience*  This  sense  has  often  resulted  in 
stiffening  certain  areas  and  thus  forestalling  the  progression  of  incip- 
ient failures* 


TESTS  07  CURVED  PANELS 


»f>M»  structures  engineer  must  frequently  obtain  verification  of  the 
effects  of  several  variables  in  order  to  proceed  with  a particular  de- 
sign. Typical  of  the  above  le  a series  of  tests  to  determine  the  effect 
of  intermediate  frame  spacing  on  the  strength  of  curved  sheets  in  axial 
compression.  The  following  concerns  the  test  of  a group  of  4130  steel 
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curved  panels  with  varying  frame  spacing.  The  material  vas  heat-treated 
to  12?  - 1*0  ksi*  She  main  frames  were  2 Inch  "Z“  sections  spaced 
18-7/16  Inches  on  center  and  made  of  the  same  material*  Light  Interme- 
diate "J"  section  frames  were  made  from  301  CBES  steel*  The  28  Inch 
radius  of  curvature  and  main  frame  spacing  were  held  constant  - only  the 
Intermediate  frame  spuing  was  varied*  The  width  of  all  panels  vas  ap- 
proximately 67  Inches  and  all  trams  were  riveted  to  the  akin  panels* 

The  free  edges  were  lightly  clashed  "between  two  3 x 3 x 3/8  steel  angles. 
All  specimens  were  tested  In  axial  compression  "between  two  parallel 
steel  loading  plates  10  inches  thick.  The  panels  were  made  of  two  pieces 
of  steel  sheet  welded  longitudinally  to  form  a single  panel  and  heat- 
treated  after  welding*  Tbe  warping  caused  by  heat-treating  did  not  re- 
sult In  flat  spots  greater  than  l/l6  Inches  in  depth* 

Each  specimen  failed  by  Inward  buckling  of  large  sections  of  the 
panel*  In  each  case,  the  post  buckling  load  was  also  obtained  and  this. 
It  was  found,  could  be  repeatedly  attained  after  Initial  failure*  The 
post  "buckling  stress  was  equal  to  or  greater  than  68  per  cent  of  the 
Initial  buckling  stress  for  the  main  frame  spacing  of  28  Inches*  The 
■Bailer  intermediate  frame  spaclngs  resulted  in  a value  of  79  per  cent 
or  greater*  The  buckling  characteristic  of  the  closely  spaced  frames 
was  a gradual  type  of  failure  rather  than  sudden  buckling*  The  light 
"J"  section  frames  ware  quite  effective  In  attaining  high  buckling 
stresses*  Two  of  the  specimens  ware  reworked  after  Initial  failure  by 
"g  the  Intermediate  frames  and  retested*  Tbe  reworked  specimen  sus- 
tained from  19  to  60  per  cent  greater  load. 

One  steel  panel  was  subjected  to  heavy  banner  blows  to  ascertain 
tbe  additional  effects  of  surface  dents*  Tbe  initial  buckling  load  was 
reduced  approximately  2?  per  cent  whereas  the  poet  buckling  load  was 
only  reduced  approximately  k per  cent  over  the  more  perfect  specimen* 
There  was  no  reduction  In  poet  buckling  load  over  the  Initial  load*  The 
results  of  these  tests  showed: 

(a)  The  Initial  strength  of  a curved  panel  depends  on 
the  Initial  surface  conditions* 

(b)  The  post  buckling  strength,  except  far  the  damaged 
panels,  la  leas  than  tbe  initial  buckling  strength* 

(c)  Light  Intermediate  frames  add  greatly  to  the  buckling 
strength  of  curved  panels* 

(d)  The  strength  of  the  panels  after  initial  buckling  was 
consistent  and  reproducible* 

Tbe  pertinent  stress  coefficients  derived  from  the  test  data  are 
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plotted  In  Figure  1*  Also  shown  is  the  characteristic  curve  taken  from 
Figure  3 of  HACA  Report  874.  It  will  he  noted  that  the  test  points  fall 
below  the  HACA  curve.  This  is  no  doubt  due  to  the  initial 
condition  of  the  specimens  which  closely  approximated  actual  construc- 
tion. The  upper  symbols  Indicate  Initial  buckling  and  the  lower  symbols 
post  buckling.  The  familiar  stress  coefficients  are  the  same  as  found 
in  Reference  1. 


TEST  OF  A FUSELAGE  SEEdMSV 


It  is  sometimes  necessary  following  detail  element  tests  such  as 
the  curved  p*"*1  tests  Just  described;  to  proceed  with  a representative 
ccespcnent  test  specimen.  This  was  done  in  the  case  of  the  X-15  fuselage 
which  is  essentially  a monoeoque  cylinder  subjected  to  a multitude  of 
loadings  and  environment. 

She  test  coaponent  was  a generalised  section  of  the  X-15  fuselage 
in  the  region  of  the  integral  propellent  tanks.  It  was  basically  a 
56  inch  diameter  cylindrical  shell  80  Inches  long  with  a l4£  inch  diam- 
eter inner  cylinder;  two  toroidal  bulkhead  frames;  and  two  side  fairings. 
The  details  are  shown  in  Figure  2. 

Th»  outer  n>M>  11  was  .093  loch  Inconel.  X sheet  formed  to  a 5 6 inch 
diameter  cylinder.  Welding  was  used  except  for  a mechanical  Joint  at 
Station  60.  Beads  were  focmtd  in  the  side  areas  to  provide  Increased 
stiffness  in  the  circumferential  direction  and  thermal  relief  in  the 
longitudinal  direction.  One  typical  wing  carry-through  frame  was  welded 
to  the  at  Station  16  with  four  attaching  fittings  for  external 

loads.  Four  angles  were  welded  to  the  outside  of  the  shell; 

acting  both  as  longsrons  mnA  fairing  attachments.  The  main  shell  is  used 
to  contain  LQX.  The  l4£  1~»>«  inner  cylinder,  which  is  used  to  store 
helium,  was  fabricated  from  .043  Inch  Inconel  X material.  Zee  section 
circumferential  stiffeners  were  sporfewelded  to  the  outside  of  the  Inner 
cylinder.  One  of  the  toroidal  bulkheads  consisted  of  two  circular  seg- 
ments made  from  Twnr1*1  sheet  welded  to  the  large  shell  wall  and  the 
inner  cylinder  respectively.  To  these  was  riveted  a .050  inch  thick 
7075 -T6  imH  twtm  alloy  section  to  complete  the  torus.  The  other 

torus  was  formed  in  two  segments  welded  to  the  outer  and  Inner  cylinders 
iMna  along  a circumferential  seam  Joining  the  two  segments.  The  side 
fairings  used  to  bouse  control  elements  and  plumbing  details  in  the  X-15 
completed  the  assembly.  However,  only  one  fairing  duplicated  the  X-15 
which  consisted  of  a list  outer  sheet  reinforced  by  a corrugated 
Inner  sheet  - both  made  from  Inconel  X. 

Tests  were  conducted  in  five  parts.  These  Included  pressurization. 
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external  loads,  and  elevated  temperature  tests*  A general  vlev  of  the 
specimen  Is  shown  in  Figure  3* 

The  first  test  vas  an  Internal  pressure  test  to  determine  the  col- 
lapsing strength  of  the  aluminum  alloy  torus*  Pressure  vas  applied 
above  the  aluminum  torus  and  failure  occurred  at  10*7  psl  which  vas 
71*3  per  cent  of  the  required  pressure.  Radial  stiffeners  spaced  13 
degrees  apart  were  required  to  achieve  the  13  psl  pressure  required* 

The  object  of  the  second  test  vas  to  test  the  welded  joints  of  the 
Inconel  torus,  the  welded  joints  of  the  outer  shell,  and  the  strength 
of  the  Inner  shell  under  a collapsing  pressure*  Positive  pressure  vas 
applied  Internally  between  Station  0 and  the  Inconel  torus.  Failure 
occurred  by  compression  buckling  of  the  Inner  shell  at  80  psl*  Failure 
vas  in  a multi -node  fashion  as  indicated  by  theory*  As  a result  of 
this  test  the  Inner  cylinder  stiffener  spacing  vas  reduced  In  order  to 
carry  the  required  ultimate  pressure  of  111  psl*  Both  the  Inconel  torus 
and  main  outer  shell  withstood  the  pressure  without  failure.  In  addi- 
tion, 100  cycles  of  limit  pressure  (78  psl)  were  also  applied  without 
damage*  Likewise,  a design  negative  pressure  test  of  the  Inconel  torus 
to  20  psl  resulted  In  no  Indication  of  failure* 

Following  the  above  tests,  a negative  pressure  test  of  the  alter 
shell  was  conducted*  For  this  test,  a sealed  bulkhead  vas  attached  at 
Station  80.  To  prevent  premature  failure,  the  specimen  vas  filled  al- 
most full  with  deionized  water*  The  space  at  the  top  vas  evacuated  to 
-6  psl  with  no  failure  resulting*  Due  to  tbs  head  of  water  within  the 
specimen,  the  net  pressure  at  the  bottom  was  -3*1  psl.  This  test  was 
sufficient  to  demonstrate  the  collapsing  strength  of  the  outer  shell* 

The  next  order  of  tests  included  both  room  and  elevated  tempera- 
ture load  tests  of  the  wing  carry-through  frame*  The  specimen  vas 
loaded  through  a set  of  loading  beams  attached  to  the  wing  fittings. 

For  the  room  temperature  testa,  the  frame  vas  loaded  to  failure  at  93 
per  cent  of  the  design  ultimate  load*  Since  failure  occurred  only  on 
one  side,  a repair  was  made  and  retested  to  a gradient  across  the  frame 
of  555°  F.  The  gradient  was  obtained  by  first  cooling  the  Inner  flange 
of  the  frame  with  a fine  spray  of  liquid  nitrogen*  Quartz  glass  radiant 
heaters  were  used  on  the  outside.  The  temperature  gradient  vas  pro- 
grammed to  achieve  a man-iimim  value  In  300  seconds*  Limit  load  was  first 
applied  at  room  temperature  and,  while  holding  the  load  constant,  the 
temperature  gradient  was  achieved.  Bext  the  load  vas  Increased  and 
failure  took  place  at  90  per  cent  design  ultimate  load*  The  failure 
vas  at  the  same  corresponding  location  on  the  side  of  the  frame  opposite 
to  the  previous  failure*  A reinforced  frame  vas  used  In  the  final  de- 
sign* It  is  Interesting  to  note  that  there  was  only  a 3 per  cent  dif- 
ference between  the  identical  failures  occurring  at  both  room  temperature 
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and  with  the  gradient  noted  above* 

The  specimen  vas  than  loaded  In  vertical  bending  (side  fairings 
at  tbs  neutral  axis)  both  at  roan  and  elevated  temperatures.  Moment 
vas  applied  through  a steel  bulkhead  and  loading  beams  attached  to  Sta- 
tion80.  It  vas  necessary  to  precool  all  four  longerons  prior  to  beat- 
ing to  achieve  the  proper  temperature  gradient.  The  room  temperature 
load  tests  vere  carried  to  the  required  ultimate  moment  of  6,300,000 
Inch  pounds  without  failure.  The  elevated  temperature  testa,  to  a gra- 
dient of  550°  F . , vere  run  at  Increasing  load  levels  (10  per  cent  In- 
crements) with  a cool-down  after  each  load  level.  In  every  case  the 
cool-down  vas  followed  hy  load  application  and  then  the  heat  reapplied. 
Failure  of  the  outer  occurred  at  160  per  cent  design  ultimate 

loed  as  the  heating  cycle  vas  applied. 

The  remaining  bending  test  was  a side  bending  case  In  which  the 
side  fairing  vas  placed  in  compression.  This  test,  like  the  preceding 
one,  vas  conducted  both  at  room  and  elevated  temperatures.  The  test 
setup  vas  also  the  same  as  for  the  case  of  vertical  bending.  In  addi- 
tion to  the  side  bending  moment  of  2,9*+0,000  Inch  pounds,  an  axial  com- 
pression of  9>900  pounds  vas  applied  to  the  side  fairing.  At  room  tem- 
perature, the  «>»>n  withstood  100  per  cent  side  bending  moment. 

The  side  fairing  however  failed  at  43  per  cent  maximal  load  through  the 
spotwelds  connecting  the  outer  «w«  to  the  corrugated  Inner  skin.  The 
spotwelds  vere  replaced  with  monel  rivets  and  the  fairing  failed  at  85 
per  cent  design  ultimate  loed  hy  crippling  of  the  outer  akin  In  an  area 
which  vas  beyond  the  support  of  the  Inner  corrugated  skin.  The  spot- 
welding  used  in  the  specimen  vas  changed  to  a stitch  veld  of  greater 
strength  In  the  vehicle  side  fairing  to  achieve  100  per  cent  strength. 
During  the  elevated  tenperature  part  of  the  teat,  the  outer  shell  with- 
stood 150  per  cent  design  ultimate  bending  moment  without  failure.  How- 
ever, rtm-trtg  a subsequent  the  outer  shell  flailed  at  140  per  cent 

design  ultimate  load. 

The  final  major  test  was  a transverse  shear  test  In  which  an  ulti- 
mate load  of  46,700  pounds  was  applied  at  Station  80  and  reacted  at  the 
floor  mounting.  This  test  vas  conducted  at  room  temperature  and  vas 
completed  without  failure. 

This  series  of  tests  is  typical  of  the  procedure  followed  in  the 
design  of  an  airframe  of  unusual  structural  characteristics. 


TESTS  OF  A LABGE  CTLUCffiXCAL  SPECIMEN 


The  purpose  of  this  test  vas  to  evaluate  the  longerons,  frames, 
and  stabilizing  straps  of  a large  fuselage  specimen  shown  in 
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Figure  4.  This  specimen  was  circular  with  a diameter  of  100  Inches 
and.  length  of  64  inches.  The  shell  wall  was  6V  - 4AL  titanium  riveted 
to  4AL  - 3Mo  - IV  titanium  frames  and  ten  H-ll  steel  longerons.  The 
specimen  was  subjected  to  bending  about  mutually  perpendicular  axes, 
both  singly  and  In  combination  as  li  gted_  below: 


I - My  - 45,000,000  inch  pounds  Sz 
U - Mj  - 32,500,000  inch  pounds  Sy 
IH  - My  » 42,000,000  inch  pounds  Sj 


210,000  pounds 

60.000  pounds 

91.000  pounds 


Mj  ■ 23,000,000  inch  pounds 


Sy  « 50,000  pounds 


The  basic  internal  stresses  were  obtained  by  elementary  bending 
theory  plus  the  effects  of  diagonal  tension  as  these  might  affect  the 
longerons.  A multi-support  beam-column  analysis  was  developed  for  the 
longeron.  Frame  loads  were  derived  considering  the  skin  diagonal  ten- 
sion end  the  frame  solution  was  based  on  the  theory  of  minimum  strain 
energy.  The  calculated  strength  of  the  frame  Inner  flanges  indicated 
low  compressive  strength  and  these  were  to  be  Investigated  as  part  of 
this  test. 


In  calculating  the  beam  column  strength  of  the  longerons,  the  In- 
teraction effects  of  the  other  longerons  were  not  considered.  The 
frame  stiffnesses  at  each  longeron  were  calculated  and  used  as  flexible 
supports.  Considering  the  frame  and  longeron  geometries,  the  deflec- 
tion pattern  of  the  longeron  could  be  determined.  Using  an  iteration 
process,  the  critical  load  of  any  longeron  could  then  be  determined. 

Tha  predicted  buckling  stress  of  the  side  longeron  was  195 ,000  psi.  At 
90  per  cent  of  the  side  bending  test  (.90  x 32,500,000  Inch  pounds), 
visual  observations  gave  signs  of  Impending  failure.  The  strain  gages 
Indicated  stresses  of  220,000  and  120,000  psl  measured  an  opposite  sides 
of  a longeron  element.  The  calculated  stress  level,  however,  was  180,000 
psl.  It  was  concluded  that  the  calculated  and  predicted  falling  stresses 
were  In  good  agreement.  The  strain  gage  readings  also  Indicated  a de- 
crease In  stress  at  the  90  per  cent  load  Increment.  The  test  was  stopped 
at  this  load  level. 


At  the  same  time  that  the  side  longeron  was  at  the  point  of  fail- 
ure, the  upper  and  lower  shoulder  longerons  were  also  indicating  fail- 
ure because  of  Increased  deflections.  The  critical  predicted  buckling 
stresses  were  120,000  and  182,000  psi,  respectively,  for  these  longerons. 
The  calculated  stresses  at  this  point  in  the  test  were  104,000  psi  and 
171,000s  psi.  Strain  gages  monitored  during  the  test  indicated  100,000 
anti  160,000  psi.  The  test  in  side  bending  was  not  carried  beyond  this 
point  since  design  requirements  were  met  and  other  tests  were  still 
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planned.  The  test  did  indicate  that  the  calculated  and  predicted  crit- 
ical longeron  loads  vere  close,  considering  that  failure  was  1 eminent 
and  not  actual* 

An  energy  solution  of  typical  frames,  considering  the  skin  diag- 
onal tension  stresses  and  longeron  effects.  Indicated  that  the  optimum 
strap  spacing  for  the  inner  flanges  was  11.5  inches*  After  sustaining 
the  Mrimii  vertical  loading  condition  of  k5, 000, 000  inch  pounds  moment 
and  210,000  pounds  shear,  one  half  of  the  straps  were  removed  and  the 
frames  continued  to  carry  this  test  loading.  Strain  gage  readings  indi- 
cated failure  of  the  flanges*  The  original  strep  spacing  was 

resumed  and  failure  occurred  at  110  per  cent  of  the  above  loading  con- 
dition in  the  outer  flanges  of  the  frames.  This  failure  vas  considered 
a general  instability  failure  of  the  shell*  Once  the  lateral  strap 
spacing  vas  determined,  the  calculated  and  predicted  frame  flange  load- 
ings of  1659  pounds  and  i960  pounds,  respectively,  could  be  determined. 
Considering  the  many  variables  involved,  this  engineering  approach  to  a 
typical  shell  instability  problem  proved  adequate. 


RECOMMENDATIONS  FOR  RESEARCH 


(1)  Expand  present  theory  and  techniques  to  include  non- 
circular  and  unsymnetrlc&l  sections,  especially  with 
areas  of  re-entrant  curvature. 

(2)  Expand  present  theory  and  techniques  to  include  sand- 
wich Shells  where  the  shear  rigidity  of  surface  ele- 
ments is  significant* 

(3)  Develop  structural  concepts  embodying  a high  degree  of 
post-buckling  strength  to  minimize  the  hazard  of  lmne- 
dlate  total  collapse. 

(U)  Develop  and  verify  methods  of  analysis  to  Include  inter- 
action effects  of  multiple  loading. 
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Figure  I - AXIAL  STRESS  COEFFICIENTS  FOR  CURVED  PANELS 
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Figure  2-  X-15  FUSELAGE  SPECIMEN 
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Figure  3-  X-15  FUSELAGE  SPECIMEN 
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Figure  4 - FUSELAGE  SHELL  SPECIMEN 
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DESIGN  AND  TEST  EXPERIENCES  WITH  INSTABILITY 

OF  MAJOR  AIRFRAME  COMPONENTS 

-By  Walter  E.  Binz,  Jr. 

The  Boeing  Company 
Transport  Division 

SUMMARY 

Two  test  incidents  involving  instability  of  large  scale  commercially 
built  structures  are  described.  Two  classes  of  structure  are  discussed; 
the  first,  a fuselage  with  skin  designed  to  buckle  at  low  stress,  and 
the  second,  a wing  whose  surface  remains  unbuckled  to  failure.  The 
structure  in  the  region  of  failure  is  defined  and  the  failures  des- 
cribed and  illustrated.  Insofar  as  possible,  the  stresses  in  the 
critical  area  at  the  time  of  failure  are  reported  and  compared  to 
strength  determined  by  analysis.  Both  fuselage  and  wing  surfaces  were 
observed  to  fail  in  the  mode  of  a medium  range  column  when  adequate 
support  was  provided  by  ribs  and  frames.  Initial  failure  in  the  wing 
example  was  premature  due  to  a design  deficiency  in  rib  strength.  A 
clear  illustration  is  given  of  the  effect  of  rib  stiffness  on  wing 
surface  stability.  Adding  stiffness  to  wing  ribs  increases  the  limit 
of  surface  stability  to  the  theoretical  flat  panel  value. 

INTRODUCTION 


Tests  of  large,  full  scale,  stiffened  shell  structures,  built  by 
production  quality  mechanics  with  production  tools,  rarely  get  attention 
in  the  technical  literature.  Individuals  in  the  technical  community 
have  limited  access  to  data  from  these  types  of  tests.  Investigators 
of  structural  stability  have  recognized  that  imperfections  exist  in  all 
structures  and  have  attempted  to  evaluate  their  effects  on  the  limits 
of  stability.  The  tested  structures  described  in  this  report  are 
imperfect  to  the  degree  which  may  be  expected  for  commercially  built 
airframes.  These  imperfections  are  not  specifically  defined  but  one 
might  expect  that  their  effect  could  be  qualitatively  evaluated  by 
observing  any  marked  deviation  in  the  behavior  of  these  structures  from 
the  theoretical  or  experimental  behavior  of  near  perfect  specimens. 
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SYMBOLS 


b 

he 

c 

Dl 

D2 

F 

Ei 

he 

hx 

I 

K 

l 

M 

Np 

P 

r 

R 

t 

r 

€ 

V 

p 

aedge 


stiffener  spacing,  in, 

effective  width  of  skin  between  stringers,  in. 
coefficient  of  fixity  in  Euler  column  formula 
plate  flexural  stiffness  in  longitudinal  direction,  in. -kips 
plate  flexural  stiffness  in  circumferential  direction, in. -kips 
Young’s  modulus,  ksi 

plate  extensional  stiffness  in  longitudinal  direction,  kips/in. 
average  depth  of  wing  box,  in. 
width  of  wing  box,  in. 

4 

moment  of  inertia  of  effective  wing  bending  section,  in. 

O’  b2 

buckling  coefficient  of  flat  plate,  — Sr 

length  of  surface  between  frames  or  ribs,  in. 

spanwise  wing  bending  moment,  in. -lbs. 

compressive  load  per  inch  at  panel  buckling,  kips/in. 

rib  crushing  load,  lbs. /in. 

initial  radius  of  curvature  of  wing,  in. 

radius  of  cylinder,  in. 

thickness  of  skin,  in. 

empirical  correction  for  initial  imperfections 

unit  shortening 

plasticity  reduction  factor 

radius  of  gyration,  in. 

edge  stress  corresponding  to  strain  « , ksi 
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crCG  local  crushing  stress  of  effective  section,  ksi 

<rcr  compressive  stress  at  local  buckling  of  skin,  ksi 


A FUSELAGE  INSTABILITY  PR0BL2* 


During  the  static  test  program  of  the  KC-135  Jet  tanker,  one 
Instability  type  failure  occurred  in  the  fuselage  monocoque  structure. 
This  failure,  in  the  lower  aft  body  under  the  stabilizer,  Is  shown  in 
Figure  1 at  the  instant  of  failure*  The  critical  section  was  loaded 
by  a combination  of  bending,  vertical  shear  and  a small  amount  of 
torsion. 

The  structure  in  the  vicinity  of  the  failure  may  be  described  as 
a single  cell  tapered  shell,  any  section  of  which  is  made  up  of  an  upper 
radius  and  a lower  radius  separated  by  a flat  segment  at  the  sides. 
Longitudinal  stiffening  was  provided  by  hat  section  stringers  which 
were  spaced  at  about  seven  inches.  Stringers  had  an  area  of  .23  square 
inches  and  a p = .475  in*  The  monocoque  skin  was  .040  - 7075 -T6  clad 
curved  to  a radius  of  35  inches.  Frames  were  connected  to  the  upstand- 
ing legs  of  the  hat  section  stringers  and  did  not  interrupt  the  stringer 
continuity.  The  frame  forward  of  the  failure  area  was  a partial  bulk- 
head. The  frame  aft  was  a formed  .051  gage  7075-T6  Z section  2.44 
inches  deep.  The  frame  spacing  was  24  inches. 

Loads  were  applied  in  small  increments  up  to  failure  and  instru- 
mentation read  at  each  increment.  Compression  wrinkles  in  the  lower 
surface  skin  were  noticed  at  about  50$  of  the  failure  load.  At  95$ 
of  the  failure  load,  these  buckles  were  very  sharp.  All  load  systems 
had  stabilized  after  the  application  of  the  final  load,  however,  the 
fuselage  collapsed  before  data  could  be  recorded. 

Ph-ilure  was  initiated  in  the  skin- stringer  panel  midway  between 
the  frames  described.  An  inside  view  of  the  fuselage  after  failure 
is  shown  in  Figure  2.  The  frames  appeared  to  be  in  good  condition 
after  failure  with  no  indication  of  lateral  permanent  set. 

A group  of  strain  gages  were  located  on  the  critical  stiffener 
within  inches  of  the  point  of  failure  initiation.  An  analysis  of  these 
gage  readings  indicates  that  at  the  time  of  failure , the  average  stress 
in  the  effective  bending  structure  was  -43,000  psi.  The  stress  computed 
using  the  elementary  flexure  formula  applied  to  the  effective  body 
bending  section  is  also  -43,000  psi. 
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Allowable  Stress  Computation 

At  the  time  of  this  design,  allowable  compressive  stresses  were 
computed  by  the  Johnson  Parabolic  formula 


A limited  amount  of  test  data  was  used  to  substantiate  this  analysis  • 

A fixity  coefficient  c * 1.0  was  assumed  and  t was  taken  as  the  frame 
spacing.  The  strengthening  effect  of  the  body  curvature  was  neglected. 
The  effective  section  was  calculated  using  a width  of  skin 

bg  * lij  t 

The  proportions  of  the  stiffener  were  such  that  local  crippling  could 
not  occur  below  the  compressive  yield  stress  of  the  material.  Therefore, 

<rcc  * FCy  = 62,000  psi  . 

Computation  of  the  allowable  compressive  stress  at  the  point  of 
test  failure  using  this  method  yielded  *edge  * -41,200  psi.  When 
compared  to  the  test  conditions  at  failure,  this  analysis  underestimated 
the  surface  strength  by  less  than  5$* 

An  analysis  of  the  critical  section  using  the  techniques  described 
by  Peterson,  Whitley  and  Deaton  in  reference  1 was  recently  completed. 
Manipulating  the  flat  panel  portion  of  equation  3>  reference  1 


and  again  assuming  the  fixity  coefficient  c * 1,  the  edge  stress  at 
panel  buckling  was  calculated  as  aedge  * -43,000  psi.  Consideration  of 
curvature  in  this  analysis  would  raise  the  edge  stress  to  -44,700  psi 
at  panel  buckling. 

On  the  strength  of  these  analyses  the  consideration  that  the 
structure  behaves  as  a flat  simply  supported  column  appears  to  be 
reasonable  for  structures  of  these  proportions  loaded  in  compression 
only.  The  skin,  being  buckled  at  a low  stress,  looses  its  ability  to 
stabilize  the  stiffeners  by  shell  action  and  permits  a column  failure 
mode  to  be  predominate.  Where  the  skin  between  stiffeners  is  buckled 
by  high  shear  loads  combined  with  compression,  a more  sophisticated 
analysis  must  be  undertaken  to  account  for  the  interaction  of  the  shear 
in  the  skin  on  the  compressive  strength  of  the  surface. 
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A WING  INSTABILITY  PROBLEM 


A wing  instability  failure  was  encountered  during  the  static  des- 
truction test  program  of  the  B-52A  airplane.  Failure  was  initiated  by 
instability  of  the  inspar  wing  structure  and  resulted  in  complete  col- 
lapse of  the  upper  surface  of  the  left  hand  wing.  Failure  occurred 
approximately  25  feet  outboard  from  the  side  of  the  body  (one- third 
span)  as  shown  in  Figure  3*  The  critical  section  of  the  wing  was  load- 
ed by  a combination  of  bending,  shear  and  torsion. 

The  primary  structure  is  a single-cell,  two-spar,  box  beam  of  con- 
stant width  and  tapered  depth.  Upper  and  lower  surfaces  are  cambered 
in  the  chord  direction.  In  the  failure  area,  the  wing  box  is  approxi- 
mately ten  feet  wide  with  an  average  depth  of  33  inches.  Upper  surface 
spanwise  stiffening  is  provided  by  extruded  "J*1  section  stiffeners 
spaced  at  approximately  8.5  inches  and  supported  by  chordwise  ribs 
spaced  at  30  inches.  Ribs  are  of  a stiffened  web  construction  and  con- 
stitute a beam  member  between  front  and  rear  spars.  Spanwise  stringers 
are  continuous  with  their  outstanding  flanges  attached  to  the  chords  of 
the  supporting  ribs.  All  primary  structure  is  fabricated  from  7075-To 
aluminum  material  with  the  exception  of  rib  webs  which  are  2024-T3 
aluminum  material.  In  the  region  of  failure,  the  upper  surface  skin- 
stringer  combination  has  an  area  of  .5  square  inches  per  inch  of  width 
and  a radius  of  gyration  of  1.0  inches. 

Loads  were  applied  in  small  increments  and  instrumentation  data 
obtained  at  each  load  level.  At  88#  of  failure  load,  the  deflection 
indicators  used  to  measure  rib  crushing  began  to  show  a nonlinear  load- 
deflection  relationship.  Incremental  loading  was  continued  until  a 
sudden  and  complete  failure  occurred.  At  the  final  load  application, 
the  structure  collapsed  before  instrumentation  data  could  be  obtained/- 

Failure  was  initiated  by  crushing  of  the  ribs  with  the  simultaneous 
collapse  of  the  upper  compression  material  in  the  aft  portion  of  the 
box.  Internal  damage  in  the  area  of  primary  failure  is  shown  in 
Figure  4.  From  an  analysis  of  the  recorded  data  taken  from  strain  gages 
located  in  the  failure  area,  the  average  stress  in  the  upper  surface 
material  was  -45,000  psi  at  failure.  The  stresses  calculated  in  the 
failure  area  by  the  elementary  flexure  formula  average  approximately 
-50,000  psi.  It  seems  likely  that  the  softness  of  the  supporting  ribs 
in  the  test  structure  caused  some  of  the  upper  surface  load  to  shift  to 
the  more  lightly  loaded  structure  in  the  forward  part  of  the  box,  there- 
by explaining  the  discrepancy  between  the  measured  test  stresses  and 
the  calculated  stresses  in  the  aft  portion  of  the  box.  Unfortunately, 
no  strain  gages  were  located  on  the  forward  part  of  the  wing  to  sub- 
stantiate this  argument. 
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Ribs  are  generally  used  as  stiffening  members  in  flexible  wings  to 
prevent  the  collapse  of  the  surface  material.  Rib  crushing  loads  are 
proportional  to  the  curvature  of  the  wing.  Rib  loads  for  the  critical 
wing  rib  were  computed  according  to  the  formula: 

MJt  A M2! 


p = 


h h r 
e x 


h h El 
ex  x 


which  includes  the  effect  of  initial  surface  curvature  and  primary  wing 
bending  curvature.  The  computed  rib  loads  were  380  lbs  per  inch  of 
surface  width  under  the  failure  conditions,  A subsequent  test  of  the 
rib  under  crushing  loads  indicated  an  ultimate  strength  of  600  lbs  per 
inch  of  surface  width.  Its  spring  rate  was  found  to  be  4,300  lbs  per 
inch  deflection  per  inch  of  surface  width.  Since  the  rib  was  the  pri- 
mary cause  of  failure,  the  foregoing  formula  obviously  did  not  account 
for  the  total  rib  crushing  load  experienced  in  the  test. 


In  attempting  to  discover  the  reason  for  this  discrepancy,  it  was 
observed  that  the  rib  adjacent  to  the  critical  rib  had  a considerably 
higher  extensional  stiffness  since  it  formed  a fuel  tank  bulkhead.  As 
a consequence,  the  upper  surface  curvature  was  higher  than  expected  at 
the  critical  rib  and  lower  at  the  adjacent  stiffer  rib*  The  opposite 
effect  occurred  at  the  lower  surface.  A subsequent  analysis,  account- 
ing for  the  differences  in  rib  stiffness  and  the  shearing  deformations 
in  the  ribs  caused  by  the  unbalanced  crushing  loads,  showed  that  the 
upper  surface  crushing  load  at  the  critical  rib  was  actually  610  lbs 
per  inch  of  surface  width  for  the  failure  condition.  This  is  in  close 
agreement  with  the  tested  ultimate  strength  of  this  rib  and  emphasizes 
the  importance  of  including  all  secondary  effects  in  rib  stress  analysis. 


Allowable  Stress  Computation 


Curves  of  allowable  wing  surface  stress  versus 


1 

P 4 c 


were 


established  on  the  basis  of  a large  amount  of  experimental  data  accumu- 
lated for  this  airplane  as  well  as  previous  Boeing  airplanes.  Since  the 
surface  skins  were  required  to  remain  unbuckled  at  ultimate  load,  these 
design  curves  were  modified  in  the  short  column  range  according  to  the 
formula 

2 

»cr  = (i-) 


A buckling  coefficient  of  5*0  was  used  to  account  for  the  skin 
being  continuous  over  the  stringers,  curvature  of  the  surface,  and 
torsional  restraint  provided  the  stringers  by  the  ribs. 


The  allowable  surface  stress  in  the  failure  area  was  computed  as 
-56,000  psi  using  these  procedures  and  assuming  a fixity  coefficient 
c = 1.0.  An  analysis  using  the  formula 
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with  a fixity  coefficient  c = 1.0  gives  an  allowable  edge  stress  equal 
to  -56,000  psi.  Premature  rib  failure  restricted  the  surface  stress 
level  to  -45,000  psi.  As  a result  of  this  failure,  the  rib  was  rein- 
forced to  an  ultimate  strength  of  390  lbs  per  inch  of  surface  width. 

In  a subsequent  test  of  the  wing  incorporating  these  rib  changes,  the 
upper  surface  material  reached  a stress  level  of  -53,000  psi.  A fail- 
ure in  another  part  of  the  wing  prevented  further  load  application  and 
testing  was  discontinued. 

j 

, In  an  attempt  to  further  substantiate  the  strength  of  the  upper 

surface,  a separate  test  program  was  initiated.  Several  tests  were  made 
) on  portions  of  the  upper  surface,  curved  to  the  shape  of  the  deflected 

9 wing  and  laterally  supported  on  springs  simulating  rib  flexibility. 

Destruction  tests  of  these  panels  established  that  the  surface  allowable 
of  the  wing  as  originally  tested  was  -54,000  psi,  and  that,  after  im- 
proving the  rib  stiffness,  the  surface  allowable  increased  to  -55»5O0  psi* 
Further  increases  in  rib  stiffness  produced  no  major  improvement  in 
strength.  Similar  tests  on  initially  straight  specimens  (without  wing 
bending  curvature)  indicated  no  improvement  in  strength  over  specimens 
that  were  initially  curved. 


CONCLUDING  REMARKS 


In  the  example  of  fuselage  instability,  the  structure  did  not  fail 
in  a mode  typical  of  cylindrical  shells  but  tended  to  behave  in  much 
the  same  manner  as  a column.  This  might  be  expected  in  the  case  where 
the  skin  is  designed  to  buckle  in  compression  at  low  applied  loads.  The 
curvature  of  the  section  seemed  to  have  only  a minor  effect  on  its 
strength. 

In  both  the  wing  and  fuselage  examples  the  fact  that  the  ribs  and 
frames  were  uniformly  spaced  and  offered  little  resistance  to  rotation 
of  the  surface  structure  seemed  to  permit  the  surfaces  to  deform  to  the 
characteristic  single  half  wave  shape  between  supports  in  the  manner  of 
a simply  supported  column.  This  is  evidenced  by  the  fact  that  the 
fixity  coefficient  for  simple  supports  yields  an  analysis  which  closely 
approximates  the  actual  tested  strength. 

The  wing  program  gives  definite  indication  that  there  is  an  optimum 
amount  of  rib  stiffness  required  to  develop  the  full  surface  strength. 
The  radius  of  curvature  of  the  wing  (~2000  inches)  had  no  appreciable 
effect  on  the  surface  strength. 
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ON  THE  BUCKLING  OF  THIN  ELASTIC  SHELLS 
By  Ellis  Harold  Dill 
University  of  Washington 
SUMMARY 


The  differential  equations  which  must  be  solved  to  pre- 
dict the  buckling  load  are  reviewed.  The  different  possible 
physical  interpretations  of  these  equations  are  discussed. 


INTRODUCTION 


This  article  is  concerned  with  the  prediction  of  the 
response  to  arbitrary  disturbances  of  a structure  initially 
at  rest  in  a deformed  state  under  known  static  loads.  The 
response  to  loads  varying  in  time  is  not  considered.  This 
problem  will  be  called  the  elastic  buckling  problem.  In 
the  elastic  buckling  problem,  certain  general  conclusions 
can  be  drawn  about  linear  systems  (ref.  2).  But  shells  are 
characterized  by  the  importance  of  non-linearities  (ref.  1). 
So  far,  no  similar  comprehensive  study  of  the  possible  in- 
stabilities of  non-linear  elastic  systems  has  been  made. 

There  are  several  possible  versions  of  the  elastic 
buckling  problem  for  non-linear  systems1.  Any  of  the  fol- 
lowing questions  might  be  asked.  (1)  Are  there  loads  for 
which  two  infinitesimally  different  equilibrium  states  ex- 
ist? (2)  Are  there  loads  for  which  the  second  variation 
of  strain  energy  ceases  to  be  positive  definite  ? (3)  Are 

there  loads  for  which  infinitesimal  oscillations  diverge? 

(4)  Will  the  stiffness  decrease  greatly  at  some  load  so 
that  intolerable  deflections  occur?  (5)  Will  a dynamic 
jump  from  one  equilibrium  configuration  to  another  occur  at 
some  load  due  to  a given  magnitude  of  disturbance  ? (6)  Will 

a limit  cycle  develop  as  a result  of  finite  disturbances? 

The  fundamental  question  here  is  the  equivalence  of  these 
problems . 


~ref.  1,  pg.  123 
ref.  3,  pg.  54 
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STATIC  EQUILIBRIUM 


The  exact  equations  governing  the  deformations  of  lin- 
early elastic  solids  are  geometrically  non-linear.  The  re- 
striction to  linear  elasticity  implies,  for  most  materials, 
a restriction  to  small  stretches  and  small  shears.  For  such 
deformations,  the  displacement  gradients  will  he  small  and 
therefore  the  non-linearities  negligible  unless  one  or  two 
dimensions  of  the  body  are  small  compared  to  the  others  . 

Thin  elastic  shells  are  three  dimensional  linearly  elastic 
solids  for  which  one  dimension,  the  thickness,  is  much 
smaller  than  the  other  two.  For  shell  problems,  the  geo- 
metric non-linearities  may  therefore  be  important.  However, 
because  of  the  two-dimensional  nature  of  the  shell  not  all 
of  the  non-linear  terms  can  be  of  equal  importance  . Some 
simplifications  result  because  of  the  thinness  and  because 
of  the  flatness.  Equations  which  systematically  introduce 
simplifications  appropriate  to  the  relative  magnitude  of 
these  two  parameters  for  various  possible  modes  of  deforma- 
tion have  been  accomplished  (ref.  4).  However,  much  further 
work  remains  to  be  done.  In  particular,  the  strain-displace- 
ment and  curvature-displacement  relations  corresponding  to 
each  family  of  basic  equations  must  be  determined  before 
application  to  special  problems  and  comparison  with  existing 
special  theories  is  possible. 


Since  the  general  theory  of  linearly  elastic  solids 
can  be  formulated  as  the  stationary  condition  of  the  poten- 
tial energy,  each  set  of  shell  equations  will  also  provide 
the  Euler  equations  for  the  stationary  value  of  a functional, 
the  potential  energy,  W.  The  static  equilibrium  states  are 
thus  determined  by 

6 W • 0 • (1) 

Unlike  the  linear  theory,  non- uniqueness  of  equilibrium 
states  is  to  be  expected  for  a wide  variety  of  loads  (refs. 
5,6,7). 


The  usual  problem  is  concerned  with  the  stability  of 
static  equilibrium  positions  which  differ  only  slightly 
from  the  undeformed  configuration.  The  non-linear  terms 
might,  therefore,  be  of  negligible  importance.  No  exact 
solutions  are  available  which  clearly  resolve  this  question, 
and  test  results  on  spherical  caps  (ref.  9)  indicate  that 


fref.  3,  pg.  54 
ref.  3,  pg.  182 
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the  non-linear  terms  can  not  be  neglected  in  determining  the 
equilibrium  state  even  before  buckling. 


STABILITY 


Suppose  the  shell  is  subject  to  loads  derivable  from  a 
potential,  then  the  rest  position  is  determined  by  a set  of 
non-linear  differential  equations  and  boundary  conditions 
corresponding  to  the  stationary  condition  for  the  potential 
energy.  If  a disturbance  in  the  form  of  finite  displace- 
ments and  velocities  is  introduced,  the  equations  which 
describe  the  motion  will  be  non-linear. 

The  motion  may  subside,  diverge,  or  reach  a limit  cycle. 
For  a given  rest  state,  the  motion  will  depend  upon  the  mag- 
nitude of  the  initial  disturbances.  Should  there  exist  other 
static  equilibrium  positions  (at  the  same  loads),  distur- 
bances of  sufficient  magnitude  could  cause  the  structure  to 
jump  from  its  initial  static  equilibrium  position  and  come 
to  rest  in  a second  static  equilibrium  position.  An  impor- 
tant question,  not  yet  solved,  is  the  relation  between  such 
motions  and  the  von  Karman-Tsien  energy  criterion  (ref.  10). 
With  disturbances  of  sufficient  magnitude  it  would  appear 
possible  to  have  a jump  from  one  static  equilibrium  position 
to  another  at  loads  less  than  those  predicted  by  this  cri- 
terion. No  general  results  are  known  about  the  motion  of 
non-linear  structures  subjected  to  finite  disturbances. 

If  only  infinitesimal  vibrations  are  superposed  on  the 
deformed  system,  then,  as  for  linear  systems,  the  motion 
will  be  harmonic  if  ^ w>0  and  diverging  if  f w <0  • 

The  first  case  will  be  called  -stable.  All  other  cases  (in- 
cluding "neutral  equilibrium")  will  be  called  unstable  and 
the  corresponding  loads  will  be  called  the  buckling  loads. 

It  is  generally  not  possible  to  directly  investigate  a 
static  equilibrium  state  to  determine  the  sign  of  the  second 
variation  for  all  possible  variations  from  it.  Instead  the 
function  which  minimizes  the  second  variation  is  determined. 
The  differential  equations  governing  such  a function  are  the 
Euler  equations  of  - 

«( 6Z  W)  - 0 . ( 2 ) 

The  minimum  is  then  investigated  to  see  whether  it  is  posi- 
tive or  negative.  Generally  ^ > 0 ^or  loads.  As 
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the  load  is  increased,  the  least  value  of  the  second  varia- 
tion "becomes  smaller  and  finally  "becomes  zero  and  then  nega- 
tive, The  lowest  value  of  the  load  for  which  the  second 
variation  is  non- negative  is  thus  the  buckling  load.  The 
differential  equations  determined  by  Eq.  2 are  linear  equa- 
tions with  variable  coefficients.  When  the  loads  are  deriv- 
able from  a potential,  they  will  be  the  same  equations  as 
those  found  by  considering  the  differential  equations  satis- 
fied by  the  difference  between  two  infinitesimally  different 
static  equilibrium  states^  (corresponding  to  the  same  load). 
Thus  problems  (4),  (5),  (6)  as  stated  above  are  equivalent 
when  the  loads  are  derivable  from  a potential. 


A DONNELL  TYPE  THEORY 


The  notation  followed  is  that  of  ref.  11  wherever  pos- 
sible: Greek  letters  will  have  the  range  (1,2).  Curvi- 

linear (material)  coordinates  in  the  middle  surface  will  be 
denoted  by  x°  and  are  chosen  so  that  x , n form  a 

right-handed  system  when  n is  the  unit,  inward  normal. 

The  components  of  the  metric  tensor  of  the  surface^are 
The  coefficients  of  the  second  quadratic  form  are  a£ 

The  eap  system  is  skew-symmetric  and*^  • Va  where  a is 
the  determinant  of  the  metric  tensor,  A bar  denotes  covar- 
iant differentiation  based  on  the  *00  . The  components  of 
tangential  displacement  are  u , The  normal  displacement, 
positive  inward  is  denoted  by  w . 

The  Donnell  type  theory  for  large  deflections  (ref,  12) 
leads  to  the  set  of  equations: 

♦ p*  - 0 , (3) 

+ boP  WU  * P°  Wla  * P " 0 ’ (4) 


„«0 
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(5) 


^ref.  3,  Chap.  5 
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The  n is  a symmetric  tensor  that  may  he  interpreted  as 

the  membrane  stress,  a<iP  is  a symmetric  tensor  that  may 
be  interpreted  as  the  bending  moment,  and  av\  is  the 
membrane  strain  tensor*  The  tangential  surface  loads  are 
pa  and  the  normal  pressure  is  p , positive  inward*  The 
boundary  conditions  to  be  satisfied  on  the  edge  with  unit, 
outward  normal  in  the  middle  surface  a 


fying  the  quantities 
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s are  distances  normal  and  tangential  to 


These  equations  are  derived  from  the  necessary  condi- 
tions for  the  stationary  of  the  potential  energy 
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when  the  surface  loads  are  fixed  in  magnitude  and  direction 
and  either  displacements  are  given  on  the  edges  or  the  given 
edge  forces  are  specified  to  be  zero. 

The  equations  governing  an  equilibrium  state  corres- 
ponding to  the  same  loads  and  differing  only  by  an  infini- 
tesimal amount  can  be  derived5  in  the  manner  of  ref.  3. 
Denoting  the  difference  between  the  quantities,  defining  the 
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two  states,  by  superposed  bars,  these  equations  are 
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must  be  given  on  the  edge. 

It  can  be  shown  that  equations  (12)  to  (19)  result 
from  Eq.  (2)  when  the  direction  and  magnitude  of  the  surface 
loads  are  fixed. 


SYMMETRICAL  DEFORMATIONS  OF  CYLINDRICAL  SHELLS 

For  a cylindrical  shell  of  radius  R , let  x^  » x be  the 
distance  along  the  generator,  and  x m R Q be  the  circum- 
ferential distance  from  a given  generator.  The  coordinates 
xl}  x2  and  the  inward  normal  form  a right-hand  system. 
Consider  an  axially  compressed  cylinder  undergoing  only 
axially  symmetric  deformations.  Then 

Ug  ■ 0 , n^  • 0 t m^  "Ojp0*©,?*©,  (20) 

and  all  derivatives  with  respect  to  are  zero. 
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For  free  ends,  the  boundary  conditions  are 

n11  - - p r w|u  - o , -D  w|m  ♦ n11  - 0 . ( 21 ) 

A solution  of  Eqs . (3)  to  (7)  is  easily “seen  to  be 

w - - , n11  - - P , n22  - 0 , etc.  . (22) 
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However,  if  the  ends  are  restrained  the  result  is  dif- 
ferent. For  simply  supported  ends,  the  boundary  conditions 
are 
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The  constants  can  be  adjusted  to  satisfy  the  boundary  con- 
ditions. The  axially  symmetric  solution  for  P^P  • can  be 
written  in  terms  of  similar  terms.  c 


With  restrained  ends  there  will  be  lateral  deflections, 
moments,  and  circumferential  stress  whose  magnitude  and  dis- 
tribution depend  upon  the  load  but  is  always  confined  to  a 
narrow  edge  zone.  Usually  the  membrane  solution,  which  is 
the  same  as  Eq.  (22),  is  assumed  to  be  a sufficiently  ac- 
curate estimate  of  the  state  before  buckling  even  for  re- 
strained ends. 


STABILITY  OF  CYLINDERS 


For  the  axially  compressed  cylinder,  the  stability  of 
the  axially  symmetric  initial  state  is  determined  by  seek- 
ing a solution  of  equations  (12)  to  (19).  For  the  free 
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ends,  the  solution^*  shows  that  an  axially  symmetric  buckling 

mode  exists,  localized  near  the  ends,  for  which  the  buckling 

load  is  p * 1 p . 

c 

It  may  be  shown  that  no  axially-symmetric  buckling 
mode  exists  for  the  simply  supported  ends  for  P<PC. 
Therefore  no  axially-symmetric  buckling  mode  is 
possible.  This  does  not  imply  that  the  axially-symmetric 
deformations  are  stable  ; that  question  remains  to  be  answer- 
ed by  solving  equations  (12)  to  (19).  This  solution  has  not 
been  accomplished  exactly. 
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BUCKLING  AND  POST -BUCKLING  OF  ELASTIC  SHELLS 

by 

H.  Langhaar  and  A.  Boresi 
University  of  Illinois 

SUMMARY 

Some  theoretical  investigations  of  buckling  of  elastic  shells  are  surveyed  in 
this  report.  Only  geometrically  perfect  shells  are  considered;  initial  dents 
and  out -of -roundness  are  not  taken  into  account.  Several  questions  raised  by 
the  studies  are:  (a)  Under  what  conditions  is  the  infinitesimal  theory  of  buck- 
ling of  shells  adequate?  (b)  How  does  the  energy  theory  of  buckling  of  shells 
correlate  with  the  method  based  on  equilibrium  equations  for  bending  moments, 
tensions,  and  shears  in  a buckled  configuration?  (c)  How  important  are  non- 
linear terms  in  the  tangential  displacements  u,  v in  the  strain -displacement 
relations  for  buckling  and  post -buckling  studies?  (d)  How  important  are  the 
boundary  conditions  for  u,  v in  affecting  stability?  (e)  If  a condition  of  snap- 
through  is  approached,  how  much  external  work  is  required  to  push  the  shell 
"over  the  hump"  into  the  buckled  configuration?  (f)  How  reliable  are  mathema  - 
tical  approximations  used  previously  in  the  infinitesimal  theory  of  buckling  of 
shells?  Tentative  and  incomplete  answers  to  some  of  these  questions  are 
suggested. 

INFINITESIMAL  THEORY  OF  BUCKLING 

One  of  the  objectives  of  nonlinear  theories  of  shells  is  to  show  how  good 
(or  bad)  the  linear  eigenvalue  theory  of  buckling  is.  It  is  to  be  expected  that 
a shell  that  is  heavily  reinforced  by  stringers  approximates  roughly  the  behav  - 
ior  of  a set  of  parallel  columns.  The  linear  eigenvalue  theory  of  buckling  is 
known  to  be  satisfactory  for  columns;  consequently,  it  may  be  expected  to 
determine  the  buckling  load  of  a shell  that  derives  its  strength  mainly  from 
stringers.  This  conjecture  is  supported  by  an  analysis  of  buckling  of  cylindri- 
cal stringer -reinforced  sheet  panels  subjected  to  nonuniform  axial  compres- 
sion (1).  Cylinders  of  arbitrary  cross -sectional  form  were  considered.  A 
panel  was  considered  to  be  supported  by  bulkheads  at  its  ends  and  by  spars 
along  its  longitudinal  edges.  The  bulkheads  prevented  normal  and  circumfer- 
ential displacements  of  the  sheet  at  die  ends,  whereas  only  normal  displace- 
ments were  prevented  by  the  spars.  Elastic  rotational  restraints  of  the  bulk- 
head chord  members  were  taken  into  account.  A panel  was  considered  to  be 
so  short  that  the  wave  form  of  a buckled  stringer  was  a single  loop.  However, 
several  loops  were  admitted  in  the  wave  form  of  a buckled  cross  section  trans  - 
verse  to  the  stringers.  The  analysis  was  based  on  the  principle  that  the  work 
of  the  external  forces  equals  the  increment  of  strain  energy  when  an  infinite  - 
simal  buckling  deformation  occurs.  The  equation  w = Wq  sin  ml  sinq  was 
adopted  for  the  normal  displacement  due  to  buckling,  where  | and  q are 
respectively  dimensionless  circumferential  and  axial  coordinates.  Euler's 
equation  of  the  calculus  of  variations  was  used  to  determine  the  circumfer- 
ential displacement  u to  minimize  the  buckling  load.  Results  of  the  theory 
were  compared  with  experimental  data  from  five  box  beams  having  cambered 
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stringer -reinforced  compression  surfaces.  The  beams  were  subjected  to 
pure  bending.  Although  ideal  buckling  did  not  occur,  the  deflection  curves  of 
the  test  panels  relative  to  the  spars  showed  well-defined  knees.  In  all  cases, 
the  computed  buckling  loads  fell  nicely  on  the  knees.  When  the  buckling  loads 
were  represented  by  the  Euler  column  formula,  the  plate -stringer  column - 
fixity  factors  ranged  from  1 to  3.  Consequently,  the  specification  of  a single 
constant  fixity  factor  (or  reduced  column  length)  for  computing  allowable 
compression  stresses  in  cambered  plate -stringer  panels  may  be  either  dan- 
gerous or  exceedingly  conservative. 

Another  investigation  treated  the  infinitesimal  theory  of  buckling  of 
a circular  cylindrical  shell  reinforced  by  rings  and  subjected  to  uniform 
external  hydrostatic  pressure  and  uniform  axial  compression  (2).  The  axial 
compression  was  considered  to  be  so  small  that  the  typical  fluted  buckling 
pattern  was  not  impaired.  The  end  plates  were  considered  to  be  so  flexible 
that  no  restraints  were  imposed  on  the  axial  displacement  u at  the  ends. 

The  Kirchhoff  assumption  that  radial  line  elements  remain  straight  and  nor- 
mal to  the  middle  surface  was  used.  Also,  the  stresses  cr  , t - , t 
were  neglected.  Without  loss  of  generality,  the  length  of  tne  shell  was  set 
equal  to  w.  The  axial,  circumferential,  and  radial  displacements  were  as- 
sumed to  be  represented  respectively  by  u * Uq  + Xj  sin  x cos  n0  , v = y^» 
cos  x sin  n0  , w = (zQ  + z,  cos  n0)  cos  x.  Here  me  axial  coordinate  x is 
measured  from  the  center  cross  section;  Uq  is  a function  of  x,  and  x^  , lv 
zn  , z.  are  constants.  The  term  z-  cos  x is  an  approximation  for  the  deflec 
non  before  buckling  and  the  other  terms  represent  the  infinitesimal  deforma- 
tion that  results  from  buckling.  By  the  calculus  of  variations,  Uq  was 
chosen  to  minimize  the  total  potential  energy  V.  The  previous  equations 
differ  from  those  adopted  by  von  Mises  only  by  the  introduction  of  Uq  . After 
elimination  of  tu  , V was  approximated  as  a cubic  polynomial  in  the  general  - 
ized  coordinates0  x.  , y.  , zQ  , z.  ; this  degree  of  approximation  is  adequate 
for  the  infinitesimal  theory  ol  buckling,  since  higher  degree  terms  would 
introduce  nonlinear  forms  in  x.  , y.  , z„  , z.  into  the  second  variation  of 
V.  The  second  variation  of  V is  a quadratic  iorm  in  the  virtual  increments 
of  the  generalized  coordinates  x,  , y.  , zQ  , z.  ; the  buckling  criterion  is 
that  die  determinant  of  the  coefficients  in  tnis  quadratic  form  be  zero. 

Results  of  die  analysis  agree  very  well  with  von  Mises'  theory  if  the  ratio 
of  length  to  radius  L/a  is  greater  than  1.  However,  if  L/a  < 1,  the  com- 
puted buckling  pressures  for  unreinforced  shells  are  considerably  less  than 
those  given  by  von  Mises'  theory;  in  some  cases  the  difference  is  as  great  as 
25%.  In  the  range  L/a  < 1 the  infinitesimal  theory  has  been  reported  to  give 
hnrHing  pressures  larger  than  the  experimental  values;  consequently,  from 
a practical  standpoint,  the  new  theory  introduces  an  improvement.  A com  - 
pari  son  with  test  data  for  a machined  ring -reinforced  cylindrical  shell  also 
shows  better  agreement  with  the  new  theory  than  with  other  infinitesimal 
theories  of  buckling  of  perfect  shells.  The  results  suggest  that  discrepancies 
between  theory  and  experiment  for  buckling  of  hydrostatically  loaded  cylin- 
drical shells  may  derive  partly  from  inadmissible  mathematical  approxima- 
tions in  the  infinitesimal  theories,  rather  than  from  weak  stability  preceding 
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snap -through.  The  reason  for  the  lowered  buckling  pressure  given  by  the  new 
theory  is  not  easy  to  trace,  since  other  investigators  have  not  approached  the 
problem  by  way  of  the  second  variation  of  potential  energy.  It  is  hoped  that 
further  investigations  will  disclose  the  cause  of  die  difference. 

SNAP  -THROUGH  OF  HYDROSTATICALLY  LOADED  CYLINDRICAL  SHELLS. 

Despite  the  fact  that  the  infinitesimal  theory  of  buckling  yields  results  in 
fair  agreement  with  tests  of  cylindrical  shells  subjected  to  external  hydro- 
static pressure,  snap -through  is  a definite  possibility.  This  fact  is  disclosed 
by  some  theoretical  studies  of  post -buckling  behavior  of  unreinforced  elastic 
cylindrical  shells  loaded  by  external  normal  pressure  (3).  The  analysis  was 
based  on  the  principle  of  minimum  potential  energy.  When  the  Ritz  method  is 
used  in  this  type  of  analysis,  it  is  imperative  that  the  assumed  deflection  pat- 
tern shall  not  impose  excessive  membrane  strains,  for  then  the  membrane 
strain  energy  is  far  too  large.  Approximations  concerning  the  strain  energy 
of  bending  may  be  rather  rough,  but  the  membrane  strain  energy  is  a delicate 
matter.  As  Lord  Rayleigh  remarked,  "We  can  bend  a piece  of  sheet  metal 
easily  with  our  fingers,  but  we  can  not  stretch  it  noticeably.  " 

The  displacement  pattern  due  to  buckling  was  assumed  to  be  represented  by 
u * uQ  + u,  cos  n0  + u«  cos  2n0  + u-  cos  3n0,  v = v, sin  n0  + v2  sin  2n0  + v^* 
sin  3n0,  w = w«  + w.'cos  n0  + w~  cos  2n0  + w,  cosonO,  where"1  u,  v,  w are 
axial,  circumferential,  and  radial  displacement  components  of  the  middle  sur- 
face. The  coefficients  u.  , v.  , w.  are  functions  of  x.  Excessive  membrane 
strains  were  avoided  by  the  assumption  that  there  is  no  increment  of  the  mem  - 
brane  hoop  strain  €g  caused  by  buckling.  This  assumption  undoubtedly 
causes  e to  be  too  large  in  some  regions,  and  it  consequently  leads  to  Euler 
buckling  pressures  that  are  too  large  in  the  case  of  short  thick  shells.  How- 
ever, it  yields  a comparatively  simple  theory  that  readily  provides  numerical 
results.  The  assumption  = 0 leads  to  explicit  formulas  for  v1  , v„  , 
v„  , Wq  , W2  , w3  , in  terms  of  w. . After  die  strain  energy  was  linearized 
in  u,  uthe  functions  Uq  , u.  , u„  , u,  were  obtained  with  the  aid  of  Euler’s 
equation  of  the  calculus  of  variaaons  so  that  the  potential  energy  V was 
minimized.  Observations  of  buckled  shells  usually  enable  us  to  estimate 
approximate  functions  for  w quite  accurately,  but  much  greater  difficulties 
are  encountered  with  u and  v.  Consequently,  it  is  desirable  to  determine 
u and  v by  means  of  the  exact  formulas  of  die  calculus  of  variations,  rather 
than  by  the  Rayleigh-Ritz  procedure,  whenever  possible. 

The  remaining  unknown  function  w.  was  assumed  to  be  given  by  w.  = 

<w0  cos  it  x/L)  / (n  — ) where  W„  is  a constant  and  n is  the  number  of 
waves  in  the  cross  section  of  the  buckled  cylinder.  Thus,  the  shell  was 
effectively  reduced  to  a system  with  one  degree  of  freedom,  the  generalized 
coordinate  being  WQ  . The  results  exhibit  the  typical  snap -through  behavior. 
Figure  1 illustrates  qualitatively  the  nature  of  the  load -deflection  curves  that 
were  derived.  The  falling  part  of  the  curve  (dotted  in  Fig.  1)  represents 
unstable  equilibrium  configurations.  Also,  the  continuation  of  line  OE 
(dotted)  represents  unstable  unbuckled  configurations.  Actually,  the  shell 
snaps  from  some  configuration  A to  another  configuration  B,  as  indicated 
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by  Ae  dashed  line.  Theoretically,  point  A coincides  with  the  Euler  critical 
pressure  E , but  initial  imperfections,  residual  stresses,  or  accidental 
shocks  may  prevent  the  shell  from  reaching  point  E.  In  any  case,  point  A 
is  higher  than  the  minimum  point  C.  The  pressure  at  point  C is  the  smallest 
pressure  at  which  a buckled  form  can  persist;  when  the  pressure  drops  below 
this  value,  the  shell  snaps  back  to  the  unbuckled  form. 

An  analysis  of  the  post -buckling  behavior  of  a structure  determines  the 
buckling  load  automatically.  For  example,  an  analysis  of  the  form  of  a buck- 
led column  reveals  that  there  is  no  real  nonzero  solution  unless  the  load 
exceeds  a certain  value,  the  Euler  critical  load.  Accordingly,  in  principle, 
the  nonlinear  theory  of  equilibrium  eliminates  the  need  for  a special  theory  of 
buckling.  However,  in  practice,  it  is  usually  easier  to  determine  the  Euler 
hnrlrling  load  of  a structure  by  solving  a linear  eigenvalue  problem  than  by 
determining  a bifurcated  curve  in  configuration  space  that  represents  all  equi  - 
librium  configurations. 

Since  the  shell  was  reduced  to  a system  with  a single  degree  of  freedom  the 
theory  provides  an  equation  which  expresses  the  increment  of  potential  energy 
AV  due  to  buckling  as  a function  of  the  deflection  parameter  Wq  . Thus,  for 
any  given  value  of  the  external  pressure  p,  a curve  of  AV  versus  W«  may 
be  plotted.  The  forms  of  the  graphs  corresponding  to  several  values  oi  p are 
illustrated  by  Fig.  2.  The  pressures  indicated  on  the  curves  are  such  that 
p < p < p.  < p.  . The  minima  on  the  curves  represent  configurations  of  sta - 
bie  eqmlibnum,  and  the  maxima  represent  configurations  of  unstable  equili- 
brium. If  p < p . , the  unbuckled  state  is  stable,  since  the  configuration  WQ 
= o then  provides  a relative  minimum  to  the  potential  energy.  However,  if 
p > p . , the  unbuckled  state  becomes  a configuration  of  maximum  potential 
energy;  hence,  it  is  unstable.  Accordingly,  p.  is  the  Euler  critical  pressure. 
The  curve  corresponding  to  p.  has  an  inflection  point  at  which  the  tangent  is 
horizontal;  hence,  p.  corresponds  to  point  C on  Fig.  1;  it  is  the  smallest 
pressure  at  which  a buckled  form  can  persist.  For  any  pressure  greater  than 
p,  there  is  a state  of  minimum  potential  energy  with  Wq  > 0;  hence  snap- 
through  is  possible.  Let  us  take,  for  example,  the  curve  corresponding  to 
p„  , for  which  the  value  of  AV  at  the  minimum  is  zero.  In  other  words,  for 
p = p_  , the  potential  energies  of  the  buckled  and  unbuckled  configurations  are 
equal.  Tsien  suggested  that  this  condition  be  taken  as  a criterion  for  buckling; 
accordingly,  p„  may  be  called  the  Tsien  critical  pressure.  The  maximum  on 
the  curve  for  p~  represents  a potential  energy  barrier  that  the  shell  must 
cross  to  reach  me  buckled  form.  If  this  maximum  is  high,  there  is  little  dan- 
ger of  snap -through,  since  a large  amount  of  external  work  must  be  provided 
to  carry  the  shell  "over  the  hump.  " However,  if  the  potential -energy  hill  is 
low,  snap -through  is  imminent.  Of  course,  this  argument  is  not  linked  to  the 
Tsien  hypothesis;  it  applies  for  any  of  the  curves  in  the  range  Pj  < p < Pj  • 

It  appears  that  the  snap -through  theory  of  ideal  shells  would  be  enhanced  oy 
further  studies  of  the  potential  -energy  barriers  separating  the  buckled  and 
unbuckled  forms.  Such  studies  might  enable  us  to  evade  the  extremely  com- 
plicated problems  of  initially  dented  shells,  since  accidental  shocks  may  be 
used  as  a criterion  for  design  instead  of  initial  dents  or  out -of -roundness.  If 
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anticipated  shocks  will  not  provide  enough  energy  to  carry  a shell  over  the 
hill  to  the  buckled  form,  the  design  may  be  considered  to  be  safe. 

One  numerical  calculation  was  performed  for  a shell  with  L/ a =0.60  , 
a/h  = 1000,  E = 30,000, 000  lb/in.2  , a = 20  in. , where  L is  the  length  of  the 
shell,  a is  the  radius,  and  h is  the  thickness.  It  was  found  that,  with  the 
pressure  equal  to  the  Tsien  critical  value,  0. 23  ft  lb  of  work  would  carry  the 
shell  over  the  hill  to  the  buckled  form.  Since  this  small  amount  of  work  might 
easily  come  from  accidental  disturbances,  we  see  why  the  Euler  critical  pres- 
sure is  practically  unattainable  in  some  cases. 

Another  interesting  conclusion  arose  from  a study  of  end  constraints.  In 
all  cases,  the  end  plates  were  considered  to  provide  simple  support  to  the 
cylindrical  wall,  so  that  the  bending  moment  Mx  vanished  at  the  ends.  Also, 
the  end  plates  imposed  the  boundary  conditions  v = w = 0.  However,  with 
regard  to  the  axial  displacement  u,  two  different  conditions  were  considered. 
In  one  case,  the  end  plates  were  free  to  warp,  so  that  no  restraints  were 
imposed  on  u at  the  ends.  In  the  second  case,  the  end  plates  were  rigid,  so 
that  u had  a constant  value  at  either  end.  Surprisingly,  the  constraint 
imposed  upon  u by  a rigid  end  plate  raised  the  buckling  pressure  significantly. 
In  general,  the  number  n of  waves  in  the  periphery  of  a buckled  cylinder  is 
greater  for  rigid  end  plates  than  for  flexible  end  plates.  The  results  are  illus- 
trated by  Fig.  3,  which  shows  computed  load -deflection  curves  for  a/h  = 100 
with  both  flexible  and  rigid  end  plates.  Besides  die  pressure  p on  die  lateral 
surface,  the  cylinder  was  subjected  to  an  axial  compression  force  F = it  a^  p, 
which  would  result  from  uniform  hydrostatic  pressure  on  the  end  plates. 

Instead  of  the  pressure  p,  the  ordinate  in  Fig.  3 is  a dimensionless  coefficient 
K , defined  by  p = K E h/a.  The  Euler  critical  pressures  represented  by  the 
intercepts  of  the  curves  with  the  K-axis  in  Fig.  3 are  too  high,  since  the  pre- 
sent theory  employed  the  assumption  = 0.  The  improved  infinitesimal 
theory  of  buckling  (2),  discussed  earlier,  yields  Euler  critical  pressures  that 
are  considerably  lower  for  short  shells,  and  therefore  the  effect  of  snap- 
through  would  not  be  so  pronounced  as  one  might  infer  from  the  steep  curves 
in  Fig.  3. 

A generalization  of  the  nonlinear  theory  of  Ref.  3 has  been  given  by  the 
authors.  (4).  In  this  generalization,  the  shell  was  reduced  to  a system  of  21 
degrees  of  freedom.  However,  it  was  found  unfeasible  to  handle  the  nonlinear 
equilibrium  problem  for  a system  with  21  degrees  of  freedom.  Consequently, 
for  the  numerical  work,  some  higher  harmonics  were  discarded  so  that  the 
system  was  reduced  to  7 degrees  of  freedom.  Calculations  were  confined 
principally  to  the  determination  of  the  minimum  point  C on  the  post -buckling 
curve  (Fig.  1),  that  is,  to  the  determination  of  the  pressure  at  which  a 
buckled  form  can  exist.  It  was  found  that  the  ordinate  of  point  C , as  deter  - 
mined  in  (3),  was  somewhat  too  high.  The  numerical  studies  indicated  that 
the  theory  of  (4)  may  be  used  effectively  with  an  electronic  digital  computer. 
However,  for  cursory  studies  of  post -buckling  behavior,  the  theory  and  the 
tables  of  (3)  are  recommended. 
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BUCKLING  OF  UNREINFORCED  PRESSURIZED  CYLINDRICAL  SHELLS 
SUBJECTED  TO  AXIAL  COMPRESSION 

The  strain -energy  formulas  developed  in  (3)  apply  without  modification  for 
a cylindrical  shell  that  is  subjected  to  internal  pressure  and  uniform  axial  com- 
pression. Again,  a snap -through  condition  is  anticipated. 

In  an  analysis  of  post -buckling  behavior  of  an  axially  compressed  cylindri- 
cal shell  (5),  the  strain  formulas  are  linearized  in  the  axial  displacement  u. 
For  the  time  being,  consideration  of  end  effects  is  avoided  by  the  supposition 
that  the  shell  is  infinitely  long.  Then,  as  is  well  known,  the  buckling  pattern 
consists  of  diamond -shaped  lobes  (Fig.  4).  This  pattern  signifies  that  the 
radial  deflection  w is  doubly  periodic,  with  its  fundamental  region  in  the  form 
of  a rhombus.  In  any  rhombus  (e.g. , die  cross-hatched  rhombus  in  Fig.  4), 
the  function  w assumes  all  its  values;  the  function  is  merely  duplicated  in  any 
other  rhombus.  A rhombus  subtends  the  angle  2/3  from  the  axis  of  the  cylin- 
der; hence,  /?  = ir/n,  where  n is  an  integer  representing  the  number  of  rhom- 
buses in  the  circumference  of  die  cylinder.  The  function  w is  symmetrical 
about  the  diagonals  of  a rhombus.  Consequently,  if  die  origin  of  the  (x,6) 
plane  is  taken  at  the  center  of  a rhombus,  the  function  w is  even  in  x and 
9 (Fig.  4). 

The  rhomboidal  pattern  and  the  associated  symmetry  properties  of  u,  v, 
w require  that  these  functions  be  represented  by  series  of  the  following  forms* 
if  the  origin  for  x and  6 is  taken  at  the  center  of  a rhombus: 


oo  oo 


u = cn  + c.x  + £ a. . cos  in0  sin  , 

01  i=0  j=l  1J  * 

oo  oo 

v«  I £ b. . sin  in0  cos  -0—  . 
i=l  j=0  1J  X 


00  00 


w=  £ £ c..  cos  in0  cos  , 

i=0  j=0  1J  X 


aA . = 0 if  i-t-j  is  odd 

b.  . = 0 if  i+j  is  odd 
ij 

c.  j = 0 if  i+j  is  odd 


Here  c_  , c.  , a..  , b.,  , c..  are  constants,  and  X is  half  the  length  of  a 
diagonal  of  a rhombus  m the'  x-direction  (Fig.  4).  Writing  these  equations 
in  expanded  form  as  far  as  second  harmonics,  we  obtain 


u = c + 


“0 


x + u,  cos  n0  sin 


ttx 


+ U£  sin 


2wx 

~1T 


+ u^  cos  2n6  sin 


2irx 

T* 


v -=  jv^~shm0~£os 


JEX- 


+ v j sin  2n0  + V£  sin  2n0  cos 


2irx 

~x 


* By  error,  some  additional  terms  were  included  in  the  formula  for  u in 
Ref.  5. 


t~3  K>  H O 0\ 
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w — 4.  cos  n0  cos  ^ + Wj  cos  — ^ — + w^  cos  2n0  + w^  cos  2n0  cos  ^ 

The  coefficients  u,  , v^,  wi  are  constants.  The  additive  constant  c is  irrel- 
evant, since  it  represents  a translation. 

The  preceding  equations  were  developed  for  a shell  of  infinite  length. 
Experiments  indicate  that  the  number  of  half  waves  in  the  length  of  a finite 
shell  is  an  integer.  Therefore,  the  length  L of  the  shell  is  assumed  to  be  a 
multiple  of  X;  that  is,  X = L/m,  where  m is  an  integer.  To  satisfy  the 
boundary  conditions  v = w = 0 at  the  ends  x = 0 and  x = L,  the  factor  sin 
irx/L  was  introduced  in  the  formulas  for  v and  w in  the  last  equations.  The 
formula  for  u is  unchanged  if  the  end  plates  are  flexible. 

The  preceding  equations  are  somewhat  more  general  than  the  buckling  pat- 
terns that  have  been  used  to  study  this  problem.  For  correlation  with  the 
burning  patterns  assumed  by  some  other  investigators,  a translation  of  the 
origin  from  the  center  of  a rhombus  to  the  midpoint  of  an  edge  of  a rhombus 
may  be  required.  In  studying  the  infinitesimal  theory  of  buckling,  Timoshenko 
discarded  all  terms  except  u.  , vQ  , w.  . Von  Karman  and  Tsien  adopted  a 
function  w that  is  equivalent  to  tne  preceding  if  w^  = 0 and  w„  - w^  . 

Donnell  and  Wan  concluded  that  the  relation  w2  = w3  is  not  plan's ible  on  the 
basis  of  observed  buckling  patterns. 

If  all  coefficients  are  retained  in  the  expansion  to  second  harmonics,  there 
are  12  degrees  of  freedom.  It  is  highly  desirable  to  retain  all  12  of  these 
generalized  coordinates,  but  the  problem  of  minimization  of  the  potential 
energy  then  becomes  exceedingly  complicated.  A part  of  the  trouble  lies  in 
the  quadratic  terms  in  v in  the  strain -displacement  relations.  Kempner  and 
other  investigators  have  neglected  this  quadratic  term,  and  workable  results 
have  been  obtained. 

SLENDER  CIRCULAR  CYLINDERS  (RINGS) 

Since  Levy  (6)  first  published  his  classical  theory  on  the  buckling  of  rings, 
several  theories  on  the  buckling  of  rings  and  cylinders  have  appeared.  Levy 
obtained  the  result  o 

Pcr  = Kcr  EVt0  - Kcr  = 3 

as  the  critical  pressure  for  a uniformly  loaded  ring,  where  r„  is  the  radius 
of  the  centroidal  axis,  I is  the  moment  of  inertia  -of  the  cross  section  and 
E is  the  modulus  of  elasticity  of  the  material.  Levy  did  not  consider  the 
effects  of  ring  thickness  h and  of  Poisson's  ratio  v.  The  load  was  consid 
ered  to  remain  normal  to  the  ring  surface  throughout  the  deformation  process. 
In  1914,  R.  v.  Mises  (7)  starting  with  the  general  differential  equations  of 
equilibrium  and  considering  only  linear  terms  in  the  strain  tensq^  developed 
a theory  which  yielded  a buckling  pressure  of  Eh  /L4(l  - O ro  J 
uniformly  loaded  infinitely  long  circular  cylinder.  In  1933,  Donnell  (8),  by 
making  several  simplifications  of  the  general  shell  equations,  arrived  at  a 
theory  for  the  buckling  of  thin  cylindrical  shells.  For  the  infinitely  long^ cir- 
cular cylinder  (for  which  Donnell's  theory  is  not  strictly  valid),  Donnell  s 
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theory  predicts  a critical  pressure  of  Eh3  /[3(1  - v2)  rn3J.  The  theoretical 
result  that  is  generally  accepted  for  a long  circular  cylmder  is  Eh3 /W\  - 
vl)  r0JJ(provided  the  load  remains  directed  perpendicular  to  the  cylinder's 
surface). 

Several  authors  have  noted  that  the  critical  pressure  depends  strongly  upon 
the  post -buckling  direction  of  die  load  (9,  10,  11).  For  example,  for  a ring 
subjected  to  a uniform  pressure  that  remains  directed  toward  the  center  of  the 
ring  K_  = 4. 5 , (9),  and  if  the  load  remains  constant  in  direction  K =4 
(11).  The  effects  of  ring  thickness  h and  of  Poisson's  ratio  upon  p crfor 
uniformly  loaded  rings  have  been  studied  in  (9),  the  general  result  bSfng  a 
decrease  in  K with  an  increase  in  h.  The  sway  buckling  of  a semi-circu- 
lar arch  loaded  oy  vertical  point  load  P at  the  midsection  of  die  arch  has  been 
studied  in  (12),  where  die  result  P = 6. 54  El  / r«2  was  obtained.  The  sway 
buckling  of  a semi  -circular  arch  loaded  by  vertical  inertia  forces  (or  by  dead 
weight  of  the  arch)  has  been  discussed  in  (13),  where  it  was  shown  that  w = 
2. 68  El/rg  , where  w = pa,  p = mass  density  per  unit  length  of  arc  anSra 
= vertical  acceleration  of  the  supports  of  the  arch.  The  problem  of  stability 
and  large  deflection  of  rings,  including  the  effects  of  ring  thickness  and  of 
Poisson's  ratio,  subjected  to  nonuniform  loads  is  relatively  unexplored. 

EQUILIBRIUM  APPROACH  TO  THE  NONUNEAR  THEORY  OF  SHELLS 


The  middle  surface  of  any  shell  is  defined  by  r = r (x,y),  where  r is  a 
position  vector  and  (x,y)  are  parameters  called  "surface  coordinates.  " 
Attention  will  here  be  restricted  to  orthogonal  surface  coordinates.  Then, 
since  the  derivative  vectors  Y and  T are  tangent  respectively  to  the  x 
and  y coordinate  lines,  Y • T ’ « 0.  in  this  case,  the  distance  ds  between 
neighboring  points  on  the  middle surface  S is  given  by 

ds2  = A2  dx2  + B2  dy2  (1) 

where  A = T * T and  B * r * r . Accordingly,  the  unit  tangent  vectors 
to  the  x and/y  coordinate  lines  are  r /A  and  YJ B,  respectively.  The 
unit  normal  n to  the  middle  surface  S is  accordingly, 


r*xTy 

~A  B 7 


(2) 


The  coefficients  of  the  second  differential  quadratic  form  of  S are 

e“^’Txx  ’ fsE^'Txy  ’ g=^'7yy  (3) 

If  the  coordinate  lines  on  S are  the  lines  of  principal  curvature,  f = 0,  ?»nri 
the  principal  curvatures  of  S are  1/r.  = e/A2  , l/r„  = g/B2  . However,  we 
shall  not  make  the  restriction  f = 0.  1 1 

The  tensions  N , N , the  shears  N , N I , Q , Q .the  bending 
moments  M , M , ana  the  twisting  moments  M x , M*  , referred  to  an 
element  of  tlfe  middle  surface  of  the  shell,  are  showr^with^Bieir  positive 
senses  in  Fig.  5.  The  normals  to  the  element  dS  of  the  middle  surface 


L 
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, . ,1  xhft  external  force  on  this  element  is 

generate  a volume  element  ^^^selJorc^ordinarily  results  from  the  weight 
denoted  by  7 dS  = t A B d*  dy.  anolied  to  the  external  faces  of  the  shelL 

of  the  volume  element  and  from  1 ^ ^ Then  there  may  be  an 

The  force  f dS  is  ®|e^e^  ts  on  ^ volume  element;  usually  **  xjssuitt  from 
external  couple  X.  dS  tnat  acts  j trs  faces  of  the  shell,  ihe 

tangential  external  distributed  load^ag)  ed  of  the  orthogonal  vec  - 

components  of  the  vectors  P and  L in  the  dir  The  vector  t 

tors  r ,?  , ft  are  denoted  by  Px  • *y  » rz  x 7 

has  no  comfknent  in  the  direction  • N N , etc.  may  be  derived 

The  equilibrium  «P“tt“8‘SJwSft2ry;^bey  W derived  more  than 
1„  an  elementary  mahh« Synge  wl  (Sen.  In  the  present  notations, 
twenty  years  ago  in  tensor  form  by  bynge  an 
their  equilibrium  equations  are 


^(BNX)  + ^(A  Nyx)  + Ay  Nxy  ' Bx  Ny 

^•(BN^+^rCANy)  -AyNx  + BxNyx- 

ST*8  Qa>  + W <A  V N*  Ny 


Be 


fQx  ' 


-fQy  + ABPX  = 0 ^ 


Q + A B P 

^y  y 


= 0 (5) 


(B  Mx)  + ^ (A  + Ay 

sr<BV+£  <AM 


-B%My 


*■  (Njc,  + V>f+ABPZ  = 0 

+ ABLy=ABQx 


) -AyMx  + Bx.Myx 


A B Lx  = A B Qy 


‘*xy+3fB<M*’S>  + ^ M^  = ° 


(6) 

(7) 

(8) 
(9) 


Nxy  " Ny*  A 

Equations  (7)  and  (8)  may  ^e^iefrT Q?  aU  Qy 

thus,  the  moment  equilibrium  equan  are  small  Compared 

“e  usually  discarded  from  Eqs.  (4)  aad  ^ s“c  > that  occur  in  Eqs. 
axe  usual  y ^ Furthermore,  the  ^ ^ tangent  to  sur- 

(41  and'(5)yrepri?ent  only  components  of  slightly  tapered.  For  a 

Sce  S whicharise  because 3*ce  *“ 
fiat  olate,  these  terms  drop  from  Eq  . \)  _ . ^ = M are 

f - g = 0.  Also,  the  a flat  pfSe.  Men  the 

nearly  always  legitimate,  they  ar  disregarded, 

approximation  N = NyX  18  ’ COntributes  to  the  tangential  loads(Px,  Py)> 

V The  weight  of  Ste  material  often  contriDU  ig  negUgible,  Then,  if 

but  frequently  the  effect  of  the  ^^8  °^  ^ exterior  faces  of  the  shell, 

no  tangential  distributed  loads  are  appuea  ^ case>  the  terms  Qx  and 

the  terms  (P  , Py)  are  |Irac  yd  (5\  " and  if  the  approximation  N = Nyx 
q are  discaXrdedyfrom  Eqs.  4) f Eqs  (4)  and  (5)  may  be  expresMd  as> 
is  introduced,  the  general soi»oq. 'Cctioe  H(x,y)  tor  the  case  m 
follows  in  terms  of  a generalized  Airy  sir 


which  the  Gaussian  curvature  K of  surface  S is  constant  (14): 


Nx  - B'2  Hyy  + A'2  B'1  Bx  Hx  - B~3  By  Hy  +K  H 
Ny  = A-2Hxx-A-3AxHx  + A'1B-2AyHy  + KH 


Nxy  = V = 'A  B'‘  Hxy  + A '2  B_1  Ay  Hx  + A"‘  B'2  Bx  Hy 


The  case  K = constant,  to  which  Eq.  (10)  is  restricted,  includes  flat  plates, 
spheres,  cylinders,  and  cones,  as  well  as  many  less  common  surfaces.  For 
example,  any  surface  that  can  be  obtained  by  bending  a thin  flat  piece  of  sheet 
metal  or  a piece  of  a thin  spherical  shell  without  stretching  it  has  constant  K, 
since  the  Gaussian  curvature  is  a bending  invariant.  There  are  also  surfaces 
of  constant  negative  Gaussian  curvature,  called  pseudospheres.  For  flat 
plates,  K = 0,  and  H is  a generalized  Airy  stress  function  that  is  applicable 
to  any  orthogonal  coordinates  in  the  middle  plane  of  die  plate. 

The  equilibrium  equations  naturally  refer  to  the  stressed  state.  Some- 
times die  deformation  caused  by  stressing  alters  the  geometry  of  the  shell 
appreciably.  For  example,  a plate  that  is  initially  flat  becomes  a curved 
shell  when  it  is  loaded,  and  the  curvature  may  have  important  effects  on  the 
equilibrium  conditions.  Likewise,  a shell  that  is  initially  rotationally  sym- 
metric may  lose  its  symmetry  because  of  elastic  or  plastic  deformations. 
Accordingly,  if  (e,  f,  g)  are  the  components  of  die  curvature  tensor  of  the 
undeformed  reference  surface  S,  some  modifications  of  these  coefficients 
may  be  required  to  account  for  the  effects  of  the  deformation  on  the  equili- 
brium conditions.  This  is  always  true  in  problems  of  post  -buckling  behavior. 

When  the  shell  is  deformed,  the  reference  surface  S passes  into  another 
surface  S*.  The  asterisk  or  star  will  be  used  generally  to  denote  die  stres  - 
sed  state.  The  displacement  vector  of  S is  denoted  by  ^Kx.y);  that  is,  the 
point  H on  S*  corresponding  to  point  7 on  S is  R=7+Tf.  Evidently,  if 
the  vector  function  $(x,y)  is  known,  the  position  vector  K is  a known  func- 
tion of  (x,y).  Thus,  the  same  coordinates  (x,y)  serve  for  surfaces  S and 
S*.  The  metric  coefficients  of  S*  are  E*  = R • H , F*  = "R  • "R  , 

G*  * H • R . The  distance  between  two  nei$hboi3ng  points  off  S*  \s  deter- 
mined by  (ds*)z  = E*  dx^  + 2 F*  dx  dy  + G*  dy2.  If  surface  S is  bent  without 
straining,  E*  = A , F*  = 0 , G*  = B , since  ds  * ds*.  If  the  strains  of  sur- 
face S are  small,  as  usually  happens,  ds  is  very  nearly  equal  to  ds*. 
Consequently,  even  in  the  large -deflection  theories  of  shells,  changes  of  A 
and  B caused  by  straining  of  surface  S need  not  be  taken  into  account  in  the 
equilibrium  equations.  Seemingly,  this  approximation  is  not  generally  appre- 
ciated, for  some  of  die  modem  investigations  of  buckling  of  shells  introduce 
undue  complications  into  the  equilibrium  equations  as  a consequence  of  incre- 
mental changes  in  the  metric  coefficients  due  to  straining.  In  particular,  if 
the  coordinates  (x,  y)  on  S are  orthogonal,  as  is  here  assumed  they  are 
orthogonal  on  S*  too,  for  the  equation  F = 0 signifies  that  F*  is  nearly 
zero.  Since  the  Gaussian  curvature  K and  the  Christoffel  symbols  El 
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are  determined  by  the  metric  tensor  alone,  they  may  also  be  considered  to  be 
unaffected  by  the  deformation,  insofar  as  the  equilibrium  are  concerned.  How- 
ever, in  nonlinear  theories  of  shells,  the  quantities  (e,  f,  g)  must  be  replaced 
by  the  corresponding  quantities  (e*,  f*,  g^  in  Eq.  (6).  It  is  not  important  to 
make  this  change  in  Eqs.  (4)  and  (5),  since  the  terms  Qx  and  Q are  ordi- 
narily dropped  from  these  equations  anyway.  * 

The  components  of  the  displacement  vector  TT  in  the  directions  of  the  vec  - 
tors  r , 7 , ft  are  denoted  by  (u,  v,  w),  respectively.  The  effects  of  the 
tangential  displacements  (u,  v)  on  the  changes  of  curvature  are  usually  small. 
Consequently,  for  computation  of  e*,  f*,  g*,  the  equation  R = T + tl  is  approx- 
imated by  R =T  + nw  . The  curvature  tensor  for  S*  is  e*  = n*  • R , f* 

= n*  • "R  , a*  ~ ft*.  "R  . The  following  notations  are  introduced; 
xy  ° yy  ^ 

K = e*  - e , K.  = g*  - g , K = f*  - f (11) 

x y * ° xy  ' 

It  is  a routine  problem  of  differential  geometry  to  derive  K.^  > ^ • The 

results  have  been  obtained  by  Koiter,  with  (u,v)  terms  included 1 15). drop- 
ping the  (u,  v)  terms,  we  get 
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These  equations  are  merely  first -degree  approximations;  nonlinear  terms  in 
derivatives  of  w have  been  neglected.  Also,  a linear  undifferentiated  w- 
term  has  been  dropped.  This  term  may  be  interpreted  by  considering  the 
case,  w=  constant.  For  example,  if  w is  constant  for  a circular  cylindrical 
shell,  there  is  a small  change  of  curvature  because  the  radius  is  changed. 
However,  since  A,  B have  been  retained  instead  of  E*,  F*,  G*,  it  would  be 
inconsistent  to  retain  the  undifferentiated  w-term,  since  the  effect  of  this 
term  is  about  the  same  as  effects  of  changes  of  the  metric  tensor  due  to 
straining  of  surface  S. 

Equations  (11)  and  (12)  determine  the  quantities  (e*,  f*,  g")  that  are  to  be 
introduced  into  Eq.  (6)  instead  of  (e,  f,  g)  when  large  deflections  or  buckling 
problems  are  considered.  To  obtain  this  generalization,  the  term  f must  be 
retained  in  Eq.  (6),  for,  even  though  coordinates  are  chosen  so  that  f = 0,  f* 
is  not  generally  zero.  In  other  words,  in  nonlinear  theories,  the  lines  of 
principal  curvature  on  S are  altered  significantly  by  the  deformation.  For 
example,  for  a flat  plate  referred  to  rectangular  coordinates,  A = B = 1 and 
e = f = g = 0.  Equations  (11)  and  (12)  give  e*  = w , f*  = w , g*  = w . 
Introducing  these  quantities  into  Eq.  (6)  instead  ofTe,  f,g),  supposing  ^that 
L = L =0,  and  eliminating  Q and  Q by  means  of  Eqs.  (7)  and  (8),  we 
obtain  a well-known  equation  in  the  theory  of  buckling  of  flat  plates: 
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STRAINS  OF  A SURFACE 

The  strains  of  surface  S due  to  the  displacement  vector  (u,v,  w)  have  been 
derived  by  Love  and  many  others.  If  only  quadratic  terms  in  wx  , wy  are 

2 

V K U V' 

x . T e w . x 


retained,  these  equations  are 
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alone,  the  increment  of  K due  to  the  deformation  can  accordmgly  be  expres  ■ 
sed  in  terms  of  e , e„  , y . The  result  of  this  calculation  is 
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Substituting  Eq.  (13)  into  Eq.  (14),  and  simplifying  die  result  with  die  Gauss 
and  Codazzi  equations,  we  obtain 

. BB  e 

A B (K*  - K)  = B K u + AKv  + 2ABKMw  + -j-{  * + 2 A f - A%g)  w^ 
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In  the  linear  theory  of  shells,  all  nonlinear  terms  are  dropped  from  Eq.  (15), 
The  term  M represents  the  mean  curvature  of  S;  i.e. , 2M  = 1/r.  + l/r9  . 

For  brevity,  Eqs.  (14)  and  (15)  are  written  as  follows:  A B (KT-  K)  = 
L(6x>  y^y),  A B (K*  • K)  = B Kx  u + A Ky  v + ip  (w).  These  equations 


yield 


LU 
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= B K u + A K v + 0 (w) 

X y 


(16) 


If  K is  constant,  u and  v disappear  from  Eq.  (16).  Then  Eq.  (16)  is  a 
compatibility  equation  for  the  strain  components  of  surface  S.  If  K is  not 
constant,  u and  v can  not  be  eliminated  without  the  use  of  differential 
operators  of  order  greater  than  2.  For  example,  if  a flat  plate  is  referred  to 
rectangular  coordinates,  A = B = 1 and  e = f = g=  K=  M = 0.  Then  Eq.  (16) 


yields 
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This  is  an  important  equation  in  the  large -deflection  theory  of  plates. 

Shell  problems  may  be  formulated  in  terms  of  the  displacement  components 
(u,  v,  w)  or  in  terms  of  the  stress  function  and  the  normal  displacement  (H,  w). 
If  (u,  v,  w)  are  regarded  as  the  unknowns,  only  the  equilibrium  equations  and 
the  boundary  conditions  are  needed;  there  is  no  need  to  consider  compatibility 
equations.  Certainly,  this  is  the  more  general  approach,  since  the  stress 
function  H is  limited  to  shells  of  constant  Gaussian  curvature,  although  a 
generalization  to  cover  all  rotationally  symmetric  shells  is  possible  (14). 
Furthermore,  the  boundary  conditions  can  always  be  formulated  in  terms  of 
(u,  v,  w),  but  they  can  not  always  be  expressed  in  terms  of  stresses.  The 
compatibility  equation  represented  by  Eq.  (16)  is  useful  only  for  shells  of  con- 
stant Gaussian  curvature,  since  only  then  do  the  terms  u and  v drop  out. 
However,  it  is  only  for  shells  of  constant  Gaussian  curvature  that  a compati- 
bility equation  is  needed,  since  the  (u,  v,  w)  formulation  will  be  used  for  other 
shells. 

Equations  (1)  to  (16)  do  not  involve  stress -strain  relations  and  they  remain 
valid  if  shear  deformation  is  significant.  For  a complete  formulation  of  the 
shell  problem,  we  must  express  (N  , N , N ) in  terms  of  (e  , e , y ) 
and  also  (M^  , M , Ml  in  terms  ^Sf  (je  Here,  thl  siitfplesF 

approximations  to  adoprare  exactly  the  same  as  ur flat  -plate  theory.  Ques- 
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tions  of  nonlinear  geometric  relations  do  not  enter  here,  since  they  arise  only 
in  the  strain  -displacement  relations  ^.Eq.  (13)J . It  is  a moot  point  whether 
nonlinear  terms  in  (u,v)  should  be  retained  in  Eq.  (13).  A rigorous  analysis 
of  stress -strain  relations  and  moment -curvature  relations,  with  thermal 
effects  included,  was  developed  on  the  basis  of  the  Kirchhoff  assumption  by  the 
authors  (’6).  Some  investigators  have  concluded,  on  the  basis  of  order -of - 
magnitude  onsiderations,  that,  when  the  Kirchhoff  assumption  is  used,  con- 
sistency rev  -es  that  the  strains  be  linearized  in  the  normal  coordinate  z. 
However,  if  .iis  argument  is  applied  to  beams,  it  signifies  that  the  Winkler 
theory  of  curved  beams  is  no  better  than  straight -beam  theory.  A striking 
example  of  an  error  that  can  be  incurred  by  linearization  with  respect  to  z 
is  provided  by  a curved  cantilever  beam  of  rectangular  cross  section  with 
depth  h and  width  b (Fig.  6).  The  load  P is  applied  at  die  centroid  of  the 
end  section.  By  Winkler’s  theory,  the  stress  at  ordinate  z is 
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Substituting  Eq. 

(a)  into  Eq. 

(b),  we  get  F = 

P sin  0, 

M = 

P a (1  ■ 

- sin  0 ). 

These  relations  agree  with  elementary  statics.  Suppose  now  that  z is 
dropped  from  the  denominator  of  Eq.  (a),  so  that  the  equation  is  linearized 


in  z.  Then,  the  net  tension  calculated  by  F = 


This  relation  disagrees  grossly  with  statics. 

The  sensitivity  in  this  example  comes  from  the  fact  that  the  stress 
CT0  has  a large  negative  value  on  the  inside  of  the  beam,  and  a large  positive 
value  on  the  outside.  Therefore,  CTq  must  be  given  quite  accurately  if 

fo-  dA  is.  to  be  evaluated  correctly.  We  may  conclude  that  linearization  of 
the  stresses  or  strains  with  respect  to  z is  usually  admissible  if  the  objec  - 
tive  is  to  predict-yiekhng-or-other-types  of  failure  of  the  material.  However, 
it  is  a questionable  approximation  if  the  stresses  are  to  be  integrated  through 
the  thickness  for  the  purpose  of  determining  N , M , etc. 

If  linearization  with  respect  to  z is  admissible,  we  obtain  from  (7), 
when  temperature  terms  and  nonlinear  terms  in  h are  discarded. 
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where  E is  Young’s  modulus,  v is  Poisson's  ratio,  G is  the  shear  modulus, 
and  h is  the  thickness  of  the  shell.  Naturally,  these  relations  are  restricted 
to  isotropic  elastic  shells.  Also,  if  effects  of  u and  v on  the  bending  mo- 
ments are  neglected,  we  obtain 
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Here,  k.  and  are  the  principal  curvatures  of  the  middle  surface.  The 
quantities  , /(_  , JC  are  defined  by  Eq.  (12).  Most  writers  have  dropped 
w from  Eq.  ( 18)  / However,  in  some  cases,  this  term  has  a significant  effect 
on  computed  buckling  loads.  For  example,  if  a very  long  cylindrical  shell  of 
radius  a is  subjected  to  uniform  external  pressure,  the  buckling  pressure  is 
Pcr  * 3 D/aij.  This  result  is  obtained  if  w is  retained  in  Eq.  (18),  but  we  get 
p = 4 D/a  if  w is  dropped. 

some  special  applications  of  the  preceding  equations  have  been  studied. 

For  example,  if  w is  dropped  from  Eq.  (18),  Donnell's  equation  for  cylindri- 
cal shells  is  obtained  readily.  Also,  the  equations  of  Reiss,  Greenberg,  and 
Keller  for  snap -through  of  a shallow  spherical  cap  are  obtained  immediately, 
although  in  a different  form.  For  flat  plates,  von  Karman's  equations  are 
obtained.  By  further  studies,  the  authors  hope  to  get  a better  correlation 
between  the  equilibrium  approach  and  the  energy  approach  to  problems  of 
buckling  and  post -buckling. 
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Figure  1.-  Pressure-deflection  curve. 


Figure  2.-  Increment  of  potential  energy  versus  deflection  parameter. 
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THE  EFFECT  OF  INITIAL  IMPERFECTIONS  ON  THE 
BUCKLING  STRESS  OF  CYLINDRICAL  SHELLS 
By  C.  D.  Babcock  and  E.  E.  Sechler 
California  Institute  of  Technology 

SUMMARY 

Techniques  have  been  developed  for  making  essentially 
"perfect1*  thin  cylindrical  shells  and  for  making  shells  with  definite 
types  of  initial  deformations.  The  "perfect**  shells  give  buckling 
stresses  much  higher  than  have  previously  been  obtained.  Initial 

deformations  of  the  form  AR  = sin  have  been  tested  and 

ranges  of  positive  aQ  were  found  in  which  there  was  no  lowering  of 

the  buckling  stress.  Negative  values  of  aQ  caused  a decrease  in  the 

failure  load.  A theoretical  solution  which  indicated  the  same  trends 
as  were  found  experimentally  has  been  carried  out, 

INTRODUCTION 

Ever  since  the  great  disagreement  between  theory  and  exper- 
iment on  the  buckling  stress  of  axially  compressed  cylinders  was 
discovered  efforts  have  been  made  to  determine  the  cause  of  this 
disagreement.  One  approach  was  to  refine  the  theoretical  analysis 
to  determine  1)  whether  or  not  the  lowest  eigenvalue  has  been 
established  and  2)  whether  initial  deformations  might  have  an  effect 
on  the  buckling  stress.  These  studies  showed  that,  if  the  cylinder 
was  assumed  perfect  and,  if  end  effects  were  neglected,  the  buckling 

stress  was  given  by  = Et/R  Vw"  - ) which,  for  \x  = 0.  3 

becomes  o*  “ 0.  605  Et/R.  Secondly,  the  work  of  Donnell  and 
c r 

others  indicated  that  there  was  probably  a considerable  effect  from 
initial  deformations.  In  these  studies  it  was  assumed  that  the  initial 
deformations  had  essentially  the  wave  form  of  the  post  buckling  mode 
and  no  attempt  was  made  to  determine  the  effect  of  other  types  of 
initial  deformations. 

The  experimental  investigations  that  were  carried  out  were 
never  as  good  as  the  theoretical  studies.  The  specimens  contained 
eccentricities  and  discontinuities  from  seams  and  other  fabrication 
techniques,  had  unknown  internal  stresses,  and  the  testing  methods 

Preceding  page  blank 
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in  most  cases  were  relatively  crude.  For  example,  the  actual  stress 
distribution  in  the  specimen  was  seldom  measured  during  test.  For 
the  above  reasons  it  was  felt  desirable  to  carry  out  carefully  con- 
trolled tests  on  specimens  whose  imperfections  were  accurately 
known  and  to  correlate  the  data  obtained  with  new  theoretical  studies. 
The  work  was  carried  out  under  NASA  research  grant  no.  NsG-18-59. 
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Subscripts: 


SYMBOLS 

maximum  amplitude  of  initial  deformation,  inches 
plate  stiffness  = Et^/12{l  - lb  inch 
Young* s modulus,  psi 

stress  function  defined  asF  =N,F  =N, 
F c -N  xx  y yy  x 

xy  xy 

buckling  stress  coefficient  in  the  equation 

o-  = KEt/R 
cr 

length  of  shell,  inches 
membrane  forces,  lb/inch 

shell  radius,  inches 

radial  value  of  initial  deformation,  inches 
shell  thickness,  inches 
radial  displacement  of  shell,  inches 
axial  distance  along  the  shell,  inches 
circumferential  distance  around  shell,  inches 
Poisson*s  ratio 

buckling  stress  of  the  shell,  psi 

2 2 
denote  8/8x  , 8/8xy,  8/  8y 


xx,  xy,  yy 
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THE  EXPERIMENTAL  PROGRAM 

The  objectives  of  this  program  were: 

1)  to  develop  a method  of  making  cylindrical  shells 
which  were  as  nearly  perfect  as  possible; 

2)  to  establish  testing  techniques  in  which  the  stress 
distribution  was  controllable  and  measurable; 

3)  to  determine  the  axial  buckling  stress  of  these 
nearly  perfect  shells 

4)  to  add  known  imperfections  to  the  shells  and  deter- 
mine the  effect  of  these  imperfections  on  the 
buckling  stress;  and 

5)  to  attempt  to  isolate  the  most  damaging  forms  of 
initial  deformations  so  they  could  be  avoided  in 
manufacture  whenever  possible. 

To  date,  items  1)  through  3)  have  been  completed  and  some 
work  has  been  carried  out  in  4). 

The  method  of  manufacturing  of  the  cylindrical  shells  is  not 
new  with  GALCIT  (see  reference  1)  but  a number  of  refinements  were 
required  in  order  to  obtain  the  uniformity  and  accuracy  desired. 
Basically  it  consisted  of  plating  a copper  shell  on  an  accurately 
machined  wax  mandrel  and  then  melting  the  mandrel  out  of  the  shell. 
For  a shell  8 inches  in  diameter  and  10  inches  long,  a steel  cylinder 
7 inches  in  diameter  and  13  inches  long  was  used  as  a core  (this 
provided  a means  of  water  cooling  the  wax  to  harden  it).  On  this  core 
was  cast  a layer  of  wax  consisting  of  a two  to  one  mixture  of  refined 
paraffin  and  Mobile  Cerese  Wax  2305.  This  was  cooled,  machined  to 
the  proper  shape,  and  sprayed  with  silver  paint  thinned  with  toluene. 
The  plating  was  done  in  a Cupric  Fluoborate,  Cu(BF 4)2*  bath  with  a 

15  inch  diameter  copper  anode  which  was  bagged  in  fine  mesh  Dynel 
fabric.  During  plating  the  mandrel  was  rotated  and  the  bath  was 
given  additional  agitation  by  forcing  air  through  it.  Using  voltages 
less  than  10  volts  and  current  densities  up  to  55  amperes  per  square 
foot,  the  plating  time  was  approximately  20  minutes  per  0.  001 
inches  of  plate. 

After  plating,  the  ends  of  the  cylinder  were  removed  (some 
thickness  increase  occurred  just  at  the  ends),  the  wax  was  carefully 
melted  out,  and  the  residual  wax  and  silver  paint  was  removed  with 
benzene.  The  shell  thickness  used  in  this  series  of  tests  was 
approximately  0.  0045  inches.  The  thickness  variation  in  any  shell 
could  be  held  to  less  than  3 per  cent.  In  the  radial  direction,  the 
desired  radius  could  be  held  to  + t/2  or  approximately  +_  0.  0025 
inches. 
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The  specimen  was  mounted  (using  Cerrobend)  to  a load 
measuring  ring  instrumented  with  24  strain  gages  which  gave  the 
stress  distribution  in  the  shell*  The  assembly  of  specimen  and 
loading  ring  were  then  placed  in  a very  stiff,  controlled  displacement 
testing  machine  in  which  the  displacement  was  controlled  by  three 
fine  pitch  screws  (one  turn  of  the  screw  gave  0.  025  inches  displace- 
ment), These  could  either  be  operated  together  or  could  be  adjusted 
individually  to  correct  for  nonuniformity  in  stress  distribution.  See 
figure  1. 


Two  types  of  axially  symmetric  initial  deformations  were 

tested,  a sine  wave  in  which  AR  = a sin  irx/L  and  a constant 

o 2 T 

curvature  form  given  by  AR  * aQ  ^2(2x/L)  - (2x/L)  J # Values  of 
a^/t  ranging  from  -20  to  +45  were  tested. 


EXPERIMENTAL  RESULTS 

Figure  2 shows  the  results  of  this  first  test  series  in  which 
<rcr/crcj  is  plotted  against  aQ/t.  These  are  compared  with  the 

Kanemitsu  and  Nojima  value  which  for  the  L/R  and  the  R/t 
corresponding  to  these  specimens  gives  K s 0.  17.  The  following 
important  features  can  be  seen: 

1.  That  with  proper  care  in  manufacturing  and  testing, 
values  of  the  buckling  stresses  can  be  obtained  which 
are  much  higher  than  those  usually  found. 

2.  That,  for  the  displacement  forms  tested,  small  depar- 
tures from  initial  straightness  lower  the  buckling  stress 
and  that  the  effect  for  inward  displacements  is  greater 
than  that  for  outward  displacements. 

3.  That  if  the  outward  displacements  are  increased  the 
value  of  the  buckling  stress  again  rises  until  it  reaches 
essentially  the  same  value  as  that  for  the  initially 
straight  cylinder. 

4.  That  the  constant  curvature  and  sine  wave  shapes  give 

essentially  the  same  values  of  cr  for  the  larger  values 

of  a /t.  Cr 

o 

The  drop  in  the  value  of  cr  for  0<a  /t<10  and  the  return 
r cr  o 

to  the  •’perfect11  value  for  a /t>  20  cannot  be  explained  at  this  time. 
Although  considerable  effort  was  made  to  keep  the  stress  uniform 
around  the  circumference  of  the  cylinder,  variations  of  + 10  per 

cent  were  common  and  this  probably  accounts  for  some  of  the  scatter 
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in  the  experimental  results.  Since  the  classical  theoretical  solutions 
have  assumed  edges  which  were  free  to  expand  radially  and,  since 
the  edges  of  the  present  cylinder  were  rigidly  clamped,  it  may  be 
that  the  lowering  of  the  value  of  ( rcr  below  the  classical  value  may 

be  due  in  part  to  this  fact. 


THEORETICAL  SOLUTION 

The  theoretical  approach  was  as  follows: 

1)  Determination  of  the  stresses  and  deflections  in 
the  shell  that  occur  during  the  loading  and  before 
buckling. 

2)  Consideration  of  the  stresses  and  deflections 
occurring  during  buckling  as  small  perturbations 
about  step  1)  and  linearizing  the  resulting 
equations. 

3)  Solving  the  eigenvalue  problem  obtained  in  2)  for 
the  minimum  eigenvalue. 

To  simplify  the  problem,  the  shallow  shell  equations  of 
Marguerre  (reference  2)  were  used.  These  give 
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DV*»  = wo  J - 2Fxy(wxy  + wo^)  + Fjot(wyy  + 

(2) 


where  w is  the  initial  deviation  from  the  flat  plate  and  F is  the 
o 

stress  function.  For  the  circular  cylindrical  shell,  w is  given  by 

2 2 ° 
wq  = (y  - y )/2R.  Using  this  equation  for  wq  one  arrives  at  the 

set  of  equations  originally  derived  by  Donnell  and  used  in  his  studies 
of  initial  imperfections  (reference  3).  For  the  initial  deformations 
of  the  present  tests  the  equation  for  wq  becomes 


(3) 
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which  when  substituted  into  equations  1 and  2 gives 


V4F  * Et  F w2  - w w - a (£)2  sin  ^ w - i w j 
1 xy  xx  yy  ovL'  L yy  R xxJ 


(4) 


D^4  w c F (w  + a (£  )^sin  -2F  w + F w + i F 

yy'  xx  o'L'  X7  xyxy  xx  yy  R xx 


(5) 


Letting  F*  and  w*  be  the  solutions  of  the  axially  symmetric 
problem  and  F and  w be  the  perturbation  values  occurring  during 
buckling,  we  have  F = F*  + F and  w = w*  + w.  Substituting  into 
4 and  5 and  linearizing^  by  neglecting  higher  order  terms  one  obtains 
a set  of  equations  in  F and  w which  can  be  solved  for  the  eigen- 
values. The  boundary  conditions  used  were:  1)  The  ends  of  the 

shell  are  free  to  expand  radially  and,  while  so  doing,  they  are 
simply  supported;  2)  for  the  axially  symmetric  problem  u*  and 
w*  (deflection  in  axial  and  radial  directions)  must  be  independent  of 
y and  v*  (circumferential  displacement)  must  be  zero:  3)  Axial 
motion  of  the  ends  of  the  shell  (usually  a periodic  function  in  y)  is 
permitted. 

Carrying  out  the  remainder  of  the  mathematics  leads  to  the 
dotted  curve  shown  in  figure  2 showing  that,  for  a > 0 no  decrease 

in  buckling  stress  should  occur  and  that  for  a^<  0 an  appreciable 

drop  in  load  carrying  ability  should  be  observed.  Comparing  this 

with  the  experimental  data  we  find  that  the  trends  are  correct  but 

that  the  reduction  in  c r for  a < 0 is  actually  less  than  that 

cr  o ' 

predicted  theoretically.  Also,  it  was  found  that  the  number  of 
circumferential  waves  was  higher  than  the  theory  predicts  and,  if 
the  experimental  value  for  this  wave  number  were  to  be  used  in  the 
theoretical  solution  the  agreement  was  better. 
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FUTURE  PROGRAM 

The  continuation  of  this  program  calls  for 

1)  An  attempt  to  reduce  the  scatter  in  the  experimen- 
tal data  by  striving  for  a more  uniform  axial 
stress  distribution  in  the  shell. 

2)  A detailed  study  of  the  effect  of  the  clamped  end 

of  the  shell  on  the  buckling  stress  - possibly  trying 
to  make  a shell  with  a negative  Poisson  displace- 
ment so  that  it  would  be  straight  at  the  buckling 
stress. 

3)  Extension  of  the  experimental  program  to  other 
forms  of  initial  deformation. 

4)  Consideration  of  other  R/t  ratios. 

5)  A more  sophisticated  theoretical  treatment  of  the 
problem. 
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Figure  1.-  Testing  machine,  specimen,  and  load  ring. 
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Figure  2.-  Buckling  stress  variation  with  initial  imperfection  amplitude 
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EFFECTS  OF  MODES  OF  INITIAL  IMPERFECTIONS 
ON  THE  STABILITY  OF  CYLINDRICAL 
SHELLS  UNDER  AXIAL  COMPRESSION 
By  L.  H.  N.  Lee 
University  of  Notre  Dame 


SUMMARY 

The  effects  of  definite  and  ,,indefInite,,  initial  im- 
perfections on  the  buckling  and  postbuckling  behavior  of  an 
axially  compressed  cylindrical  shell  are  analyzed  by  a non- 
linear theory.  The  definite  Initial  imperfections  consid- 
ered do  not  contribute  to  the  reduction  of  the  peak  buck- 
ling load;  while  the  "Indefinite"  imperfections,  expressed 
in  terms  of  a single  factor  introduced  by  Donnell-*- , cause 
a reduction  In  the  buckling  strength.  The  physical  mean- 
ing of  the  imperfection  factor,  however,  needs  further 
clarification.  Two  theoretical  buckling  processes  are 
found  to  be  possible.  In  the  early  stage  of  buckling,  the 
cylinder  may  deform  with  a comparatively  large  number  of 
waves  of  small  amplitudes  or  the  cylinder  may  deform  with 
a comparatively  small  number  of  waves  of  large  amplitudes. 
Further  theoretical  and  experimental  studies  of  the  effects 
of  initial  imperfections  and  the  process  of  buckling  are 
suggested. 


INTRODUCTION 

The  problem  of  elastic  buckling  of  axially  compressed 
cylindrical  shells  has  not  yet  been  completely  solved  in 
spite  of  being  the  subject  of  intensive  research  in  recent 
years.  To  explain  the  fact  that  buckling  loads  obtained 
by  experiments  are  much  lower  than  that  predicted  by  the 
classical  linear  theory2»3,  Donnell  (1934)  introduced  a 
non-linear  theory  and  the  concept  of  initial  imperfections. 
The  non-linear  theory  was  further  developed  by  von  Karman 
and  Tsien  (1914-1)^.  Their  analysis,  in  turn,  was  refined 
by  Leggett  and  Jones  (19l|^)^,  Michielsen  (191j.8)  °,  and 
Kempner  ( 1954) ^ • 

The  non-linear  theory  does  indicate  a large  drop  of 
resistance  as  soon  as  buckling  takes  place.  This  is  con- 


sistent  with  the  observed  phenomena.  For  a conceptually 
perfect  cylinder,  however,  the  buckling  load  predicted  by 
the  non-linear  theory  is  still  the  same  as  that  given  by 
the  classical  theory.  By  considering  the  effects  of  in- 
itial imperfections,  Donnell  and  Wan  ° were  able  to  explain 
in  a reasonable  way  the  discrepancies  between  experimental 
and  theoretical  buckling  loads.  For  the  convenience  of 
analysis,  Donnell  assumes  that  the  geometrical  and  material 
imperfections  of  a cylinder  may  be  replaced  by  an  equiv- 
alent geometrical  deviation.  He  assumes  further  that  the 
equivalent  geometrical  deviation  is  proportional  to  the 
deformation  of  the  cylinder  and  may  be  expressed  by  a 
single  imperfection  factor  indicating  essentially  its 
magnitude.  It  is  the  purpose  of  this  paper  to  evaluate 
the  implication  of  this  assumption. 

Timoshenko^  has  shown,  by  a linear  theory,  that  the 
initial  curvature  of  an  axially  compressed,  elastic  column 
has  substantial  effects  on  the  load-deflection  relation- 
ship but  relatively  little  effect  on  the  maximum  load.  The 
initial  shape  of  the  column  can  be  expressed  by  a series 
of  functions  giving  the  normal  buckling  mode  shapes  of  the 
column.  According  to  the  linear  theory,  the  tern  in  the 
series  describing  the  principal  buckling  mode  has  the  pre- 
dominant effect  on  the  behavior  of  the  column.  In  general, 
an  axially  compressed  column  having  arbitrary  small  initial 
deviation  most  likely  buckles  in  its  principal  mode.  The 
assumption  made  by  Donnell  and  Wan  is  apparently  in  accord 
with  this  fact.  However,  it  has  been  shown^  that  the 
mode  as  well  as  the  amplitude  of  the  initial  imperfections 
of  a geometrically  or  physically  non-linear  structure  may 
influence  the  buckling  load  and  the  corresponding  mode  of 
buckling.  Therefore,  the  effects  of  definite  initial 
imperfections  as  well  as  "indefinite"  Initial  imperfections, 
in  terms  of  the  imperfection  factor  introduced  by  Donnell, 
on  the  buckling  behavior  of  axially  compressed  cylinders 
are  analyzed  in  this  paper. 

The  present  analysis  is  based  on  the  Love-Kirchoff 
assumption  for  thin  shells  and  the  principle  of  stationary 
potential  energy  for  load-deformation  relationships. 
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Strain-Displacement  Relationships 


Consider  an  initially  imperfect  but  nearly  circular 

cylindrical  shell  of  mean  radius  r,  length  L , and 
thickness  t.  Let  the  radial  difference  between  the  radial 
distance  of  a point  at  the  initial  median  surface  and  the 
mean  radius  be  denoted  by  wQ.  Let  x,  s and  z (positive 

inward)  be  the  axial,  circumferential  and  radial  coordinate, 
respectively.  The  corresponding  components  of  the  dis- 
placement of  the  point,  denoted  by  u,  v and  w (positive 
inward)  respectively,  are  measured  from  the  position  atnthe 
initial  median  surface.  Based  on  Donnell's  assumptions0, 
it  may  be  shown  that  the  bending  strains  depend  only  on 
the  axial  and  circumferential  curvature  changes, 

(3*w/ax^  and  (^w/Ss8)  , and  the  twist  of  the  median 

surface  (^w/dxas).  Including  the  effects  of  the  Initial 
radial  deviations  and  the  second  order  terms,  the  axial 
and  circumferential  membrane  strains,  e and  e and 

11  1 3 

the  membrane  shear  strain  y*  , are 

e - 3li  + I (3wxa  + aw  3wo 
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The  axial,  circumferential  and  shear  membrane  stress, 
o , oa  and  x , may  now  be  expressed  in  terms  of  the 
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membrane  strains,  the  modulus  of  elasticity  E and  the 
Poisson's  ratio  v by  the  Hooke's  law  for  the  isotropic 
material. 


Equilibrium  and  Compatibility  Equations 


By  omitting  higher-order  terms,  it  may  be  shown  that 
the  membrane  stresses  satisfy  the  equilibrium  equations 
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Equations  (2)  are  identically  satisfied  by  the  introduction 
of  the  Airy  stress  function  <J>(x,y)  defined  by  the  re- 
lations 


By  Hooke's  law,  the  membrane  strains  may  be  expressed  as 


Elimination  of  axial  and  circumferential  displacement  com- 
ponents between  Eqs.  (1)  and  combination  of  Eqs.  (1)  and 
(1|.)  yield  the  compatibility  equation 
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The  stress  function  and  the  membrane  stresses  may  now  be 
determined  by  Eq.  (5)  if  the  initial  imperfection  and  the 
the  radial  displacement  are  obtained  or  assumed. 


Initial  Imperfections  and  Deformations 


The  initial  geometrical  Imperfections  or  the  defor- 
mation of  the  cylinder  can  be  completely  described  by  an 
Infinite  double  Fourier  series.  The  degree  of  approxi- 
mation which  can  be  attained  in  the  description  largely 
depends  on  the  choice  of  a proper  number  of  terms  of  the 
series.  However,  the  mathematical  difficulties  of  solving 
the  problem  multiply  rapidly  with  increasing  number  of 
temns  considered.  To  simplify  the  analysis,  it  is  assumed 
that  the  initial  radial  deviation  may  be  described  by 


w„  = At  cos 
o 


(6) 


where  A and  a are  the  given  or  known  dimensionless 
amplitude  parameters,  Lx  and  Lg  are  the  given  or  known 

half  wave  lengths  in  the  axial  and  circumferential  direc- 
tions respectively.  The  first  term  at  the  right-hand  side 
of  Eq.  (6)  describes  a„definite  shape.  The  second  term, 
introduced  by  Donnell  , Is  definite  In  amplitude  but 
indefinite  in  shape,  because  the  radial  displacement  w 
varies  with  the  applied  load.  It  may  be  interpreted  that 
the  second  term  is  used  to  replace  all  terms  in  the  infin- 
ite series  which  may  have  effects  on  the  deformation.  It 
also  implies  that  only  one  of  these  implicit  terms  in- 
fluences the  deformation  at  one  time. 
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The  defomation  of  the  cylinder  is  assumed  to  be  given 

w * at  P cos  7^—  cos  7^  + b cos  + d ~1  (7) 

L *3  lx  -I 


where  a and  b are  arbitrary  parameters,  l and  l 
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are  the  unknown  half-wave  lengths  of  the  deformation  waves 
in  the  axial  and  circumferential  directions.  d is  not 
an  independent  parameter.  d may  be  determined  by  the 
condition  that  v is  a periodic  function  of  s.  The 
deformation  funct  irjn  by  Eq.  (7)  is  essentially  the  one 
adopted  by  Donnell^  and  Kempner'  except  that  a term  of 

Pits 

cos  ^ — is  not  included. 
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Stress  Function 


By  introducing  w from  Eq.  (6)  and  w from  Eq.  (7) 
into  Eq.  (5),  the  stress  function  is  found  to  be 
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In  Eq.  (8)  a is  the  applied  average  axial  compres- 
sive stress. 


Potential  Energy 


The  total  potential  energy  of  the  system  consists  of 
the  potential  energy  of  the  applied  load  and  the  internal 
strain  energy  in  the  cylinder.  There  are  two  parts  in  the 
strain  energy,  the  membrane  strain  energy  TJm  and  the 

bending  strain  energy  U^.  They  can  be  expressed  as 

2 nr 

[(ox  + CTs)a-  2{1+v)(cxas  - Txsa)]  dxds 

(9) 


and 

(10) 


in  which  D = (1 /l2)  Et®/(l-va) 
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From  Eqs.  (3)»  (it-) » (7),  (8),  (9)  and  (10),  the  total 
internal  strain  energy,  , is  found  to  be 


U±  = (*EtsL/r)  .|a8(aK7)  - 8b)a/l28  + a *Kar^[i*/l26 
+ a*  (2abK7}-l)*P  *A  + a^K8*)8  P 8 
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The  potential  energy  of  the  axial  load  applied  to  the 
ends  of  tne  cylinder,  TJ&,  can  be  expressed  as 
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The  integral  in  Eq.  (12)  gives  the  total  end  shortening  in 
the  axial  direction.  Prom  the  first  of  Eqs.  (1)  and  the 
first  of  Eq.  (1;),  the  integrand  is  found  to  be 
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If  e is  defined  as  the  average  unit  end  shortening  in 
the  axial  direction  or  the  ratio  of  the  total  end  shorten- 
ing and  the  cylinder  length,  it  is  found  that 


(er/t)  = (or/Bt)  + a8K?fca  (1  + 8ba)/8  (14) 

In  carrying  out  the  integral  in  Eq.  (12),  it  is  assumed 
t I»x  and  that  the  initial  and  defonned  axial 

wave  lengths  are  small  compared  to  the  entire  length  of 
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the  cylinder. 


Determination  of  Parameters 


The  deflection  parameters,  expressed  in  terms  of  a, 
b,  7)  and  p.,  may  be  determined  by  the  principle  of 
stationary  potential  energy.  When  the  total  potential 
energy  of  the  system,  TJ^  + Ua,  is  made  stationary  for  a 

small  variation  of  each  of  the  four  parameters,  the  follow- 
ing four  simultaneous  algebraic  equations  are  obtained: 


(aX n - 8b)  [aJ)(l+K)  - 8b]  + a2KJ)aii4(l  + K)  + 32* 

(2abK7)  - l)|2abT)(l  + K)-lJ  P * + 128  aabaJl8K  . 

(1  + K)P  a + 2AaT)  a f~Qa  + Q 8 + Q 2 + Q 8 + 
si  o L ii  as  ia  si 

6i|.b2  (Q^2  + Q4a)J  + 8*)a[(l  + ii3)*  + 32bap,*J/3(l-va 


) 

(15) 


b = aK7)[(l/8)  + P^a]  \ JjL  + 2aaKaTJa(Pia  + Paa) 

+ 2Aarj  2 (Q  * + Q,  a)  + lj.nan4/3(l-va) 
o '33  44 

- 4(or/tt)7)Kna]  (16) 

aaKaT)  (1  + ^*)  - 8abK  + 61pabK(2abK7)  - 1)P  a 
+ 128  aabaKa7)  P 8 + 2Aa7)  *<a  / Q,  3 [~u  (p.  + 

31  O 82  L-  O O 
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+ 1 + / (n-ti0)8  - \*[>0(^0)  + /( M—M- 0)* 

+ QaJ  - 1 + *<]  /(^  + ^0)° 

“ Ql«  - ^0)  - 1 - •<]  A\>-  + ^0)8 

+ (128  A*bano  ^*/ix8)|[ii0(2ti  + -t|io)  + *2 

- [^(2^  - Q ) - -<]  Qs*  | 

+ 8T)  [(1  + ii8)8  + 32  b»v]/3(l  - v*) 

- 16  (ar/Et)  K^a  (1  + 8b2)  * 0 ' (17) 


a.»-K*Tp\ia/32  + (2abK0  - 1)2P  °/n* 
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+ lj.a8baKat)a  P V^S+  (A**) 
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(i  - «o  £n0(n  - -<n0)  + i - - iiQ)a 

+ (1  + «< ) £U0 ( |A  + *\iQ)  + 1 + *jQa®/(M.  - H0) 

+ (1  + *<)[jL  + «<  - ^(p.  - 

+ (1  - -C) Ql  - *<  - + ^oOQai/(^  + 

+ (l^2b2tJo24ia)<jj*  - n0(2ti  - ^|i0)]Q 
+ [*  * H0(2n  + ^0)]  Q4®| 


3 

33 


vooH^r 


+ T)ap  [l  + pa+  32bapaJ  /12(1  - va) 
- ( o r/fet ) KTfci  ( 1 + 8ba ) /2  = 0 


(18) 
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In  the  variational  procedure,  it  is  considered  that  a = 
constant,  the  case  of  dead-weight  loading.  The  deflection 
parameters  for  a given  load  may  now  be  determined  by 
solving  Eqs . (15)  bo  (Id)  simultaneously.  The  following 
procedure  of  obtaining  numerical  solutions  is  considered. 

Eq.  (16)  is  first  used  to  eliminate  b from  the  other 
three  equations.  The  values  of  the  parameters.  A,  aQ,  7)0 

and  pQ  defining  the  initial  imperfections  are  preassigned. 

For  assumed  values  of  a,  f],  and  p,  a value  of  a may 
be  computed  from  each  of  the  three  equations.  The  correct 
set  of  a,  p,  and  yields  the  same  a value  from  each 
of  the  three  equations.  For  a fixed  value  of  a,  a pair 
of  7)  and  p may  be  found  by  systematic  coarse  scanning 
such  that  the  three  corresponding  values  of  c are 
reasonably  close  to  each  other.  Then  by  keeping  one  of 
the  two  parameters  constant  and  adding  a small  increment 
to  the  other  one,  the  effects  of  the  increment  on  the 
a -values  are  determined.  Knowing  these  effects,  a new 
pair  of  7)  and  p may  be  extrapolated.  This  process 
may  be  repeated  until  a pair  of  7]  and  p values  are 
found  such  that  the  three  o -values  agree  with  each  other 
to  within  a desired  accuracy. 

For  a fixed  value  of  a,  there  may  be  more  than  one 
set  of  7).,  p and  a values  satisfying  the  three  equa- 
tions. Knowing  a set  of  a,  71,  p and  o values,  the 
corresponding  values  of  b and  (er/t)  may  be  calculated 
by  Eqs.  (16)  and  (llj.) . The  entire  procedure  may  be  re- 
peated for  a suitable  number  of  a- values.  The  computation 
involved  in  this  method  of  solution  was  programmed  by  the 
Fortran  language  on  an  IBM  1620  digital  computer. 


NUMERICAL  RESULTS  AND  DISCUSSIONS 

The  numerical  results  of  the  solution  of  Eqs.  (15)  to 
(18)  for  a number  of  cases  are  shown  in  Figs.  1 to  6 as 
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functions  of  the  unit  end  shortening  parameter  (tr/t). 

For  comparison,  the  (oijfet)  vs  (er/t)  relationship  of  a 
perfect  cylinder.  Case  I:  A = 0,  V = 0,  Is  also  shown 

in  Fig.  1.  For  this  case,  the  minimum  value  of  the  applied 
stress  in  the  postbuckling  region  is  o = 0.193  (Et/r)  at 
p.  * 0.397  and  (er/t)  * O.I4.62.  These  results  compare 
favorably  with  the  corresponding  results  ot  o - 0.195 
(Et/r)  at/  y.  = O.I4.O  by  Leggett  and  Jones  5 and  - 
Michielsen.  The  minimum  stress  obtained  by  Kempner  , by 
using  five  parameters  in  the  variational  procedure,  is 
0.182  (Et/r;  at  \i  ■ 0.362.  Fig.  1 shows  the  departure 
of  the  results  by  the  present  analysis  and  that  of 
Michielsen®  in  the  region  (er/t)>0.5*  The  difference  is 
due  to  the  deformation  functions  employed  in  the  two 
analyses  being  slightly  different.  The  results  of  the  pre- 
sent analysis  in  the  region  (er/t)  >0.5  practically  coin- 
cide with  that  by  Kempner7.  The  variations  of  the  de- 
flection parameters  with  unit  shortening  for  this  case  are 
shown  in  Fig.  2. 

Fig.  1 also  shows  the  (or/fet)  vs  (er/t)  curves  of 
three  other  cases  having  essentially  definite  initial  im- 
perfections. These  curves  deviate  only  slightly  from  that 
of  the  perfect  cylinder.  It  is  also  to  be  noted  that  the 
values  of  the  parameters  defining  the  initial  imperfections 
are  in  the  critical  ranges  of  the  deflection  parameters 
giving  the  shapes  of  the  deformation  waves  of  the  perfect 
cylinder.  The  maximum  applied  stress  for  Case  II  is 
0.621  (Et/r).  For  cases  III  and  IV  It  *is  0.617  (Et/r). 
These  maximum  stresses  are  slightly  higher  than  the  criti- 
cal value  of  0.605  (Et/r)  for  the  perfect  cylinder.  It 
indicates  that  definite  initial  imperfections,  at  least, 
of  the  type  considered  do  not  cause  lower  buckling 
stresses.  However,  the  characteristics  of  the  curves  in 
Fig.  1 indicate  that  the  imperfect  cylinders,  when  subject 
to  external  disturbances,  may  become  unstable  at  critical 
stresses  less  than  the  maximum  applied  stresses  and  snap 
through  into  other  states  of  equilibrium  which  are  connect- 
ed with  considerably  smaller  axial  loads.  But,  it  is  to  be 
noted  that  the  imperfect  cylinders  II,  III  and  IV  are  com- 
paratively more  stable  than  the  perfect  cylinder.  The 
curves  indicate  that  a comparatively  larger  amount  of  ex- 
ternal disturbance  may  be  needed  to  cause  the  snapthrough 
bucklings  of  the  imperfect  cylinders  than  that  of  the 
perfect  cylinder. 
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Although  the  (or/fct)  vs  (cr/t)  curves  of  the  imper- 
fect and  perfect  cylinders  appear  to  be  similar,  their 
deflection  parameters  do  not  vary  in  a similar  manner. 

Pig.  3 shows  the  variations  of  the  deflection  parameters 
with  unit  end  shortening  for  Case  II,  which  are  similar 
to  that  of  Case  I.  However,  the  variations  of  the  de- 
flection parameters  with  unit  end  shortening  for  Case  IV, 
shown  in  Pig.  k*  (similar  results  for  Case  III)  are  quite 
different  from  the  other  two  cases.  It  indicates  that  the 
initial  imperfections  may  affect  the  buckling  process  of 
a cylinder.  It  also  indicates  that  the  following  two 
buckling  processes  are  possible.  In  the  early  sbage  of 
buckling,  a cylinder  may  defomn  with  a comparatively  small 
number  of  waves  of  comparatively  large  amplitudes  (Case  II) 
or  a cylinder  may  deform  with  a comparatively  large  number 
of  waves  of  comparatively  small  amplitudes  (Case  IV) . 

Pig.  5 represents  the  influences  of  the  imperfection 
factor.  V.  (V  = 2a  ),  on  the  behavior  of  an  axially  com- 
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pressed  cylinder.  The  segment  of  Curve  1 in  solid  line 
was  obtained  by  the  process  previously  described.  The 
minimum  applied  stress  Indicated  by  Curve  I Is  0.187 
(Et/r)  at  (sr/t)  = O.lj.51  and  n * 0.31|.9.  In  the  region 
of  the  dotted  line  of  Curve  1,  an  exhaustive  search  did 
not  produce  a set  of  parameters  that  satisfies  the  three 
simultaneous  equations.  However,  other  sets  of  parameters 
that  yield  points  in  the  (or/fct)  vs  (er/t)  plane  above 
Curve  1 were  found.  This  difficulty  may  be  due  to  the 
insufficient  number  of  terms  included  in  the  deflection 
function. 


Curve  2 in  Fig.  5 was  obtained  by  using  the  following 
deflection  function  previously  employed  by  Looi^. 


w = a't 


On  as 


sin 


Ttx 

*1 


* b*  (cos  . l)  + d'J  (19) 


It  may  be  shown  that  the  total  potential  energy  of  a 
cylinder  having  the  initial  imperfection  given  by  Eq.  (6) 
and  the  deflection  given  bv  Eq.  (19)  may  still  be  expressed 
by  Eqs.  (11),  (12),  and  (llj.)  provided  that  a is  replaced 
by  a*  and  b is  replaced  by  ( — b • ) in  these  equations. 
By  using  a numerical  procedure  identical  to  the  previous 
one.  Curve  2 in  Pig.  5 as  well  as  the  variations  of  the 
parameters  with  unit  end  shortening  shown  in  Pig.  6 were 
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obtained.  For  comparison.  Fig.  5 also  shows  the  results 
by  Lool2  for  cases  of  V = 0 and  V = .2  . These  results, 
which  compared  reasonably  well  with  that  of  the  present 
analysis,  were  obtained  by  assuming  the  constant  values 
of  T)  and  p given  by  the  classical  small  deflection 
theory.  It  is  to  be  noted  that  the  values  of  a*  in  Fig. 6 
are  much  less  than  the  values  of  a of  the  Cases  I to  IV. 
It  is  also  to  be  noted  that  the  values  of  7)  and  p in 
Fig.  6 are  close  to  the  corresponding  values  predicted  by 
the  small-deflection  theory.  The  results  also  indicate 
that  the  number  of  waves,  given  by  7),  decreases  in  the 
later  stage  of  the  buckling  process.  This  has  also  been 
indicated  by  Von  Karman  and  Tsien4-. 


CONCLUDING  REMARKS 


The  foregoing  analysis  and  numerical  results  indicate 
that  the  theoretical  axial  buckling  stresses  of  cylinders 
having  definite  Initial  imperfections,  at  least  of  the 
periodic  type  considered,  are  not  necessarily  lower  than 
that  of  a perfect  cylinder.  In  other  words.  It  is  possible 
that  certain  types  of  definite  initial  deviations  may 
increase  the  buckling  resistance  of  a cylindrical  shell. 

!Hie  Imperfection  factor  introduced  by  Donnell ^ leads  to 
lower  theoretical  buckling  stresses.  However,  the  physical 
meaning  of  the  factor  needs  further  clarification. 

The  usage  of  the  imperfection  factor  implies  the 
following  assumption.  The  initial  imperfections  may  be 
described  by  an  infinite  double  Fourier  series  having  all 
terms,  each  of  which  is  a function  of  the  space  coordinates 
only,  of  equal  amplitude;  the  terns  interact  with  the 
deflection  function,  a function  of  the  space  coordinates 
and  the  applied  load  one  at  a time.  However,  the  present 
analysis  indicates  that  all  the  terms  may  interact  with 
the  deflection  function.  The  interactions  may  not  neces- 
sarily reduce  the  theoretical  buckling  stress. 

It  has  also  been  found  that  two  theoretical  buckling 
processes  are  possible.  In  the  early  stage  of  buckling, 
a cylinder  may  deform  with  a comparatively  large  number 
of  waves  of  comparatively  small  amplitudes  or  it  may  deform 
with  a comparatively  small  number  of  waves  of  comparatively 
large  amplitudes. 
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It  is  obvious  that  further  research  on  the  effects  of 
initial  imperfections  and  the  process  of  buckling  is  need- 
ed. The  theoretical  analysis  may  be  improved  by  consider- 
ing (a)  higher  order  terms  in  the  strain-displacement  re- 
lationships and  the  equilibrium  equations,  and  (b)  more 
accurate  descriptions  of  the  initial  imperfections  and  the 
deflection.  Prom  the  present  analysis,  it  appears  that 
aperiodic  as  well  as  periodic  functions  should  be  used  to 
describe  the  initial  imperfections  and  the  deflection. 

A great  deal  of  mathematical  difficulty  is  expected 
in  any  theoretical  refinement.  They  may  be  alleviated, 
however,  if  the  theoretical  development  is  guided  by 
refined  experiments.  Most  of  the  experimental  results 
available  in  the  literature  are  usually  presented  in  terms 
of  only  the  critical  buckling  load  and  the  final  mode  of 
buckling.  New  experimental  results  on  the  complete  devel- 
opment of  the  buckling  stress  pattern,  prebuckling  and 
postbuckling,  may  provide  a physical  basis  for  a better 
theoretical  insight  into  this  difficult  problem. 
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Classical  Theory 


Case  A y,  i]#  V 
I 0 0 0 0 

H 2 .2  I -01 

HI  .2  .2  .1  .01 

EZ  .5  .2  .1  .01 
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Figure  3 . - Variation  of  deflection  parameters  with  unit  end  shortening. 
Case  II:  A = .2;  = 1.0;  = .2;  V * .01. 


Figure  1+.-  Variation  of  deflection  parameters  with  unit  end  shortening. 
Case  IV:  A * .5;  T)0  - .1;  nQ  . .2;  V * .01. 


163 


A REPORT  ON  THREE  SERIES  OF  EXPERIMENTS  AND 
THE  DESCRIPTION  OF  A SIMPLIFIED  MODEL  OF  THE  THIN 
WALL  CYLINDER  AND  CONE  BUCKLING  MECHANISM 
By  Octavio  G.  S.  Ricardo 
Institute  Tecnologico  de  Aeronautica,  Brasil 


SUMMARY 


Three  series  of  experiments  were  performed  to  investigate  the 
nature  of  the  buckling  phenomenon.  They  were:  a)  Influence  of  an 

increasing  dimple  on  the  buckling  load  of  a cylinder;  b)  investigation 
of  the  strain  distribution  on  one  cylinder,  after  one  or  more  waves  were 
imposed  on  it;  c)  measurements  of  lateral  deflections  at  buckling . The 
results  of  such  experiments  give  some  support  to  the  idea  of  a buckling 
model,  which  can  be  of  eventual  Interest  to  the  thin  wall  cylinder  and 
cone  buckling  problem,  where  a non-linear  system  (the  buckled  band)  is 
considered  in  series  with  a linear  system  (the  unbuckled  portion  of  the 
cylinder,  plus  the  testing -machine ) . 


INTRODUCTION 


The  classical  literature  that  deals  with  the  mechanism  of  buckling 
of  thin  wall  cylinders  presents,  in  the  post -buckling  region,  a non- 
linear relation  between  axial  load  and  axial  deflection,  in  such  a way 
that  large  lateral  deflections  of  the  cylinder  wall  correspond  to  a 
large  decrease  of  the  load  with  which  the  cylinder  reacts  to  an  increasing 
imposed  shortening.  (Buckling  is  considered  here  in  its  engineering 
sense,  i.e.,  collapse).  These  lateral  deflections  increase  from  zero  to 
large  finite  values  following  a continuous  curve,  corresponding  to 
(unstable  or  stable)  equilibrium  conditions.  Therefore,  this  curve  always 
starts  at  the  classical  value  K ^ 0.6. 

These  infinitesimal  lateral  deflections  are  always  associated  with 
membrane  and  bending  stresses. 

However,  it  is  possible  to  imagine  that  the  axial  shortening  imposed 
on  the  cylinder  could  be  absorbed  by  its  walls  taking  an  almost  develop- 
able polyhedral  configuration  (developable,  except  at  its  vertices),  in 
which  the  membrane  strain  energy  could  be  relatively  small  in  compari- 
son to  the  bending  energy  stored  at  the  diamond  borders.  In  this  way 

Preceding  page  blank 


the  total  strain  energy  (and  the  load)  could  possibly  be  smaller,  and 
the  resulting  load  vs.  strain  curve  would  become  independent  of  the 
classical  buckling  load  at  K * 0.6.  Buckling  would  be,  in  this  way,  a 
discontinuous  process,  with  the  cylinder  jumping  from  a first  mode 
(simple  compression)  of  absorbing  the  axial  shortening,  to  a second  mode 
(a  polyhedral  buckled  band,  plus  an  unbuckled  region  of  the  cylinder). 
Thus,  this  second  mode  could  be  entirely  independent  of  the  first  one. 

In  order  to  investigate  this  possibility,  the  experiments  decribed 
below  were  performed,  and  some  support  to  this  approach  was  obtained. 

A very  much  simplified  model  of  the  cylinder  and  cone  buckling  phenome- 
non was  studied,  yielding  simple  and  interesting  results,  which  may 
eventually  be  useful.  This  model  enables  one  to  explain  the  buckling 
problem  without  the  necessity  of  supposing  a Jump  over  the  "energy  hump". 


SYMBOLS 


A semi-vertex  angle  of  the  cone 

d distance  between  recording  points 

£ Young 1 s modulus 

H height  of  the  cylinder 

J see  figure  6 

K coefficient  for  the  collapse  of  a cylinder 

k H/R 

n number  of  sides  of  the  basic  polygon  of  the  buckled 

cross-section 

nQ  value  of  n that  minimizes  the  bending  energy 

P axial  force  on  the  cylinder 

Q lateral  force  acting  on  the  cylinder  wall 

R radius 

t wall  thickness 

U strain- energy 

6 axial  shortening  of  the  cylinder  or  cone 

e ratio  of  the  shortening  to  the  height  of  the  cylinder 

e ratio  of  the  shortening  to  the  average  radius  of  the  buckled 

band  (cone  case) 

T)  lateral  deflection  of  the  cylinder  wall 
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a compressive  stress 

Subscripts: 
b for  bending 

c for  simple  compression 

l for  linear  system  (unbuckled  portion  of  the  cylinder,  plus 

the  testing- machine) 


EXPERIMENTAL  RESULTS 

influence  of  a s™»i  i increasing  dimple  on  the  collapse  load  of 
cylinders.-  A constant  lateral  force  Q was  imposed  on  the  wall  of  mylar 
cylinders,  and  the  lateral  deflections  q at  the  loading  point  were 
measured  when  the  axial  load  P on  the  cylinder  increased.  The  collapse 
load  was  also  measured.  In  this  way,  fig.  1 was  obtained.  It  can  be 
seen  that  dimples  of  depth  to  about  one  wall  thickness  do  not  affect  the 
collapse  load.  Larger  dimples  cause  one-wave  initial  buckling,  which 
brings  the  collapse  load  to  a lower  level,  where  it  remains  practically 
unaffected  by  further  very  large  imposed  lateral  deflections.  When  two 
or  three  initial  waves  appeared,  they  gave  similar  results.  Cross -plots 
of  these  P,Q,tj  graphs  were  also  obtained,  and  they  show  the  distinct 
regions  of  one,  two,  and  three  initial  waves,  and  collapse. 

These  graphs  seem  to  show  very  strongly  that  for  R/t  - 300,  col- 
lapse has  a discontinuous  nature.  Also  it  appears  that  if  an  initial 
local  imperfection  is  to  affect  collapse,  the  width  of  the  initial 
imperfection  has  to  be  larger  than  a critical  value. 

Similar  experiments  were  performed  at  various  points  around  the 
cylinder,  «nH  they  called  attention  to  the  Influence  of  a non-uniform 
compression  stress  distribution  on  the  one-wave  initial  buckling. 

Strain  measurements.-  A mylar  cylinder  with  t » 0.010  in. , 

R/t  ■ 250,  and  H - 12  in.  was  loaded  with  ~70%  of  the  collapse  load. 
Twenty-four  half -diamond  waves  were  imposed  simultaneously  on  one  section, 
simulating  a buckled  band  (i.e.,  two  dodecagons,  out  of  phase).  Properly 
placed  strain-gages  picked  up  the  induced  longitudinal  and  transverse, 
direct  and  bending  strains.  Because  the  strain-gage  length  and  stiffness 
mnd»  it  impossible  to  measure  the  crests  of  the  bending -strain  curves  at 
the  Hi amond  borders,  only  qualitative  conclusions  were  possible.  How- 
ever, it  can  be  said  that  close  to  the  polyhedral  band,  the  bending 
energy  is  much  larger  then  the  change  that  occurs  in  the  compression 
energy,  when  the  waves  are  imposed  on  the  wall. 
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When  only  one  wave  was  imposed,  and  in  spite  of  the  experimental 
difficulty  mentioned  above,  the  bending  energy  was  ~10  times  the  change 
of  the  compression  energy,  in  a region  close  to  the  wave;  and  they  were 
about  equal  at  a section  4 in.  away  from  the  center  of  the  wave. 

It  was  also  dear  that  most  of  this  bending  energy  had  to  be  provided 
by  the  elasticity  of  the  loading  device. 

Recording  of  the  lateral  deflections  at  collapse.-  The  aim  of  these 
experiments  was  to  try  to  record  the  cylinder  wall  movements  at  collapse, 
and  to  interpret  them  from  the  point  of  view  of  the  continuity  of  the 
budding  process.  In  particular  it  was  desired  to  detect  any  evidence 
of  the  existence  during  the  "jump"  of  the  unstable  equilibrium  stage, 
which  corresponds  to  Tsien's  "hump"  problem.  Eight  nylar  cylinders  were 
studied,  with  R - 2.2  to  4.8  in.,  t * 0.007  ~ 0.010  in.,  H * 4.3  in. 
Their  ends  were  embedded  in  "cerrolow"  metal.  Ten  small  eye-pins  were 
cemented  to  the  wall,  at  the  same  height,  and  each  one  connected  to  a 
special  wire  potentiometer.  The  signals  were  recorded  by  a ten- channel 
recording  oscillograph.  Obviously,  this  arrangement  provided  an  appre- 
ciable lateral  support  to  the  wall  (the  friction  was  ^8gr  for  each  chan- 
nel). Therefore,  the  height  of  the  cylinder  had  to  be  kept  small,  and 
the  load  had  to  be  applied  a little  off  the  center,  in  order  that  the 
buckled  band  would  occur  at  the  studied  section. 

About  50  recordings  were  performed,  with  very  consistent  results. 

Fig.  2 shows  the  recording  paper  of  Exp.  no.  190,  with  R « 4.75", 
t » 0.007”,  d * 1.18".  No  initial  waves  were  present,  and  the  buckling 
occurred  simultaneously  along  the  studied  section.  It  can  also  be  seen 
from  fig.  2 that  0.01  sec.  after  collapse,  the  cross-section  was  already 
a 10-  or  11-sided  polygon,  and  Its  shape  changed  to  an  8-  or  10-sided 
polygon  after  further  shortening  was  imposed  on  the  cylinder  (the  testing- 
machine  was  not  immediately  stopped).  No  evidence  was  found  of  an  inter- 
mediate polygon  between  the  circle  and  the  U-sided  one. 

Fig.  3 shows  the  recording  paper  of  Exp.  no.  152,  with  R » 4.75", 
t - 0.010",  d * 1.18".  Initial  waves  can  be  seen  at  channels  2,  4,  5, 

6,  but  apparently  they  had  not  much  influence  on  the  mode  of  collapse. 

It  is  interesting  to  note  that  all  these  channels  reversed  their  senses 
at  collapse.  This  is  a strong  Indication  that  the  mode  of  deflection 
at  collapse  is  independent  of  initial  small  irregularities. 

Fig.  3 also  shows  the  cross-sections  drawn  according  to  the 
observed  final  configuration  of  the  cylinder.  The  studied  section  stayed 
at  half -height  of  the  buckled  band,  shoving  a polygon  with  twice  the  num- 
ber of  sides  of  the  basic  one. 

The  results  of  the  other  experiments  generally  confirmed  these 
conclusions . 
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A SIMPLIFIED  MODEL  FOR  THE  BUCKLING  MECHANISM 


Bending  energy  of  the  buckled  band.  - Following  the  lines  presented 
above,  the  bending  energy  of  the  buckled  band,  corresponding  to  large 
lateral  deflections,  can  be  easily  estimated  if  simplifying  assumptions 
are  made. 

The  simplest  mode  of  buckling,  which  can  be  observed  experimentally 
if  a "stiff"  machine  is  used,  is  obtained  if  the  buckled  portion  of  the 
cylinder  or  cone  is  considered  to  be  a band  of  2 n triangles  (fig. 4). 
These  triangles  are  half -diamonds,  but  the  other  halves  are  not  con- 
sidered, because  they  involve  only  relatively  large  radii  of  curvature. 
The  bending  energy  is  assumed  to  be  stored  at  the  borders  of  such  tri- 
angles, and  at  the  vertices,  where  the  radii  are  small  and  assumed  con- 
stant. Two  non-dimensional  parameters  have  to  be  empirically  estimated, 
and  they  are  N and  y as  shown  in  fig.  k.  The  angles  are  estimated 
from  the  geometry. 

The  bending  energy  is  minimized  for  n.  Then,  for  a family  of 
cylinders  with  k * k,  one  obtains. 


Uk  - ZL.SEt-^e1/} 
D b 

(i) 

- TO  £ S2/3 

(2) 

For  simple  compression: 

Uc  - tatRftEef 

(3) 

Pc  a 2jrERQt€c 

(*0 

Two  modes  of  absorbing  axial  shortenings.-  The  axial  shortening 
imposed  on  the  cylinder  can  be  absorbed:  a)  by  simple  compression  or 

b)  by  two  systems  in  series:  a non-linear  system  consisting  of  the 

buckled  band,  and  a linear  system  consisting  of  the  unbuckled  portion  of 
the  cylinder  (or  cone),  plus  the  testing-machine . The  mechanism  of  the 
collapse  would  be,  for  this  simplified  model,  the  mechanism  of  "jumping" 
from  the  first  to  the  second  mode  of  absorbing  the  axial  shortening. 

The  second  mode  is  controlled  by  the  equilibrium  or  minimum  energy 
condition  (after  collapse): 


PC  - Pb 


(5) 
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This  condition  allows  a graphical  solution  for  (uc  + after 
collapse,  and  the  "Jump"  can  occur  when  the  (Uc  + U5)  curve  crosses  the 
Uc  curve  for  the  first  mode  alone. 


Fig.  5 shows  two  solutions  for  the  same  cylinder.  In  a rigid- 
machine  K * O.jk.  In  a "soft"  machine  (assumed  in  this  example  20  times 
more  flexible  than  the  cylinder  alone,  as  in  the  case  where  a dynamom- 
eter is  inserted)  K * 0.11. 

The  same  process  can  be  applied  to  cones,  using  the  equations  shown 
in  fig.  U.  A graph  was  made  for  the  "soft"  machine  case,  with  results 
of  the  same  order  of  magnitude  as  in  ref.  1.  The  results  of  ref.  2 are 
about  twice  as  large  as  the  estimated  ones.  However,  their  trends  coin- 
cide for  A and  Rm/t,  while  the  graph  over-emphaslzes  the  influence  of 
Rg/Ri.  (Note  that  the  experiments  of  ref.  2 apparently  were  not  performed 
with  a "soft"  loading  device). 


For  the  internal  pressure  case,  the  same  reasoning  was  applied,  with 
waves  disposed  along  one  helix  around  the  cylinder.  The  nain  parameter 

was  found  to  be  jgfrj  , and  the  results  were  of  the  same  order  of  magni- 


tude as  the  experimental  ones,  for  small  values  of  p,  while  the  assump- 
tion of  a developable  surface  remains  acceptable.  In  thiB  sense,  the 
role  of  high  internal  pressures  would  be  only  indirect,  changing  the  wave 
pattern  from  the  si most-developable  "diamonds”  involving  change  of  volume 
to  the  undevelopable  sinusoidal  surface,  involving  no  change  of  volume, 
with  large  membrane  strains.  K increases  accordingly,  until  attaining 
the  limit,  that  is  the  classical  value  K » 0.6. 


A possible  collapse  mechanism.-  The  minimum  strain  energy  theorem 
requires  that  if  a cylinder  and  a shortening  are  given,  there  16  only 
one  possible  value  no  for  the  number  of  sides  of  the  basic  polygon, 
no  decreases  as  the  shortening  increases.  A graph  can  be  made,  relating 
the  energy  levels  before  and  after  collapse,  the  lateral  wall  deflections 
(bounded  internally .by  Ji  and  externally  by  Je),  and  n<j  (fig.  6). 

The  graph  is  self-explanatory,  showing  the  regions  where  the  second  mode 
is  impossible,  possible  but  requiring  external  energy  ((Uc  + Ub)  > Uc), 
or  effective  ((Uc  + Ujj)  < Uc). 

In  terms  of  the  "energy  hump"  idea,  the  cylinder  would  pass  through 
an  unstable  equilibrium  stage  before  reaching  the  stable  stage.  This 
unstable  stage  corresponds  to  a basic  polygon  with  a larger  number  of 
sides  (1^)  than  the  stable  one  (ns).  But,  when  changing  from  to  ns, 

some  points  have  necessarily  to  reverse  their  sense  of  motion,  while 
others,  which  stayed  motionless  during  the  first  stage,  have  to  move  now. 
It  is  more  likely  that  these  points,  which  start  at  or  cross  the  j * 0 
line  during  the  second  stage,  do  so  without  regard  to  the  first  stage. 
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Therefore,  the  strips  or  regions  corresponding  to  these  points  would 
buckle  directly  into  the  stable  lower  energy  level  configuration,  dragging 
the  adjacent  regions  or  strips  directly  to  the  ns  polygon.  The  process 

is  possible,  because  the  total  amount  of  energy  is  available.  In  this 
way,  the  waves  would  initiate  at  certain  points,  and  propagate  laterally 
until  completing  the  buckled  band  around  the  cylinder.  But  the  inter- 
mediate steps  (the  growing  waves)  would  only  be  dynamically  possible. 

The  process  would  be  intrinsically  discontinuous,  as  far  as  equilibrium 
positions  are.  concerned.  The  waves  would  grow  towards  a well  defined 
size  and  shape. 

This  explanation  agrees  with  the  experimental  results  mentioned 
before,  where  no  evidence  of  intermediate  polygons  was  found. 


SUGGESTIONS  FOR  FUTURE  RESEARCH 


<> 

At  the  ITA  Structures  Laboratory,  two  series  of  experiments  are 
being  prepared:  a)  an  investigation  on  the  influence  of  the  cylinder 

height  and  of  the  testing -machine  stiffness  on  the  collapse  loadj  b)  a 
correlation  between  lateral  deflection,  cylinder  load  and  vertical 
displacement . 
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Figure  5.-  Graphical  calculation  of  the  collapse  load. 


Figure  6.-  Graph  showing  the  changes  of  the  energy  level,  lateral 
deflection,  number  of  sides  of  the  basic  polygon,  when  a short 
ening  is  imposed  on  the  cylinder. 
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SOME  RESULTS  ON  BUCKLING  AND  POSTBUCKLING 
OF  CYLINDRICAL  SHELLS 
By  Joseph  Kempner 
Polytechnic  Institute  of  Brooklyn 


SUMMARY 


In  this  summary  paper,  the  effects  of  initial  deformations  on  the 
buckling  and  postbuckling  characteristics  of  circular  cylindrical 
shells  under  hydrostatic  pressure  is  determined  in  an  approximate  man- 
ner. The  influence  of  initial  axisymmetric  deformations  is  stressed. 
Also,  the  classical  buckling  of  an  axially  compressed,  noncircular 
(oval)  cylindrical  shell  is  studied.  The  results  show  that  the  major- 
minor  axis  ratio  of  the  cross  section  has  a marked  effect  on  the 
critical  load,  and  that  use  of  the  maximum  radius  of  curvature  in  the 
formula  for  the  classical  buckling  stress  of  a circular  cylindrical 
shell  leads  to  good  results  for  moderate  eccentricities. 


INTRODUCTION 

In  view  of  the  success  of  large-deflection  theory  in  revealing 
equilibrium  states  of  deformation  at  loads  considerably  less  than 
the  classical  buckling  load  for  axially  compressed  circular  cylinders, 
a large- deflect ion  analysis  of  cylinders  under  external  hydrostatic 
pressure  was  initiated  in  the  belief  that  similar  results  would  be 
obtained  in  this  case.  Such  results  would  help  to  explain  the  dis- 
crepancy between  theory  and  experiment  which  appeared  to  exist  for 
relatively  short  cylinders  (ref.  1). 

Hence,  the  postbuckling  behavior  of  initially  perfect  circular 
cylinders  under  external  hydrostatic  pressure  was  investigated  in  a 
manner  analogous  to  that  applied  in  previous  studies  of  axially  com- 
pressed cylinders;  i.e. , with  the  aid  of  the  Rayleigh- Ritz  procedure 
(ref.  2).  The  results  of  this  approximate  analysis  indicated  that 
stable  postbuckling  equilibrium  states  exist  for  pressures  greater 
than  as  well  as  less  than  the  critical  pressure  determined  from  clas- 
sical (small- deflection)  theory.  Postbuckling  pressures  less  than  the 
critical  pressure  were  found  to  exist  only  within  a finite  range  of 
a parameter  indicative  of  shell  geometry.  This  range  is  approximately 
that  found  in  reference  1 to  be  one  in  which  considerable  discrepancy 
between  experiment  and  theory  was  exhibited.  However,  the  calculated 


minimum  value  of  the  postbuckling  load  was  found  to  be  only  37*  less 
than  the  corresponding  classical  von  Hises  buckling  load,  while  ex- 
perimental collapse  pressures  are  as  little  as  60%  of  this  load.  These 
results  suggested  that  the  analysis  of  reference  2 should  be  extended 
to  include  the  effects  of  axisymmetric  and  asymmetric  initial  radial 
deformations  on  the  large- deflect ion  characteristics  of  circular 
cylindrical  shells  under  external  hydrostatic  pressure.  Initial  work 
on  this  problem  was  presented  in  reference  3.  The  first  part  of  the 
present  summary  paper  describes  this  and  subsequent  work  on  the  prob- 
lem, with  particular  emphasis  being  placed  upon  the  effects  of  Initial 
axisymmetric  deformations  on  the  buckling  and  postbuckling  charac- 
teristics. For  all  outward  initial  axisymmetric  deformations  and  for 
large  inward  initial  axisymmetric  deformations,  the  buckling  load  was 
found  to  be  greater  than  the  von  Hises  buckling  load  and  less  than  or 
equal  to  the  axisymmetric  small-deflection  buckling  load.  For  smaller 
inward  initial  deformation  amplitudes  of  the  order  of  the  shell  thick- 
ness, the  buckling  load  was  found  to  be  of  the  order  of  90%  of  the  von 
Mises  load. 

In  the  second  part  of  the  present  summary  a brief  description  of 
an  investigation  of  the  classical  buckling  of  noncircular  (oval)  cylin- 
drical shells  under  axial  compression  is  presented.  In  particular,  the 
effect  of  varying  the  eccentricity  of  the  oval  cross  section  of  cylin- 
ders having  different  ratios  of  the  mean  radius  to  thickness  is  stud- 
ied. The  results  show  that  within  the  framework  of  classical  theory  the 
use  of  the  maximum  radius  of  curvature  in  the  formula  for  the  classical 
buckling  stress  of  a circular  cylindrical  shell  yields  good  results  for 
moderate  eccentricities,  particularly  for  very  thin  shells. 


LARGE  DEFLECTIONS  OF  HYDROSTATICALLY  LOADED 
INITIALLY  IMPERFECT  CIRCULAR  CYLINDERS 


Analysis 

The  basic  relations  (i.e. , strain-displacement  relations,  stress- 
strain  laws,  energy  expressions)  applied  to  the  study  of  initially  im- 
perfect circular  cylindrical  shells  under  external  hydrostatic  pres- 
sure are  the  same  as  those  discussed  in  references  4 and  5.  The 
assumed  deflected  shape  is  prescribed  in  the  simplified  form  found  to 
be  adequate  for  initially  perfect  shells  in  reference  2,  i.e.,  it  con- 
sists of  the  sum  of  an  asymmetric  term  corresponding  to  small- deflect ion 
theory,  of  a purely  axisymmetric  term,  and  of  a term  independent  of 
the  shell  coordinates.  Thus,  the  inward  radial  displacement  w (due 
to  loads)  is  expressed  in  the  form 
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w/t  ■ £cp  - § cos  (TryAc)j  cos(ttx/L)  + 6 (1) 

in  which  t and  L,  respectively,  are  the  wall  thickness  and  length  of 
the  cylinder,  x is  the  axial  and  y the  circumferential  coordinate  of 
a point  on  the  median  surface  with  origin  at  the  midpoint  of  a genera- 
tor, and  cp,  §,  and  6 are  undetermined  deflection  parameters.  The 
quantity  X^  is  the  half-wave  length  of  circumferential  buckles  obtained 

from  the  limiting  case  of  vanishingly  small  asymmetric  wave  amplitudes, 
and  can  be  determined  from  the  results  of  small- deflection  theory 
(see  refs.  1 and  2).  Justification  for  fixing  the  value  of  X (and, 

hence,  the  number  of  circumferential  waves)  in  this  manner  was  given 
in  reference  2. 

The  edge  conditions  implied  by  equation  (1)  are  that  the  axial 
moment  resultant  vanishes  and  that  the  deflection  equals  the  uniform 
radial  displacement  t6  at  x * ±(L/2).  This  displacement  component  is 
included  in  equation  (1)  to  account  for  the  uniform  radial  contraction 
prior  to  buckling  assumed  in  classical  solutions  (ref.  1). 

It  is  further  assumed  that  the  cylinder  has  an  initial  radial 

deformation  w of  the  form 
o 

wQ/t  - jjPQ  - §o  cos  (TTyAc)J  cos  (ttx/L)  (2) 

in  which  and  cp^  are  independent  constants. 

Equations  (1)  and  (2),  together  with  an  approximate  expression  for 
the  stress  function  which  satisfies  the  nonlinear  compatibility  equa- 
tion, are  employed  in  the  determination  of  the  total  potential  energy 
of  the  hydrostatically  loaded  shell  (ref.  3).  Minimization  of  the  total 
potential  with  respect  to  the  three  deflection  parameters  leads  to  a 
set  of  three  nonlinear  algebraic  equations  which  are  used  to  determine 
the  nonlinear  load- deflection  characteristics  of  a given  family  of 
cylinders  for  prescribed  values  of  the  amplitudes  of  the  initial  defor- 
mation components.  These  equations  simplify  considerably  when  only 


axisymmetric  initial  deformations  are  present,  i.e.,  when  * 0.  They 
can  then  be  expressed  as 

Sf^S.cp.c^.p.B)  - 0 (3) 

cp  - f2(§,cpo,p,B)  (4) 

6 - f3(§,cp,p,B)  (5) 

in  which  the  functions  f^,  > ^2  are  ^ 8enera^  nonlinearly  dependent 
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upon  §,  <p,  cpQ,  as  well  as  on  the  hydrostatic  pressure  p and  the  cylinder 

parameter  B.  The  latter  quantity  is  defined  by  the  relation  B * 

(TT^/48)(Rt/L^)^/Cl-v^),  where  R.  is  the  cylinder  radius  and  v is  Pois- 
son's ratio. 


Equation  (3)  shows  that  either  the  asymmetric  deflection  amplitude 
§ is  identically  zero  or  * 0.  Consideration  of  the  first  of  these 

possible  solutions  together  with  equation  (4)  leads  to  a relation  for 
cp  which  corresponds  to  the  axisymmetric  small- deflection  solution 
w ■ v*,  where  (5  * 0) 

(6) 


w*/t  * 9Q^kp/(kp  -kp) J [cos  (ttx/L)- (2/tt) J + w 
c«  1 


in  which  the  load  parameter  k 


Tr2(R^/tL2)(p/E)  (E  is  Young's  modulus). 


and  k » 2[l-  (8/tt2)+4bJ  is  the  critical- load  parameter  corresponding 


c.l 

to  axisymmetric  small-deflection  buckling  (5  ■ 0,  <p  f 0,  6 j*  0 in 
eq.  (1),  and  cpQ  - 

of  the  prebuckled  state  when  (and  §q) 


0 in  eq.  (2)  ).  The  uniform  radial  displacement 

0 is  given  by  the  relation 


w/t  - k [l  - (v/2)J/[48(l  - v2)b] 


,1/2 


The  second  solution  of  equation  (3),  i.e. , ■ 0,  together  with 

equation  (4),  represent  two  simultaneous  nonlinear  algebraic  equations 
for  the  determination  of  the  finite  asymmetric  and  axisymmetric  deflec- 
tion amplitudes  § and  cp.  Elimination  of  cp  between  these  equations 
yields  a relation  which  is  of  third  degree  in  both  k^;  elimina- 

tion of  5 yields  a relation  which  is  of  third  degree  in  <p  and  linear 

in  k , 

P 


Results  and  Discussion 

Studies  of  the  two  solutions  described  above  show  that  during  the 
early  stages  of  loading  of  a given  cylinder  with  prescribed  initial 
axisymmetric  deformation  the  load-deflection  characteristics  are  those 
predicted^by^'stnall-deilection- theory  (eq.  (6)).  However,  at  a later 
stage  a bifurcation  point  exists,  after  which  both  the  axisymmetric 
small- deflection  solution  and  the  large- deflection  solution  (the 
latter  exhibiting  both  axisynmetric  and  asynmetric  components)  repre- 
sent possible  equilibrium  states.  The  load  corresponding  to  the  bi- 
furcation point  can  be  interpreted  as  a buckling  load  consistent  with 
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finite-deformation  theory.  Its  value  depends  upon  the  stresses  in  and 
the  deformations  of  the  cylinder,  which  in  turn  depend  upon  the  ampli- 
tude of  axisymmetric  initial  deformations. 


Upon  examination  of  the  solutions,  a cubic  equation  for  the  buck- 
ling loads  (the  bifurcation  points)  as  a function  of  the  initial  defor- 
mation amplitude  tpQ  and  cylinder  geometry  parameter  B can  be  readily 

determined  (ref.  3).  For  the  technically  interesting  range  of  cylinder 
geometry  in  which  the  von  Mises  (asymmetric)  buckling  load  is  less 
than  the  axisymmetric  small-deflection  buckling  load,  the  cubic  equation 
has  either  three  real  roots,  or  one  real  root  and  a pair  of  complex 
conjugate  roots.  In  the  former  case  two  of  the  roots  lie  below  and  the 
other  root  lies  above  the  small-deflection  axisymmetric  buckling  load. 
Such  results  are  shown  in  figure  1,  for  which  the  load  parameter  kp  has 
been  evaluated  at  the  bifurcation  points  and  designated  as  k . It 

pc.o 

may  be  seen  that  for  an  initially  perfect  cylinder  (<PQ  “ (WQ/ *")x*q  * 

the  cubic  equation  for  the  buckling- load  parameter  k yields  a double 

"c.o 

root  whose  value  is  equal  to  k and  a single  root  corresponding  to 

pc.l 

the  von  Mises  buckling  load  (designated  as  k in  fig.  1). 

* r* 


Stability  analyses  based  upon  the  second  variation  of  the  total 
potential  show  that  only  the  lowest  root  in  the  region  of  three  real 
roots,  and  no  root  in  the  remaining  regions,  correspond  to  stable  bran- 
ches of  the  large-deflection  solution.  Furthermore,  it  is  found  that 
the  lowest  root  can  take  on  values  not  only  significantly  less  than  those 
corresponding  to  the  axisynmetric  small- deflection  buckling  load  but 
also  to  values  less  than  the  von  Mises  load  for  small  inward  initial 
deformations.  For  large  inward  initial  deformations  and  for  all  out- 
ward initial  deformations,  the  buckling  load  is  found  to  be  greater 
than  the  von  Mises  load  and  less  than  or  equal  to  the  small-deflection 
axisymmetric  buckling  load  (i.e.,  k < k < k ).  The  manner 

pc  Pc.o  Pc.l 

in  which  k varies  with  cp  and  B is  shown  in  figure  2,  in  which  the 
P_  _ o 


extremities  of  the  region  in  which  k 


c.o 


takes  on  three  real  roots  are 


indicated.  For  inward  initial  deformation  amplitudes  limited  to  the 
order  of  the  shell  thickness,  the  lowest  buckling  load  varies  between 
90%  and  100%  of  the  von  Mises  load. 


The  postbuckling  characteristics  are  determined  from  solutions  to 
equations  (3)  to  (5)  for  § not  identically  zero.  Corresponding  results 
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are  Indicated  In  figure  3,  where  the  two  hyperbolic  branches  associated 
with  the  axisymmetrlc  small-deflection  solution  (see  eq.  (6))  and  the 
three  branches  of  the  large-deflection  solution  are  plotted  for  one 
value  of  B and  several  values  of  <p  . Only  the  lower  (k  < k ) of 

° p pc.l 


the  two  branches  of  the  small-deflection  solution  and  the  lowest  of 
the  three  biranches  of  the  large-deflection  solution  include  stable  and, 
hence,  physically  admissible  solutions*  The  other  branches  have  been 
included  in  order  to  display  the  nature  of  the  complete  solution  of 
equations  (3)  to  (5),  and  to  indicate  the  role  played  by  the  roots  k 

pc.o 


The  large- deflection  branch  of  the  solution  that  emanates  from  the 
lowest  of  the  three  real  bifurcation  points  for  given  values  of  B and 
cp^  is  of  two  types.  In  one  of  these,  the  load  first  decreases  in  an 

unstable  manner  with  Increasing  deflection,  reaches  a minimum  value,  and 

thereafter  exhibits  a stable  increase;  in  the  other,  the  load  monotonic- 

ally  increases  in  a stable  fashion.  The  lowest  curves  corresponding  to 

cp  « -0.05  and  cp  * 0.2,  respectively,  (see  figure  3)  are  examples  of 
o o 

the  two  forms  of  load- deflection  curves.  Thus,  while  both  types  of 
load- deflection  relations  afford  the  possibility  of  a snap- through  form 
of  buckling  at  pressures  in  the  regime  bounded  by  the  buckling  load 
k and  by  the  axisymmetrlc  small-deflection  buckling  load  k , the 
pc.o  pc.l 

former  type  also  presents  the  possibility  of  snap- through  buckling  in 
the  additional  region  bounded  by  the  minimum  postbuckllng  load  and  k 

pc.o 

Reference  3 and  the  results  of  additional  calculations  which  will  appear 
in  an  enlarged  report  based  on  reference  3 indicate  that  with  inward 
initial  deformations  of  the  order  of  the  wall  thickness  of  the  cylinder 
the  lowest  value  of  the  minimum  postbuckllng  load  is  of  the  order  of  90% 
of  the  von  Mises  buckling  load  for  the  range  of  B values  considered  in 
figure  2.  When  minimum  postbuckllng  loads  less  than  the  von  Mises  load 
exist,  they  correspond  to  loads  only  slightly  less  than  the  related 
buckling  loads  k • This  occurs  for  small  positive  values  Of  <P0,  i.e., 
Pc.o 

when  the  cylinder  is  initially  slightly  spool  shaped.  When  90  < 0 (!•*•» 


when  the  shell  is  barrel  shaped)  and  when  cp^  is  considerably  greater 
than  (cp  ) (see  fig.  2),  values  of  k can  be  found  which  consider- 


ably exceed  the  classical  von  Mises  buckling  load  (see,  for  example, 
ref.  3 and  fig.  2).  However,  in  such  cases  the  minimum  value  of  the 
postbuckllng  load  is  significantly  less  than  the  buckling  load  k 

pc.o 


and,  hence,  the  possibility  of  a snap-through  form  of  buckling  places 
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strong  restrictions  on  the  use 


of  k 

P 


c.o 


for  purposes 


of  design. 


For  values  of  exterior  to  the  region  bounded  by  (<?),  and  (q>  ) 
o o x o r 

in  figure  2 physically  admissible  bifurcation  points  do  not  exist.  How- 
ever,  stable  postbuckling  load-deflection  curves  can  be  found  for  these 
regions.  Such  curves  were  discussed  in  reference  3 and  will  be  dis- 
cussed in  the  subsequent  report  mentioned  previously. 


Current  studies  include  the  application  of  equations  (1)  and  (2) 
modified  by  the  addition  of  axisymmetric  terms  proportional  to 
cos  (3ttx/L);  see  ,fLarge  Deflection  Buckling  of  Initially  Deformed  Cir- 
cular Cylindrical  Shells  Under  Hydrostatic  Pressure”  by  A.  Misovec, 
Thesis  for  B.S.  (Aerospace  Engineering),  Polytechnic  Institute  of 
Brooklyn,  June  1962.  Such  terms  are  required  for  accurate  calculations 
of  axisymmetric  small-deflection  buckling  loads  when  B is  very  small, 
e.g. , for  long  cylinders,  (see  ref.  2).  Corresponding  values  of  k 

pc.o 

are  now  determined  from  solutions  of  a fifth  degree  polynomial.  Results 
to  date  indicate  that,  when  a cos (3ttx/L)- term  is  included  only  in 
equation  (1),  the  loop  curves  in  figure  2 are  replaced  by  curves  having 
two  connected  loops  (figure-eight  like)  the  lower  of  which  yields  values 
of  k in  good  agreement  with  the  physically  admissible  values  dis- 
Pc.o 

cussed  previously. 


When  the  initial  deformations  consist  either  of  an  asymmetric 
component  or  of  a combination  of  asymmetric  and  axisymmetric  compon- 
ents (see  eq.(2)),  the  load- deflection  curves  differ  from  those  des- 
cribed in  the  foregoing  (see  ref.  3).  Two  sets  of  such  curves  are 
displayed  in  figures  4 and  5 where  they  are  compared  with  the  results 
of  small -deflect ion  theory.  The  curves  corresponding  to  * 0 are 
taken  from  figure  3. 


The  load-deflection  curves  in  figures  4 and  5 are  seen  to  be 
analogous  to  those  obtained  from  the  large- deflect ion  theory  of  rec- 
tangular plates.  In  view  of  this,  no  clear  cut  buckling  criterion  can 
be  applied.  Rather,  a lower  limit  on  the  collapse  load  can  be  pre- 
scribed, for  example,  in  terms  of  the  von  Mises  yield  criterion. 


l8o 


BUCKLING  OF  AN  AXIALLY  COMPRESSED 
NONCIRCULAR  CYLINDRICAL  SHELL 


Analysis 

The  basic  relations  used  in  the  buckling  analysis  of  an  axially 
compressed,  noncircular  (oval)  cylindrical  shell  are  equivalent  in 
accuracy  to  those  of  Donnell.  In  the  present  work  the  median  curve  of 
the  doubly  symmetric  cross  section  of  the  cylinder  is  defined  in  terms 
of  its  curvature  1/r  which  is  expressed  as  a function  of  the  running 
perimetrical  length  8 in  the  following  form; 

1/r  * (l/rQ)J\  + q cos  (4tts/Lq)J  (7) 

where  q and  r are  constants,  the  former  being  a measure  of  the  eccen- 
tricity of  the  oval  and  obeying  the  inequality  |q|  < 1,  and  the  latter 
representing  the  radius  of  a circle  whose  circumference  L^  ■ 2 TTro  is 

equal  to  that  of  the  oval.  Equation  (7)  represents  a simplified  ver- 
sion of  a relation  used  by  Marguerre  in  reference  6.  The  limitation 
on  the  eccentricity  parameter  q is  imposed  in  order  to  restrict  the 
curvature  to  positive  values.  The  corresponding  major-minor  axis 
ratio  b/a  (see  fig.  6)  therefore  varies  between  1 and  2.06. 

The  analysis  is  performed  in  a manner  similar  to  that  described 
earlier  in  this  paper.  However,  the  assumed  deflection  function  is 
taken  in  the  form  (see  "Buckling  of  an  Axially  Compressed  Noncircular 
Cylindrical  Shell"  by  J.  Kempner  and  Y.-N.  Chen,  PIBAL  Rep.  in  pre- 
paration) 

00 

w/r  ■ cos  (nx/X)  £ A cos  (ns/r  ) (8) 

o n«0  n ° 

in  which  A is  a constant,  and  X represents  the  half-wave  length  of 

buckles  in  the  axial  (x)  direction.  The  origin  of  the  coordinate  s is 
the  same  as  that  implied  by  equation  (7),  i.e.,  either  at  an  end  of 
the  semi-major  axis  (when  q > 0)  or  at  an  end  of  the  semi-minor  axis 
(when  q < 0). 

Equation  (8)  represents  a solution  to  the  problem  of  a long  cyl- 
inder, i.e.,  one  for  which  edge  effects  are  negligible.  This  expres- 
sion for  w and  an  expression  for  the  stress  function  which  satisfies 
the  linear  compatibility  equation  are  used  to  calculate  the  total 
potential  energy  of  the  axially  compressed  cylinder.  Since  small- 
deflection  buckling  loads  are  sought,  only  quadratic  terms  are  re- 
tained. 


*_3  tO  r- I O CT\ 
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Minimization  of  the  total  potential  with  respect  to  leads  to  an 

infinite  set  of  simultaneous  homogeneous  linear  algebraic  equations  for 
each  value  of  This  set  is  separable  into  two  sets  corresponding  to 
n being  either  odd  or  even.  The  eigenvalues  of  this  system  correspond 
to  possible  buckling  loads.  Practical  calculations  are  performed  with 
truncated  sets  of  equations  containing  successively  larger  numbers  of 
terms  until  the  lowest  eigenvalue  is  determined  with  sufficient  accur- 
acy for  a selected  value  of  This  procedure  is  repeated  for  different 
selections  of  \ until  the  minimum  applied  stress  corresponding  to 
buckling  is  computed  with  satisfactory  accuracy. 


Results  and  Discussion 


Some  of  the  results  of  the  analysis  are  indicated  in  figure  6 in 


which  and  a ° respectively,  represent  the  applied  uniform  axially 

compressive  buckling  stress  of  the  oval  cylinder  and  of  a circular 
cylinder  having  the  same  wall  thickness  t and  circumferential  length  L . 
The  parameter  K which  enters  the  calculations  is  defined  as  K * ° 


[l2(l-v2)]1/2  <ro/t). 


The  results  show  that  for  a given  value  of  this 


parameter  the  buckling  stress  decreases  rapidly  with  increasing  eccen- 
tricity of  the  cross  section.  The  oval  cylinder  can  be  significantly 
weaker  than  a circular  cylinder  having  the  same  wall  thickness  and 
circumferential  length.  In  fact  the  dashed  line  in  figure  6 is  ob- 


tained by  letting  cr  * a*  , where  a*  r /Et 
7 ° cr  cr'  cr  max 


’3(1-v2)J"1/2 


0,  6 


and  from  equation  7,  r * r /(I  - Iqf  ).  Thus,  substituting  the 
n ’ max  o 

expression  for  the  maximum  radius  of  curvature  into  the  well-known 
relation  for  the  classical  buckling  stress  of  a circular  cylinder 
yields  a simple  expression  for  a lower  bound  on  the  buckling  stress  of 
the  noncircular  cylinder  (see  fig.  6).  The  corresponding  relation 

O*  /<j°  * 1 - |q|  is  also  determined  from  the  analysis  in  the  limit 

cr  cr  n 

when  K 


Determination  of  the  eigenvectors  corresponding  to  the  buckling 

stresses  in  figure  6 reveals  that  the  distortion  of  the  cylinder  is 

localized  about  the  ends  of  the  minor  axis,  i.e. , in  the  neighborhood 

of  r .A  typical  buckled  shape  is  indicated  in  the  sketch  in 
max 

figure  6.  For  a given  value  of  |q|  the  deformation  becomes  more 
localized  as  K increases. 
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FUTURE  RESEARCH 


In  the  problem  of  the  buckling  of  a hydrostatically  loaded  circu- 
lar cylinder  undergoing  large  deformations  the  need  exists  for  the 
introduction  of  assumed  deflected  shapes  more  extensive  than  those  con- 
sidered herein.  Such  work  should  include  the  consideration  of  boundary 
conditions  likely  to  be  met  in  practice,  e.g. , edge  supports  provided 
by  elastic  frames.  In  addition,  the  problem  of  the  initially  imperfect 
axially  compressed  circular  cylinder  should  be  examined  in  the  light  of 
the  present  analysis.  It  is  anticipated  that  if  such  calculations 
were  performed,  buckling  loads  corresponding  to  bifurcation  points  on 
the  prebuckled  axially  synmetric  load-deflection  curves  would  be  re- 
vealed. 

With  regard  to  noncircular  cylindrical  shells,  efforts  should  be 
directed  towards  the  attainment  of  as  complete  an  understanding  of  their 
behavior  as  now  exists  for  circular  cylinders.  The  use  of  different 
functional  representations  of  the  cross  section  should  be  examined. 

Stress  and  buckling  analyses  and  experiments  should  be  performed  for 
classical  load  and  boundary  conditions.  Some  such  work  is  currently 
being  performed  at  the  Polytechnic,  Including  the  problem  of  the  post- 
buckling  behavior  of  axially  compr eased  oval  cylinders.  Such  work 
should  serve  to  indicate  the  usefulness  of  results  such  as  those  presented 
in  figure  6. 


CONCLUDING  REMARKS 


A brief  summary  of  work  performed  on  the  problem  of  the  large 
deflections  of  initially  imperfect  circular  cylindrical  shells  under 
hydrostatic  pressure  as  well  as  on  the  problem  of  the  small-deflection 
buckling  of  a noncircular  (oval)  cylindrical  shell  under  axial  compres- 
sion has  been  presented.  The  results  of  the  first  problem  indicate 
that  initial  deformations  have  a significant  effect  on  the  buckling 
and  postbuckling  characteristics  of  hydrostatically  loaded  cylinders. 
The  results  of  the  second  problem  show  that  the  buckling  stress  of  an 
oval  cylinder  depends  strongly  on  the  amount  of  eccentricity  of  the 
cross  section,  and  that  a reasonable  estimate  of  this  stress  can  be 
obtained  by  the  use  of  the  formula  for  the  buckling  stress  of  an 
axially  compressed  circular  cylinder  having  a radius  equal  to  the 
maximum  radius  of  curvature  of  the  oval. 
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BUCKLING  OF  INITIALLY  IMPERFECT  AXIALLY 
COMPRESSED  CYLINDRICAL  SHELLS 
By  S.  Y.  Lu  and  William  A.  Nash 
University  of  Florida 

SUMMARY 


The  effects  of  imperfections  on  the  buckling  strength 
of  pressurized  cylinders  under  axial  compression  are  studied 
The  imperfection  factor  is  considered  in  the  finite-deflec- 
tion compatibility  equation,  as  well  as  in  the  equilibrium 
equation.  A new  relation  to  express  the  imperfection  as 
an  explicit  exponential  function  of  pressure  and  radius- 
thickness  ratio  is  proposed.  A method  for  finding  the 
exponential  function  is  described,  and  the  solution  for  the 
critical  stress  is  found  in  a fairly  simple  form.  The  re- 
lation of  decrease  of  stability  with  respect  to  magnitude 
of  imperfections  is  found. 


INTRODUCTION 


The  elastic  postbuckling  behavior  of  initially  perfect 
cylindrical  shells  subject  to  internal  pressure  together 
with  axial  compression  or  bending  has  been  discussed  in 
references  1,  2.  3,  and  4.  It  was  observed  that  the  avail- 
able test  results  (refs.  2,  3,  and  4)  were  lower  than  the 
critical  stress  found  by  the  analysis  in  reference  1.  On 
the  other  hand,  the  ratio  of  the  increment  of  critical 
stress,  due  to  the  internal  pressure,  to  the  critical  stress 
in  an  unpressurized  cylinder,  found  in  the  analysis  in  ref 
erence  1,  was  fairly  close  to  the  test  data  in  references 
2,  3,  and  4.  This  indicates  that  practically  no  shell  can 
be  considered  perfect  and  that  the  solution  to  the  "perfect 
shell  can  only  serve  as  an  upper  bound.  Therefore,  an  in- 
vestigation of  the  effect  of  imperfections  is  necessary. 
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The  influence  of  initial  imperfections  was  first  studied 
by  Donnell  in  1934  (ref.  5).  The  solution  for  cylindrical 
shells  under  axial  compression  was  later  carried  out  by 
Donnell  and  Wan  (ref.  6) . For  shells  under  external  pressure, 
the  effects  of  imperfections  and  finite  deflections  were 
studied  by  Nash  (ref.  7) , while  the  case  of  fixed  edges  was 
discussed  by  Donnell  in  1958  (ref.  8). 


SYMBOLS 


C index  in  the  exponential  function  defined  in 

equation  11 

D flexural  rigidity,  D = Et3/  12(1  - v2) 

E Young 1 s modulus 

F Airy  stress  function 

R radius  of  middle  surface  of  shell 

m,  n number  of  waves  in  axial  and  circumferential 

directions , respectively 

p internal  pressure 

t wall  thickness  of  shell 

w total  normal  deflection 

wA  initial  deflection 

x,  s co-ordinates  of  point  in  middle  surface  of  shell 

T w^/w,  imperfection  ratio 

a R/m2t 

t>  b3/ta 
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r 

V 


f 

a 

o 

cr 


n2/m2 

imperfection  coefficient  defined  in  equation  24 
Poisson’s  ratio,  v » 0.3 


d x' 


+ 2 


a4  a4 

a x2  a s2  a s4 


stress  parameter  defined  in  equation  18 
social  stress 


superscript  indicating  perfect  shell 
subscript  indicating  critical  condition 


s 


BASIC  EQUATIONS 


Let  w equal  the  total  radial  deflection?  the 

initial  imperfection  in  the  radial  direction;  and  F, 
the  Airy  stress  function.  The  strain-displacement  rela- 
tions are? 

r-  _ <$U  J-{_ o)a/N|  ± / S»/;\Z 

“5T3T  Z\o>x/~  axj 


£ - Su  6>H; 

xs  3X  3s  3X  3 s 
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The  strain-stress  relations  in  the  x-s  plane  are: 


±f  _ v o >V 


€ = 4-. 


^ _ v 


- - &(l  + J)  &l£- 


xs 


<5>x<?s 


> 


(2) 


The  compatibility  equation  derived  from  equation  2 is: 


j£k* 

o>** 


SL-£&2. 

5XC?Sy 


(3) 


After  equation  1 is  substituted  in  equation  3,  the 
finite-deflection  compatibility  equation  has  the  following 
form: 


3^ hi 

_2 

(9  W" 

3Zhi  . 

\&x*s) 

3xz 

<£.s2 

7? 

3xz  ( 

i 3x35/ 

hi,  3Zhi,  X dZWj 

Sxz  5s2  7?  <5>*2 


(4) 


The  equilibrium  equation  in  the  radial  direction  is: 
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t Q>jf  , c2Zf  c?2w 

R <3x2  <5>s2  <5>x2 


- 2 


c92n/ 

c Sx&S  &x3s 


sfF, 

&XS  3ss 


-P 


(5) 


When  w^  is  a known  function,  the  solution  may  be 
found  by  solving  for  w and  F in  equations  4 and  5 
simultaneously.  However,  w^  is,  in  general,  unknown. 
For  simplicity,  w is  assumed  to  be  proportional  to  Wj_ 
as  in  references  5 through  8,  that  is, 

Wj/w  = T = imperfection  ratio  (6) 


where  IV-  is  independent  of  x and  s.  The  expression 
for  T will  be  discussed  in  the  next  section.  The  criti- 
cal stress  to  be  found  is  then  a function  of  T . 

With  the  relation  from  equation  6,  the  compatibility 
and  equilibrium  equations  are  expressed,  respectively,  as: 


E 


-s  2 


o>X2 


£ 

R dxz 


(7) 


and 


t 3ZF 

R <3x* 


+ t 


SZF 


o>j2  <5xz 


-2 


dx<9s>  c9xo>s 


, F c92/v 
Sx&  Ssz 


- P 


(8) 
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deflection  FUNCTION  w and  imperfection  ratio  r 


In  the  present  study,  the  deflection  function  for  a 
cylindrical  shell  under  internal  pressure  and  axial  compres- 
sion is  assumed  to  be: 


(9) 


The  parameter  b^  is  not  independent  but  is  used  to  satisfy 
the  condition  of  periodicity  of  circumferential  displacement. 

The  Airy  stress  function,  accordingly,  is  assumed  to 

be: 


cr 

a 


— f 


£_ 

t 


2 

X + 


3llcos^ccs^ 


CO  A 


aztcos 


On JL 


cos 


+ a cos 

R 02  7* 


(10) 


Before  the  solution  is  discussed,  the  expression  for 
the  imperfection  ratio,  T , should  be  studied.  Evidence 
from  previous  tests  (refs.  2,  3,  and  4)  reveals  that  imper- 
fections have  the  greatest  effect  on  shells  having  the 
largest  ratio  of  R/t.  The  simplest  way  to  express  this 
relation  is  to  assume  that  T increases  linearly  with  R/t 
and  then  to  determine  the  proportionality  constant  by  means 
of  available  test  data.  However,  this  method  may  fit  only 
a certain  range  of  values  of  R/t.  The  limiting  physical 

conditions  require  that:  (1)  T * 0 when  iV’t  ■ 0,  and 

(2)  T * 1 only  when  R/t  — • . A relation  to  ex- 

press T as  a function  of  both  R/t  and  the  internal 
pressure  p is  now  proposed,  such  that: 
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r = 1 - exp(-C  -£  ) (ID 

The  index  C in  the  above  equation  is  always  positive  and 
is  assumed  to  be  a function  of  internal  pressure  only.  The 
method  for  determining  C will  be  discussed  later. 


SOLUTIONS 


The  Galerkin  method  was  employed  to  solve  equations  7 
and  8 when  the  assumed  forms  of  F and  w in  equations 
10  and  9,  respectively,  were  used.  The  coefficients  of 
the  stress  function  F are  found  first  as  follows: 


1 

1-V  Btz 


i + r 
(TTTPjz 


2 


A §o£  = _ A t TL  f ts.  )z 

l-T  Etz  32. M ( t / 


A 3gg 
1-T  Et* 


±_ 

16 


47fO-‘ 


- ^-(l 


where 


r (i2) 


u - 


(13) 
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7J  = A / 1 (15) 


From  the  integration  of  equation  8 and  the  relation 
in  equation  12,  the  following  two  equations  are  established 
after  simplification: 


In  the  above  equations,  <p  is  a dimensionless  stress  para- 
meter and 


(18) 
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Equations  16  and  17  can  be  rewritten  as: 


In  the  above  equations,  the  following  notations  are  used: 


To  eliminate  l^/t  from  equations  16a  and  17a  it  has  been 
found  that: 


(20) 
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where 


(21a) 


Q = i A3B6-  A^Bs)  - ^^-(AsBs+AjiB^^+fas'Bj'AjBs)^ 


Az(\-*s- 


5b 


) 


(21b) 


When  9 is  assumed  to  be  a continuous  function  of  a , 
the  minimization  of  ? with  respect  to  a leads  ‘'tt^ 


££.  « o 

<?CX 


Thus,  from  equation  20, 


C* 


(22) 


and  we  have 


<pa  * 4 ■ T)f^  - (*  -*h 


(23) 


V 


The  notation 


represents  the  value  of 


that 


has  been  minimized  with  respect  to 


It  is  to  be  noted 


that 


is  the  classical  value  from  the  small- 


y 3 ( 1- v ) 

def lectib fT~soTut ion  for  perfect  shells 


Howeveri  the  ex- 


pressions C1  and  C2  are  dependent  on  P and,  therefore, 
are  different  from  those  used  for  the  case  of  the  perfect 
shell,  which  can  be  considered  as  a limiting  case  by  taking 
T = 0 in  the  present  solution.  The  solution  reduces  to 
the  small-deflection  solution  by  letting  b3  or  tj 


approach  zero  and  letting 
or  imperfect  shells. 


= c2  = 1 


for  either  perfect 


The  next  step  is  to  find  the  minimum  of  9tt  versus 
t|  when  |i  and  P are  given.  This  minimized  value  is 
denoted  as  ^a,Ti  ' which  is«  therefore,  a function  of  pi 

and  T . The  ’superscript  o is  hereafter  used  to  indi- 
cate the  parameters  of  perfect  shells,  for  which  P = 0 
identically.  The  magnitudes  of  9°aTj  versus  |i  were 
found  in  reference  1. 

Let  us  introduce  the  notation 


The  ratio  r is  here  called  an  "imperfection  coefficient. ” 
The  variation  of  y with  P for  different  values  of  |i 
is  shown  in  figure  1.  Note  that  curve  IV  ( m-  *1.5)  is 
for  unpressurized  shells,  while  curve  I ( pi  = 0)  is  for 
shells  subject  to  rather  high  pressures,  for  example, 
pR^/Et^  - 1.  Let  us  rewrite  equation  18  as 


OR 

Et 


T®  + U 


_bR_ 

ct* 
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At  the  critical  condition. 


JU 

cr 


(25a) 


The  notation  |i  cr  represents  the  value  of  it  at  which 
the  magnitude  of  a is  minimum. 

The  problem,  now,  is  to  determine  the  index  C in 
equation  11.  Since  C is  assumed  to  change  only  with  p, 
it  can,  of  course,  be  found  by  a series  of  tests  on  shells 
of  the  same  F/t  under  different  pressures.  However,  C 
is  essentially  an  experimental  constant,  and  the  simple 
approach  discussed  in  the  next  paragraph  will  reduce  the 
necessary  number  of  tests  to  one. 

Previous  experiences  (refs.  1 and  2)  indicate  that  (i 
decreases  with  increasing  p.  When  pR^/Et^  increases  to 
approximately  unity,  or  even  greater,  ncr  approaches  zero. 
It  is  also  physically  true  that  T becomes  smaller  at 
9rea,ter  values  of  p.  Ihe  exact  relations  among  these 
variables  are,  of  course,  unknown.  In  figure  1 it  can  be 
seen  that  T is  a decreasing  function  of  T but  an  in- 
creasing function  of  ii  . Therefore,  the  change  of  pres- 
sure should  not  significantly  change  the  magnitude  of  r 
due  to  the  somewhat  counter  effect  of  T and  |i  . At  the 
time  C is  determined,  Y is  here  assumed  to  be  independ- 
ent of  p.  Hence,  from  equation  25,  it  can  be  assumed 
that  at  certain  values  of  IV't: 


In  the  above  equation,  y is  taken  as  an  average  value  of 
Y for  all  pressures.  Equation  26  is  used  only  for  the 
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purpose  of  estimating  C.  When  pR^/Et2  varies^  the  ratio 
is  not  expected  to  be  much  different  from  T . Tests 

San  be  made  at  any  one  value  of  pressure  to  find  o . The 

Oq  is  the  corresponding  critical  stress  in  the  perfect 
shell  under  the  same  pressure  and  can  be  found  in  reference 
1.  Then  T ( « -Jo  ) is  determined. 

After  r is  chosen,  the  relation  between  T and  m> 
is  found  from  figure  1.  With  the  value  of  R/t  known  in 
equation  11,  C can  be  found  in  terms  of  T and,  hence, 2in 

terms  of  n . Also,  ii  can  be  found  in  terms  of  pR  /Et 

from  equation  25a.  The  index  C is  thus  determined  as  a 
function  of  p. 


NUMERICAL  EVALUATION 


For  the  purpose  of  illustrating  the  method  of  finding 
the  index  C,  assume  "y  - 0.6  at  IV't  * 1,500.  From 
figure  1,  the  change  of  T with  m-  cam  be  found,  and, 
from  equation  11,  C can  be  determined  in  terms  of  T . 

For  the  perfect  shell,  the  relation  between  ^a»r|  l4 

has  been  found  previously.  From  equation  25a  the  Cr 
at  which  the  shell  buckles  can  be  evaluated  at  various 
values  of  p.  Some  of  the  numerical  relations  are  listed 
in  the  following  table. 


**■  ' ^cr 

1.5 

1.0 

0.5 

-0 

r 

0.63 

0.565 

0.49 

0.4 

C x 103 

0.662 

0.555 

0.448 

0.34 

♦S.i, 

0.161 

0.183 

0.29 

0.605 

"IS 

Et2 

0 

0.06 

0.19 

=1.0 

From  the  above  table,  C versus  p is  plotted  in  figure  2. 
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OH  THE  POSTBUCKLING  BEHAVIOR  OF  THIN  CYLINDRICAL  SHELLS 

By  W.F.  Thielemann 

Deutsche  Forschungsanstalt  fiir  Luft-  und  Raumfahrt  e.V.  (DFL) 

Braunschweig  (Germany) 


SUMMARY 


Results  of  tests  on  postbuckling  equilibrium  positions  of 
isotropic  thin-walled  circular  cylindrical  shells  under  axial 
compression,  external  pressure  and  combined  loading  are  reported 
and  compared  with  available  theoretical  results. 


INTRODUCTION 


Since,  in  1941,  von  Kirm&n  and  Tsien  in  their  basic  work  on 
the  postbuckling  behavior  of  axially  compressed  thin-walled 
circular  cylinders  [l]  gave  an  explanation  for  the  discrepancy 
between  experimental  collapse  loads  and  the  buckling  loads  pre- 
dicted by  classical  small-deflection  theory,  many  investigators 
improved  the  results  of  von  K4rm&n  and  Tsien  and  extended  the 
methods  used  by  these  authors  to  other  loading  cases  (references 
see  [2]). 

The  non-linear  problem  of  the  postbuckling  behavior  of  thin 
shells  can  be  represented  by  two  partial  differential  equations  [2], 
Their  approximate  solution  by  energy  methods  generally  involves 
a large  amount  of  numerical  work.  Therefore,  in  most  of  the 
investigations  known  the  approximations  to  the  "exact”  solution 
are  not  yet  fully  satisfying. 

The  degree  of  approximation  of  the  theoretical  results  should 
be  measured  by  tests  on  cylindrical  shells  made  in  the  postbuckl- 
ing region.  Unfortunately,  tests  in  this  region  are  difficult  to 
perform  3ince  the  large  deflections  of  the  walls  of  the  shells 
nay  result  in  plastic  deformations,  the  effect  of  which  is  general- 
ly not  included  in  the  theoretical  investigations  on  the  post- 
buckling behavior.  However,  cylinders  made  of  Mylar,  which  have 
been  used  by  several  experimenters  in  the  recent  time,  show  elastic 
properties  even  at  large  deflections  of  the  walls,  so  that  by  using 
this  material  a possibility  is  given  to  investigate  experimentally 
the  postbuckling  behavior  of  thin  shells,  and  to  compare  the  test 
results  with  the  known  results  of  theoretical  investigations  on 
this  problem. 


In  the  following,  some  results  of  experimental  investigations 
on  the  postbuckling  behavior  of  thin  isotropic  cylindrical  shells 
under  axial  compression,  external  pressure,  and  combinations  of 
these  loadings,  made  at  the  UFL  at  Braunschweig  (Germany)  will  be 
reported  and  the  agreement  with  available  theoretical  results 
will  be  discussed. 


REMARKS  ON  THE  THEORY  OP  POSTBUCKLING  BEHAVIOR 


In  the  investigations  known  on  the  postbuckling  behavior  of 
thin-walled  shells,  in  most  cases,  the  Ritz  energy  method  has 
been  used.  In  this  method,  the  total  potential  energy  of  the 
system  will  be  varied  with  respect  to  the  free  amplitudes  of  a 
trigonometric  series  approximating  the  buckling  pattern  of  the 
shell. 


At  axisymmetrically  loaded  circular  cylinders  buckling 
patterns  with  periodic  buckles  (number  of  buckles  n ) in  the 
circumferential  direction  oan  be  observed  in  tests,  whereas  in 
longitudinal  direction  no  periodicity  of  the  buckles  occurs 
(fig.  l).  These  buckling  patterns  may  be  generally  described  by 
the  series  t m ny 

w Z ft  ix)  cos  j -p-  . ( 1 ) 

J 

fj(x)  can  be  expanded  to  the  Fourier  series 

fj  (x)  ■ Z ( Qjy  cos  i — + bij  Sin  i -j-  J } (2) 

where  1 is  the  length  of  the  cylinder. 

In  Bpite  of  the  fact  that  in  tests  on  axially  compressed 
cylinders  local  buckles  are  observed  (see  fig.  la),  which  should 
be  described  by  ( 1 ) , in  the  work  of  von  K&rm&n  and  Tsien  and  in 
the  later  works  on  this  problem  it  was  assumed  that  the  buckles 
are  periodically  distributed  over  the  entire  length  of  the  cylinder . 
The  influence  of  the  length  of  the  cylinder  and  the  boundary  con- 
ditions on  the  buckling  pattern  was  neglected.  In  this  case,  the 
buckling  pattern  can  be  described  in  the  simplified  form: 


"r-  r-  . 7T  x . n y m . . . / z \ 

w m 2.  2-  Qa  cos  it  cos  j r i (i+])even.  t3) 

j-0  i-0  v <-x  J * J 7 

1 is  the  half-wave  length  of  a buckle  in  axial  direction. 


where 
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Ton  K&rm&n  and  Tsien,  in  their  investigation  on  the  axially 
compressed  cylinder  [ij,  approximated  the  buckling  pattern  using 
three  terms  out  of  the  series  (3)*  and  varied  the  potential  energy 
with  respect  to  the  amplitudes  of  these  terms.  They  kept  the 
number  n of  the  buckles  in  ciroumferential  direction  constant 
and  also  fixed  the  half -wave  length  lz  of  the  buckles.  For  con- 
stant values  of  the  ratio  m - lj/lx  Uv  ■ »r/n,  half-wave  length 
of  buckles  in  circumferential  dlreotion;,  the  states  of  equlibrium 
of  the  buckled  shell  were  represented  in  a series  of  load-short- 
ening curves  with  integral  numbers  n as  parameter.  For  small 
values  of  /jl  , states  of  equilibrium  of  the  buokled  shell  connected 
with  axial  tensile  forces  were  found,  a result  which  was  regarded 
to  be  unlikely.  In  the  later  investigations  [3] , [4] , the  potent- 
ial energy  of  the  system  was  not  only  varied  with  respect  to  the 
amplitudes  of  the  terms  of  the  Fourier  series  but  also  with 
respect  to  the  wave  lenghts  lx  and  ly  . This  procedure  resulted 
in  one  single  curve  for  the  states  of  equilibrium  in  the  post- 
buckling  region,  all  these  states  of  equilibrium  being  connected 
with  compression  forces. 

However,  the  variation  of  the  total  potential  energy  with 
respect  to  1 , i.e.  to  the  number  n of  the  buckles  in  circum- 
ferential direction,  is  not  admissible  since  by  applying  the  Ritz 
method  according  to  Lagrange's  principle  only  suoh  displacements 
can  be  admitted  which  do  not  violate  the  condition  of  geometric 
compatibility  of  the  system.  It  is  obvious  that  a continuous 
variation  of  n would  violate  the  condition  of  periodicity  in 
the  circumferential  direction.  Therefore,  n should  be  kept  con- 
stant in  the  investigation  of  the  postbuckling  behavior  of  shells. 

The  variation  of  the  total  potential  energy  with  respect  to 
the  half-wave  length  lx  is  only  admissible,  if  the  influence  of 
the  length  of  the  cylinder  on  the  buckling  pattern  is  neglected, 
as  assumed  in  the  investigations  mentioned  above.  For  the  de- 
scription of  aotual  buckling  patterns  of  cylinders  with  finite 
length  the  series  (l)  and  (2)  should  be  used  rather  than  the 
series  (3)*  In  this  case  the  variation  with  respect  to  a half- 
wave length  in  axial  direction  will  become  meaningless. 

The  proposed  prooedure  which  is  baaed  on  a more  rigorous 
application  of  the  principles  of  mechanics  will  result  in  a series 
of  load-deflection  curves  with  integral  values  of  n as  para- 
meters. Consequently,  at  given  values  of  load  or  deformation 
several  equilibrium  positions  may  exist  with  different  numbers  n 
of  buckles  in  the  circumferential  direction,  which  is  in  agreement 
with  the  behavior  of  cylinders  observed  in  tests  (see  fig.  2,  3 
and  4). 


206 


These  equilibrium  positions  are,  of  course,  connected  with 
different  values  of  potential  energy.  The  cylinder  not  necessarily 
adopts  the  equilibrium  position  with  the  lowest  level  of  potential 
energy  in  the  postbuckling  region.  The  transition,  at  a given  load 
or  deformation,  from  a stable  equilibrium  position  of  higher  energy 
level  to  another  stable  finitely  adjacent  equilibrium  position  with 
lower  energy  level  generally  requires  the  surmounting  of  an 
"energy  hump",  i.e.  the  input  of  additional  external  energy  of 
finite  magnitude  into  the  system.  At  certain  critical  values  of 
given  load  or  deformation  the  transition  from  a position  of  higher 
energy  level  to  another  one  with  lower  energy  level  occurs  with- 
out input  of  additional  external  energy:  the  equilibrium  at  these 
critical  values  becomes  indifferent.  These  critical  loads  shall  be 
called  "secondary  buckling  loads". 

Unfortunately  little  can  be  said  about  the  stability  of  the 
states  of  equilibrium  by  the  results  of  the  Ritz  method.  The 
theoretical  determination  of  the  secondary  buckling  loads  involves 
more  difficulties  than  the  determination  of  the  classical  primary 
buckling  load,  since,  in  the  latter  case,  a pure  membrane  state 
of  stress  is  assumed  in  the  prebuckling  region,  whereas  in  the 
former  case  the  stability  of  a complicated  combined  membrane  and 
bending  state  of  stress  has  to  be  investigated. 


CYLINDERS  UNDER  AXIAL  COMPRESSION 
Tests  in  the  Postbuckling  Region 


The  tests  were  made  on  circular  cylinders  manuf actured  of 
Mylar.  Dimensions  of  the  specimen:  length  1 » 400  mm,  radius 
r * 200  mm,  and  wall  thickness  t * 0,254  mm  • Young’ s modulus 
of  Mylar  is  approximately  E « 500  kp/mm2  and  Poisson's  ratio 
v - 0,3  • The  modulus  of  elasticity  of  each  specimen  has  beeh 
measured.  The  edges  of  the  cylinders  were  clamped  by  plastic 
cement  to  end  plates.  The  cylinders  were  tested  in  a rigid  test 
equipment  allowing  a control  of  the  shortening.  The  loads  and  the 
deformations  of  the  specimen  in  axial  direction  were  measured  and 
registered  by  an  x-y-plotter.  The  loading  of  the  specimen  was 
performed  continuously. 


Fig.  2 shows  the  load-shortening  curves  of  the  cylinder  in 
the  postbuckling  region  obtained  in  the  test.  At  the  critical 
value  of  shortening  of  the  specimen,  according  to  an  axial  stress 
ratio  of  cr  / 6 « 0,65  ( m Et/r  1/5(1  - vzj,  the  initial  form 
of  the  cylinder  becomes  unstable,  and  the  cylinder  jumps  into  a 
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new  stable  equilibrium  position,  which  is  connected  with  a local 
buckling  pattern  of  two  staggered  rows  of  buckles  (n  » 14)  near 
the  middle  region  of  the  cylinder  (see  fig,  la). 

With  increasing  shortening  the  equilibrium  of  the  buckled 
cylinder  also  becomes  unstable  at  a critical  load,  which  has  been 
called  secondary  buckling  load  in  the  preceding  section.  The 
specimen  jumps  into  a new  similar  buckling  pattern  the  number  of 
buckles  of  which  is  reduced  by  one  (n  - 13)*  This  process  will  be 
repeated  with  increasing  shortening  of  the  specimen.  By  loading 
and  unloading  the  specimen  a series  of  curves  representing  stable 
equilibrium  positions  in  the  postbuckling  region  can  be  obtained. 
It  can  be  seen  from  fig.  2,  that  indeed  several  stable  equlibrium 
positions  exist  for  the  same  value  of  shortening  of  the  specimen. 
The  fact  that  the  transition  from  one  buckling  pattern  (n)  to  the 
other  (n  - 1)  is  connected  with  a jump  indicates  that  the  stable 
equilibrium  position  (n)  near  the  critical  secondary  buckling 
load  is  connected  with  a higher  energy  level  than  the  adjacent 
equilibrium  position  (n  - 1), 

A characteristic  feature  of  the  postbuckling  behavior  of 
cylinders  under  axial  compression  is  the  low  load  carrying  capac- 
ity in  the  postbuckling  region  which  is  in  the  order  of  10  - 25 
per  cent  of  the  classical  buckling  load.  No  considerable  increase 
of  the  axial  load  can  be  obtained  with  increasing  shortening  due 
to  the  low  values  of  the  secondary  buckling  loads. 


Comparison  with  Theory 

No  theoretical  results  are  known  which  could  be  directly 
compared  with  the  test  results,  since  no  attempt  has  been  made 
yet  to  describe  the  local  buckling  pattern  (fig.  la)  by  a Fourier 
series  in  the  form  of  (l)  and  to  use  integral  numbers  of  n as 
parameters  in  the  investigation.  But  there  are  results  from  the 
theoretical  work  of  Kempner  [4]  and  of  Almroth  In  both  invest- 
igations it  was  assumed  that  the  buckles  are  distributed  over  the 
entire  length  of  the  cylinder,  and  terms  of  Fourier  series  (3) 
were  used  to  describe  the  buckling  pattern.  The  potential  energy 
was  varied  with  respect  to  n , so  that  the  postbuckling  equilibr- 
ium positions  are  represented  by  a single  load-deflection  curve. 
Kempner  used  three  terms  of  (3)  with  the  amplitudes  a20  , 
and  aQ2  while  Almroth  took  into  consideration  nine  terras  or  (3) 
with  the  amplitudes  a2o  » a^0  , agQ  , a-j  j , a.^1  , aQ2  » * 

a^  , a^  • The  results  of  the  two  investigations  are  compared 
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with  the  test  results  in  fig.  2 . It  is  interesting  to  note  that 
Almroth's  more  complete  description  of  the  buckling  pattern 
results  in  a considerable  improvement  of  Kempner' s solution.  The 
agreement  of  Almroth's  solution  with  the  test  results  is  remark- 
able with  regard  to  the  fact,  that  the  buckling  pattern  used  in 
the  theoretical  investigation  is  considerably  different  from  the 
local  buckling  pattern  observed  in  tests. 


CYLINDERS  UNDER  EXTERNAL  PRESSURE 
Tests  in  the  Postbuckling  Region 


Tests  were  performed  on  two  Mylar  cylinders.  One  specimen  had 
the  same  dimension  as  the  specimen  for  axial  loading,  and  the 
second  one  had  a length  of  200  mm,  while  the  other  dimensions 
remained  unchanged.  The  edges  of  the  cylinders  were  again  clamped 
by  plastic  cement  to  end  plates.  The  external  pressure  produced 
by  decreasing  the  pressure  in  the  cylinder  was  controlled.  The 
pressure  and  the  axial  shortening  of  the  cylinder  were  registered 
on  an  x-y-plotter. 

Fig.  3 shows  the  stable  equilibrium  positions  of  the 
cylinders  in  the  postbuckling  region.  At  critical  values  of  extern- 
al pressure  the  initial  form  of  the  cylinder  becomes  unstable.  The 
buckling  pattern  develops  in  a progressive  fashion  rather  than 
with  a sudden  appearance  of  the  buckles  around  the  entire  cylinder. 
But  after  a small  increase  of  the  external  pressure  the  complete 
buckling  pattern  can  be  observed  (ncr  - 10  and  nCr  = 14,  resp.) 
(see  fig.  1c).  This  postbuckling  configuration  of  the  cylinder 
shows  a remarkable  degree  of  stability  under  increasing  external 
pressure  loading.  Contrary  to  the  case  of  axial  loading  no  second- 
ary buckling  pressure  could  be  observed.  To  avoid  a final  un- 
controlled collaps  of  the  specimen  the  increase  of  the  loading 
was  stopped  at  values  of  about  150  per  cent  of  the  critical  value 
of  external  pressure.  However,  by  applying  additional  local 
external  loads  to  the  surface  of  the  cylinder  transition  to  an 
adjacent  buckling  pattern  with  a number  of  buckles  n - 1 can  be 
achieved  at  loads  below  the  secondary  buckling  pressure. 

This  process  can  be  repeated,  and  a series  of  curves  represent- 
ing stable  equilibrium  positions  in  the  postbuckling  region  for 
different  values  of  n can  be  registered  by  loading  and  unloading 
the  cylinder.  It  can  again  be  noticed  from  fig.  3 that  for  a given 
external  pressure  several  stable  equilibrium  positions  of  the 
cylinder  exist  in  the  postbuckling  region  related  to  different 
values  of  n . 
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During  unloading  the  cylinder  in  a buckling  configuration 
n n , at  a critical  value  of  external  pressure,  the  cylinder 
jumps  Back  into  a buckling  configuration  with  the  number  of 
buckles  n + 1 . Equilibrium  positions  with  number  of  buckles  n 
below  this  critical  value  of  external  pressure  are  unstable.  By 
further  decrease  of  the  loading  this  process  will  be  repeated, 
until  the  cylinder  jumps  into  its  initial  unbuckled  configuration. 
(Since  during  the  snap-through  process  the  pressure  in  the  cylinder 
cannot  be  kept  constant,  the  curves  representing  the  jumps,  are 
not  horizontal  straight  lines  as  it  should  be  expected  for  jumps 
at  controlled  external  pressure.) 

The  test  results  indicate  that  due  to  the  very  high  degree 
of  stability  of  the  buckling  conf iguration,  only  the  buckling 
pattern  n - nc^  can  be  expected  to  be  observed  in  tests  after 
buckling.  Transitions  to  other  configurations  (n  •<  ncr)  require 
a considerable  increase  of  the  external  pressure  loading  beyond 
the  critical  pressure.  This  behavior  is  in  contrast  to  the  behavior 
of  axially  compressed  cylinders.  Since  in  the  latter  case  the 
stability  of  the  postbuckling  configurations  is  lost  at  values  far 
below  the  critical  buckling  load  the  cylinder  may  jump  into  buckl- 
ing patterns  with  different  numbers  of  n , depending  on  the  stiff- 
ness of  the  test  equipment. 


Comparison  with  Theory 

Direct  comparison  of  the  test  results  with  results  of  theore- 
tical investigations  of  the  postbuckling  behavior  of  cylinders 
under  external  pressure  is  difficult,  since  available  results 
either  do  not  take  into  account  the  actual  boundary  conditions 
of  the  test  cylinders  (clamped  edges)  or  do  not  use  a sufficient 
number ^of  terms  of  a Fourier-series  to  describe  the  buckling 
pattern  in  a satisfying  manner. 

The  influence  of  the  boundary  conditions  on  the  buckling 
load  and  the  postbuckling  behavior  of  a cylinder  under  external 
pressure  is  considerably  stronger  than  in  the  case  of  axial  com- 
pression. In  the  latter  case  for  cylinders  with  ratios  l/r  = 1,5 
the  influence  of  length  and  boundary  conditions  on  the  buckling 
load  can  be  neglected  [5]»  while  in  the  former  case  the  classical 
buckling  load  found  for  cylinders  with  simply  supported  edges 
(v.  Mises1  theory)  will  be  increased  for  cylinders  with  clamped 
edges  by  a factor  of  approximately  1*3  * This  factor  is  not  well 
established,  since  for  clamped  edges  only  approximate  solutions  [6] 
for  the  buckling  load  of  the  cylinder  are  known,  the  accuracy  of 
the  results  depending  on  the  degree  of  approximation  of  the  buckl- 
ing pattern  by  the  Fourier  series. 


210 


Under  the  assumption  that  the  theoretical  critical  pressure 
pcr  of  cylinders  with  clamped  edges  is  1.3  of  the  classical 
v.  Uises  buckling  pressure  for  hinged  edges  the  actual  buckling 
pressures  of  the  two  test  cylinders  were  70  # and  92  # of  the 
theoretical  buckling  load  pcr  . 

The  buckling  pattern  in  the  postbuckling  region  of  the 
cylinder  with  clamped  edges  can  be  described  by  the  equations  ( 1 ) 
and  (2),  which  for  hinged  edges  will  be  simplified  to 

w-  Z X Qn  sin  i -j-  cos  j — ; z odd  , 

i‘7  j‘0  J 1 

the  origin  of  the  coordinate-system  being  on  the  one  edge  of  the 
cylinder. 

Pig.  4 shows  theoretical  load  deformation  curves  of  simply 
supported  cylinders  under  external  pressure.  For  different  length 
parameters  A-V5?Trv57  l/ifr?  these  curves  have  been  calculated  at  the 
DFL  using  the  Kitz  method.  Four  terms  with  the  amplitudes  a1o  , 
a^i  , aiQ  and  a»  out  of  the  series  (4)  have  been  used  to  de- 
scribe the  buckling  pattern  approximately.  A similar  investigation 
has  been  performed  by  Kempner  [73 » who  introduced  two  terms  with 
the  amplitudes  a^0  and  a-|i  in  his  calculations.  He  restricted 
his  investigation  to  a single  load— deformation  curve  of  the 
equilibrium  states  related  to  the  buckling  pattern  with  the 
number  of  buckles  n * ®cl  * where  is  the  number  of  buckles 

received  from  linear  buckling  theory. 

The  theoretical  load-deflection  curves  of  fig.  4 show  the 
same  principal  trend  as  the  experimental  curves  of  fig.  3»  For 
cylinders  with  higner  values  of  \ the  approximate  theoretical 
investigation  indicates  equilibrium  positions  related  to  negative 
values  of  external  pressure  (internal  pressure).  This  result  of 
the  theory  is  not  confirmed  by  the  tests.  The  reason  for  this  un- 
satisfactory theoretical  result  is  without  doubt  - beside  the 
assumption  of  hinged  edges  — the  incomplete  description  of  the 
buckling  pattern  by  only  four  terms  of  the  series  (4)*  which, 
apparently,  is  not  sufficient  for  long  cylinders  and  large  values 
of  deformation.  Under  these  conditions  the  buckling  pattern  of 
fig.  1c  will  be  changed  to  a pattern,  showing  some  kind  of  cor- 
rugation with  approximately  constant  amplitude  of  the  buckles  in 
axial  direction  on  a considerable  part  of  the  cylinder  length. 

The  transition  from  the  corrugated  form  to  the  circular  form  at 
the  ends  of  the  cylinder  is  Emited  to  a relatively  narrow  edge 
region  (see  fig.  Id).  This  buckling  pattern,  of  course,  cannot 
be  described  by  the  four  terms  used  in  the  theoretical  investigat- 
ion with  satisfying  accuracy. 
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However,  the  buckling  patterns  with  n<nc-  are  of  more 
academic  interest,  as,  due  to  the  high  degree  of  stability  of  the 
buckling  pattern  n * ncr  , only  this  pattern  will  be  observed  in 
tests  without  input  of  additional  external  energy* 

In  fig*  4 the  minimum  loads  in  the  postbuckling  region  for 
the  buckling  pattern  n * ncr  are  given  as  function  of  the  length 
parameter  X • This  value  can  be  approximately  regarded  as  a lower 
limit  for  the  actual  buckling  load  of  the  cylinder*.  Due  to  initial 
imperfections  the  actual  buckling  load  may  vary  between  the 
theoretical  buckling  load  pQr  and  the  minimum  load  in  the  post- 
buckling  region  Pmin  • 

In  fig*  4 theoretical  results  for  Pmin/Pcr  for  °ylin(iers 
with  hinged  edges  from  the  investigations  of  Kempner  and  the  DPL 
are  compared  with  results  obtained  in  tests  for  cylinders  with 
clamped  edges.  Donnell  [6]  investigated  theoretically  the  post- 
buckling  behavior  of  circular  cylinders  under  external  pressure 
with  clamped  edges,  using  a two-terms  expression  for  the  buckling 
pattern,  but  did  not  succeed  in  finding  & minimum  load  in  the 
postbuckling  region. 


CYLINDER  UNDER  COMBINED  LOADING 


Experimental  curves  of  postbuckling  states  of  equilibrium  for 
different  numbers  of  buckles  n are  given  for  a cylinder  tested 
under  combined  axial  compression  and  external  pressure  as  a further 
example  for  the  postbuckling  behavior  of  isotropic  cylinders.  The 
external  pressure  p/pCr  * 0*7  has  been  kept  constant  during  the 
test  while  the  shortening  of  the  cylinder  has  been  varied*  As  in 
the  cases  of  pure  axial  loading  and  pure  external  pressure  load- 
ing, it  can  be  seen  from  fig.  5 that  the  postbuckling  behavior 
of  the  cylinder  is  represented  by  a series  of  load-deflection 
curves  rather  than  by  a single  curve*  Pig*  1b  shows  the  buckling 
pattern  of  this  loading  case. 

Again  the  transition  from  one  buckling  pattern  to  the  adjac- 
ent one  occurs  at  secondary  buckling  loads.  No  theoretical  invest- 
igation of  the  combined  loading  case  is  known,  the  results  of 
which  could  be  compared  with  the  test  results. 
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CONCLUSIONS 


The  test  results  discussed  in  this  report  indicate  that 
cylindrical  shells  under  axisymmetrical  loading  show  in  the  post- 
buckling  region  for  given  values  of  end  shortening  or  loading 
several  stable  equilibrium  positions  related  to  different  integral 
circumferential  wave  numbers  n • With  increasing  shortening  or 
loading  the  equilibrium  positions  may  become  unstable  and  transit- 
ion to  an  adjacent  stable  equilibrium  position  may  occur.  In  theor- 
etical investigations  on  the  postbuckling  behavior  the  variation 
of  the  potential  energy  with  respect  to  n is  not  in  agreement 
with  a rigorous  application  of  the  principles  of  mechanics , and 
should  be  abandoned,  as  the  results  of  such  theoretical  investigat- 
ions may  deviate  considerably  from  the  actual  postbuckling  behavior 
of  the  shell. 

The  theoretical  determination  of  the  secondary  buckling  loads 
involves  more  difficulties  than  the  determination  of  the  classical 
primary  buckling  load.  For  external  pressure  loading,  such  a theor- 
etical investigation  on  secondary  buckling  loads  has  approximately 
been  performed  by  Ivanov  [&J • 

The  results  of  the  available  theoretical  investigations  of 
the  postbuckling  behavior  of  shells  under  axisymmetric  loading 
are  not  yet  satisfactory.  For  axially  loaded  cylinders  remarkable 
progress  has  been  made  by  Almroth.  In  a future  extension  of  the 
investigations  equation  (l)  should  be  used  for  the  description  of 
the  local  buckling  pattern  of  fig.  la  , taking  into  account  the 
boundary  conditions  and  the  length  of  the  cylinder. 

For  cylinders  under  external  pressure  loading  the  investigat- 
ion on  the  postbuckling  behavior  of  the,  practically,  important 
case  of  clamped  edges  should  be  extended  to  more  oomplete  descript- 
ions of  the  buckling  pattern  by  equation  (l),  in  order  to  get 
better  agreement  of  experimental  and  test  results.  Even  the 
primary  theoretical  buckling  load  of  cylinders  with  clamped  edges 
should  be  better  determined. 

The  experimental  investigation  of  the  DFL  on  the  postbuckling 
behavior  of  isotropic  circular  cylindrical  shells  under  axisymmet- 
rical loading  will  be  continued. 
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(a)  Axial  compression. 


(b)  Combined  axial  compression  and 
external  pressure. 


Figure  1.-  Buckling  patterns  of  axi symmetrically  loaded  cylinders. 
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Figure  2.-  Cylinder  under  axial  compression.  Postbuckllng  states  of 

equilibrium  - test  results. 


Figure  J . - Cylinders  under  external  pressure.  Test  results. 
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Figure  4.-  Cylinders  under  external  pressure.  Theoretical  results. 
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Figure  5.-  Cylinder  under  axial  compression  and  external  pressure. 
Postbuckling  states  of  equilibrium  - test  results. 
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THE  EFFECT  ON  THE  BUCKLING  OF  PERFECT  CYLINDERS 
OF  PKEBUCKLING  DEFORMATIONS  AND  STRESSES 
INDUCED  BY  EDGE  SUPPORT 
By  Manuel  Stein 
NASA  Langley  Research  Center 


SUMMARY 


Large  deflection  theory  is  used  to  compute  buckling  loads  of 
simply  supported  initially  perfect  cylinders  under  axial  compression, 
external  hydrostatic  pressure,  and  combinations  of  axial  compression 
and  internal  or  external  pressure.  Important  results  are  obtained  by 
taking  into  account  prebuckling  deformations  and  stresses  induced  by 
edge  support.  For  example,  the  presence  of  these  deformations  and 
stresses  can  decrease  the  axial-compression  buckling  load  of  an 
unpressurized  perfect  cylinder  by  50  percent  or  more. 


INTRODUCTION 


Classical  theory  and  experiment  are  in  good  agreement  for  buckling 
of  circular  cylindrical  shells  under  uniform  external  lateral  pressure. 
(See  ref.  1. ) For  external  hydrostatic  pressure  there  is  similar  agree- 
ment between  experiment  and  theory  except  for  the  lower  range  of  curva- 
ture parameter  (l£/rt  < 100).  For  axial  compression,  however,  severe 
disagreement  exists;  experiments  have  shown  that  the  actual  buckling 
stress  is  from  15  to  50  percent  of  that  predicted  by  classical  theory. 
(See  ref.  2.)  The  disagreement  found  in  hydrostatic  pressure  tests  at 
low  values  of  the  curvature  parameter  is  probably  also  due  to  the  in- 
ability of  classical  theory  to  account  for  axial  compression.  (See 
ref . 1 . ) 

Convincing  arguments  have  been  made  that  the  occurrence  of  lower- 
than-expected  buckling  stresses  for  axial  compression  is  due  in  part  to 
initial  imperfections.  For  example,  the  results  of  large  deflection 
analysis  (see  ref.  3)  have  indicated  that  small  initial  imperfections 
can  lead  to  large  reductions  in  the  buckling  load.  However,  another 
potential  reason  for  this  disagreement  of  classical  theory  and  experi- 
ment has,  until  recently,  been  unexplored.  This  potential  reason  for 
the  disagreement  is  the  inconsistent  assumption  of  classical  theory 
with  regard  to  prebuckling  and  buckling- edge  conditions.  It  is  assumed 
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that  the  prebuckling  deflection  and  stress  components  are  either  con- 
stant or  zero  and  imply  that  the  edges  of  the  shell  are  free  until 
buckling  occurs;  however,  during  the  buckling  process  the  edges  are 
assumed  to  be  radially  restrained  (simply  supported  or  clamped) . 

The  effect  of  one  deviation  from  the  classical-edge  conditions  has 
already  been  investigated  (see  refs.  4 and  5)  for  buckling  In  axial  com- 
pression by  use  of  linear  equations.  The  edges  of  the  shell  were  allowed 
to  remain  free  during  the  buckling  process.  The  resulting  buckling  load 
was  less  than  half  the  classical  load;  the  result  demonstrates  effectively 
the  importance  of  the  edge  conditions.  In  practice,  however,  the  occur- 
rence of  free  edges  is  rare;  the  edges  of  the  shell  are  usually  attached 
to  a ring  or  pressed  against  the  platens  of  a testing  machine.  Thus,  it 
seems  more  realistic  to  take  a consistent  but  opposite  approach,  wherein 
from  the  inception  of  loading  through  buckling  the  edges  of  the  cylinder 
are  radially  restrained.  Moreover,  it  Is  apparent  that  such  restraint 
must  lead  to  nonuniform  prebuckling  deflections  and  stresses  throughout 
the  cylinder,  the  Importance  of  which  should  be  determined.  This 
approach  to  cylinder  buckling  analysis  has  been  adopted  In  the  present 
Investigation. 

A cylinder  without  Initial  imperfections  is  considered,  and  large 
deflection  theory  is  used  to  determine  the  deformations  and  stresses 
prior  to  buckling  and  to  determine  the  buckling  equation.  Results  are 
obtained  for  buckling  of  simply  supported  cylinders  under  axial  compres- 
sion, external  hydrostatic  pressure,  and  combinations  of  axial  compres- 
sion and  Internal  or  external  pressure. 


SYMBOLS 


n number  of  waves  In  circumferential  direction 

p pressure 

r radius  of  cylinder 

t thickness  of  cylinder  wall 

u, v ,w  displacements  In  the  x-,  y-,  and  radial  directions, 

respectively 

x,y  axial  and  circumferential  directions 

D plate  stiffness,  Et3/i2(l  - ^2) 

£ Young's  modulus  for  material 
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L 

M 

P 


U,v,w 


z 

n 

UA'WA 

Wwb 


length  of  cylinder 

number  of  stations  in  half  length 

applied  axial  midplane  compressive  force  per  unit  length 

functi6ns~6f  ”x  which  appear  in  the  buckling  displacements 
Ug,  Vg , and  vB,  respectively 

curvature  parameter  ^^-/l  - 

Poisson's  ratio  for  material 

prebuckling  displacements  (functions  of  x) 

buckling  displacements  (functions  of  x and  y) 


Nx,Ny,Nxy  midplane  forces  per  unit  length 

€x>€y>?xy  midplane  strains 


+ 2 


“V 


When  the  subscripts  x and  y follow  a comma,  they  indicate 
partial  differentiation  of  the  principal  symbol  with  respect  to  x 
and  y. 


ANALYSIS 


In  the  large-deflection  Donnell  theory,  the  basic  differential 
equations  of  equilibrium  of  a cylinder: 

- 

Nx,x  + Nxy,y  “ 0 

%,y  + Nxy,x  = 0 ’ 

Dt’V  + ^ - ^Nxw>xx  + NyW>yy  + 2Nxy*,xy)  * P 
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together  vith  Hooked  lav: 


“x  * ^775  (ex  * “'4 

"y  ■ * >**=■) 

1 - u 


Nv 


4‘ 

Et 


-Jty ' 5ci ; 

and  the  nonlinear  strain-deformation  relations: 


e = u i 1 v 2 

X U,X  2 >x 


p = v + w l 2 
V >y  r 2 >y 


(2) 


s (3) 


7-x-v  *=UV.  + V„+W^w 


'xy  ,y 


x",y 


provide  a complete  set  of  9 equations  in  the  9 unknown  forces,  strains, 
and  deformations  which,  together  with  boundary  conditions,  specify  the 
problem. 


It  is  to  be  expected  that  prebuckling  deformations  are  axisymmetric; 
that  is,  they  are  functions  of  x only  and  may  be  obtained  directly  from 
equations  (l)  to  (3)  and  boundary  conditions  which  include  zero  radial 
displacement  at  the  edges  from  the  onset  of  loading.  A solution  to  the 
axisymmetric  problem  was  first  obtained  in  reference  & and  is  reported 
in  reference  7. 


Let  the  solution  to  the  prebuckling  axi symmetric  problem  just 
described  be  identified  as  uA,  w^  (and  vA  =0).  To  the  prebuckling 

deformations  are  added  infinitesimal  nonaxi symmetric  changes  ug,  vg, 
and  Wg  that  occur  at  buckling: 


u = uA(x)  + uB(x,y) 
v = vg(x,y) 
w = wA(x)  + wB(x,y) 


(*) 
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The  displacements  uB,  vB,  and  Wg  also  satisfy  simple  support 

boundary  conditions  consistent  with  the  axisymmetric  solution.  The  fol- 
lowing buckling  equations  may  now  be  obtained  by  substituting  equa- 
tions (4)  into  equations  (l)  to  (3)  and  then  neglecting  nonlinear  sub- 
script B deformations  (and  subtracting  out  identities  relating  sub- 
script A deformations) : 


uB,xx  + UB>yy  + vB,xy  + £ wB,x  + (wA,xwB,x),x 

+ wA,xwB,yy  " 0 


1+u 


1 - U 


uB,xy  + vB,yy  + vB,xx  + ^ wB,y  + wA,xxwB,y 

+ ^ — Mi  w,  w_  = o 
2 A,x  B,xy 

+ 7 NyB  + ^B,xx  + " T-  wA)wB,yy  ' "a^xB  * 0 


+ ^-^w. 


(5) 


where 


NxB  “ “ ^2^UB,x  + WA,XWB,X  * ^ (vB,y  + ^)j 

"j®  ■ *'*  “K*  * 'A,*'®.*)] 


The  physical  conditions  of  continuity  around  the  cylinder  are 
satisfied  if 


uB  « U(x)  sin 
vB  » V(x)  cos 
wB  * W(x)  sin  2Z 


(6) 
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where  n,  the  number  of  waveB  around  the  cylinder , is  an  integer.  Equa- 
tions (5)  may  now  he  converted  to  ordinary  differential  equations 
relating  U,  V,  W,  and  the  eigenvalues.  Of  course,  the  subscript  A 
displacements  introduce  variable  coefficients,  and  these  equations  are 
difficult  to  solve.  Instead  of  solving  the  ordinary  differential  equa- 
tions directly,  equivalent  numerical  expressions  for  U,  V,  and  W 
at  M stations  in  a half  length  (W  as  an  even  function  of  x being 
assumed)  were  developed  by  using  the  energy  method  and  solved  for  the 
necessary  eigenvalue. 


LIMITATIONS  OF  THE  CALCULATIONS 

In  order  to  obtain  accurate  results,  M was  arbitrarily  taken  large 
enough  so  that  there  were  at  least  five  stations  for  each  prebuckling 
(inward  or  outward)  wrinkle.  For  Z > 1,000,  this  criterion  led  to  equa- 
tions involving  determinants  that  were  too  large  for  economical  appli- 
cation of  the  computing  machine  used.  Hence,  calculations  have  been 
limited  to  Z £ 1,000. 

The  proper  value  of  n is  the  integral  value  which  yields  the 
lowest  buckling  load  with  the  physical  restriction  that  n cannot  be 
less  than  2 (since  n ■ 1 is  simple  translation  and  n * 0 is  an  axi- 
symmetric  form).  Little  accuracy  is  lost,  however,  if  n is  considered 
to  be  continuously  variable  for  n > 2.  It  was  found  that  n - 2 gave 
the  condition  for  instability  for  almost  every  case  except  for  the  range 
of  higher  external  pressures.  The  differential  equations  of  equilibrium 
(eqs.  (l))  are  accurate  for  the  n » 2 case  only  if  there  are  present 
at  least  three  wrinkles  in  every  part  of  a length  equal  to  the  radius  so 
that  the  deformations  are  extensional.  (See  ref.  8.)  For  this  reason 
gm*n  values  of  the  curvature  parameter  (Z  < 50)  could  not  be  treated 
for  axial  compression  and  for  combinations  of  axial  compression  and 
internal  pressure. 


RESULTS 


In  figures  1 and  2 interaction  curves  are  presented  for  a low  value 
(50)  and  a high  value  (500) , respectively,  of  the  curvature  parameter  Z. 

point  on  the  curve  presents  a combination  of  axial  compression  and 
lateral  pressure  that  causes  buckling.  Where  the  curves  depend  on  r/t 
they  correspond  to  n » 2j  at  the  higher  external  pressures,  the  results 
were  given  by  n > 2 with  n assumed  continuously  variable.  At  the 
end  points  to  the  left  the  curves  give  the  buckling  pressures  for  cyl- 
inders under  external  lateral  pressure  alone.  The  hydrostatic  pressure 
for  buckling  is  given  by  the  point  on  the  curve  marked  by  a cross.  When 
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the  pressure  is  zero,  note  that  the  axial  buckling  stress  is  30  percent 
or  less  of  the  classical  value.  With  internal  pressure  present,  the 
axial  stress  required  for  buckling  increases  until  it  approaches  the 
classical  value.  Stress  coefficients  for  external  hydrostatic  pressure 
«Qniyi  and  axial  compression  alone  are  presented  in  figures  3 and  4, 
respectively,  for  a vide  range  of  curvature  parameter  Z (within  the  - 
limitations  specified  in  the  previous  section) . 


DISCUSSION 


Experimental  results  are  available  in  reference  9 for  cylinders 
with  combinations  of  internal  pressure  and  axial  compression  and  vlth 
curvature  parameters  about  equal  to  those  presented  in  figures  1 and  2. 

The  experimentally  obtained  buckling  stress  coefficients  are  plotted 
along  with  the  theoretical  curves  in  figures  1 and  2.  A comparison  of 
the  results  shows  that,  although  the  experimental  cylinders  were  ring 
supported  and  the  theory  was  for  simply  supported  cylinders,  there  is 
much  better  quantitative  agreement  of  experiment  with  present  theory 
than  with  classical  theory.  The  evident  disagreement  in  the  shapes  of 
the  theoretical  and  experimental  interaction  curves  has  not  been  explained. 

In  figure  3 results  of  the  present  investigation  for  external  hydro- 
static pressure  are  plotted  against  the  curvature  parameter  Z together 
with  the  corresponding  classical  curve  and  with  experiment.  Comparison 
of  the  theoretical  results  shows  that  prebuckling  stresses  and  deforma- 
tions serve  to  stiffen  the  cylinder  by  about  25  percent  for  higher  values 
of  Z.  In  the  range  of  lower  Z this  stiffening  effect  disappears  and 
prebuckling  stresses  and  deformations  serve  to  weaken  the  cylinder  to 
about  80  percent  of  the  classical  value.  Thus,  whereas  the  classical 
theory  agrees  with  experiment  in  the  range  of  higher  values  of  Z and 
disagrees  for  lower  values  of  Z,  the  present  results  follow  the  trend 
of  experiment  and  yield  buckling  pressures  roughly  25  percent  high  in 
both  regions. 

For  aarial  compression  of  unpressurized  cylinders  the  present  results 
are  more  than  50  percent  below  the  classical  values.  (See  fig.  4.) 

Thus,  the  axled  buckling  load  Is  sensitive  to  the  prebuckling  deformations 
and  stresses  resulting  from  restraint  of  the  edges.  The  value  of  the 
buckling  load  from  the  present  theory  is  dependent  on  radius-thickness 
ratio  whereas  in  the  classical  theory  it  is  not.  The  dependence  on 
radius-thickness  ratio  occurs  because  the  critical  wave  form  is  determined 
to  have  two  waves  in  the  circumferential  direction.  It  can  be  seen  from 
figure  4 that  the  empirical  curves  of  reference  2 - and  therefore  experi- 
mental results  - are  also  dependent  on  radius-thickness  ratio,  and  that 
agreement  between  theory  and  experiment  is  much  better  with  present  theory 
than  with  classical  theory  especially  for  low  radius-thickness  ratios. 


224 


Neither  the  results  of  the  present  theory  nor  the  results  of  clas- 
sical theory  for  "buckling  in  axial  compression  indicate  that  the  buckle 
wave  form  is  of  the  diamond  pattern  as  indicated  by  buckled  experimental 
cylinders.  The  results  of  present  theory  which  specify  two  waves  in  the 
circumferential  direction  at  buckling  deviate  even  further  from  the  exper- 
imental buckled  wave  form  than  the  results  of  classical  theory.  However, 
previous  work  has  shown  (see  ref.  10)  that  the  equilibrium  configuration 
which  is  the  mode  at  buckling  need  not  be  stable  under  usual  conditions 
of  loading.  If  the  buckling  mode  is  not  stable,  it  might  not  necessarily 
resemble  the  final  shape  of  a buckled  experimental  cylinder. 


CONCLUDING  REMARKS 


The  present  paper  has  focused  attention  on  a serious  shortcoming 
of  classical  buckling  theory.  To  avoid  complicated  prebuckling  deforma- 
tions and  stresses,  the  classical  approach  is  to  relax  completely  the 
supports  in  the  prebuckling  range  and  thus  assume  that  the  prebuckling 
stresses  are  zero  or  constant  and  the  prebuckling  deformations  are  zero, 
constant,  or  linear.  Prebuckling  deformations  and  stresses  due  to  edge 
support  have  been  ignored  even  in  studies  of  effects  of  initial  imper- 
fections. Yet,  in  every  practical  cylindrical  shell  structure,  some 
measure  of  radial  support  is  present  from  the  beginning  of  loading  so 
that,  prior  to  buckling,  complicated  axi  symmetric  de  format  ion  s and 
stresses  are  present  to  modify  the  load- shortening  behavior  of  the  cyl- 
inder and  to  influence  its  buckling  load.  This  influence  is  especially 
notable  for  cylinders  in  axial  compression  and  for  short  cylinders  under 
external  hydrostatic  pressure,  where  it  accounts  for  a large  part  of  the 
disagreement  between  classical  theory  and  experiment. 

Further  work  needed  in  this  field  includes  studies  of  cylinders 
with  clamped  edges  and  flexible  rings  at  the  edges.  In  order  to  study 
the  behavior  of  longer  cylinders  (cylinders  of  larger  Z)  in  axial  com- 
pression, it  would  also  be  desirable  to  analyze  the  semi-infinite  cyl- 
inder. Further,  in  future  cylinder  studies,  it  would  be  useful  to 
extend  this  work  by  using  a more  exact  theory  that  is  valid  for  buckling 
into  two  circumferential  waves  for  less  than  three  wrinkles  in  the  axial 
direction.  It  is  also  clear  that  the  adoption  of  the  present  approach  - 
seeking  an  infinitesimal  nonaxi symmetric  change  at  buckling  from  a sym- 
metric prebuckJ  1 n g state  sat.i  sfM  pr  the  boundary  conditions  - would 

probably  clarify  greatly  the  problem  of  buckling  of  a spherical  cap  under 
external  pressure. 
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Figure  !-•  Theoretical  and  experimental  results  for  buckling  of  a cylinder 
of  low  Z under  combinations  of  axial  compression  and  internal  pressure 
Crosses  indicate  hydrostatic  external  pressure  for  buckling. 


Figure  2.-  Theoretical  and  experimental  results  for  buckling  of  a cylinder 
of  high  Z under  combinations  of  axial  compression  and  internal  pressure 
Crosses  indicate  hydrostatic  external  pressure  for  buckling. 
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Figure  3.-  Theoretical  and  experimented,  results  for  buckling  of  cylinders 

- under  hydrostatic  pressure. 
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Figure  Theoretical  and  empirical  results  for  buckling  of  cylinders  in 

axial  compression. 


THE  MEMBRANE  APPROACH  TO  BENDING  INSTABILITY  OF 


PRESSURIZED  CYLINDRICAL  SHELLS 

By  Harvey  G.  McComb,  Jr.,  George  W.  Zender, 
and  Martin  M.  Mikulas,  Jr. 

NASA  Langley  Research  Center 


SUMMARY 


Recent  theoretical  and  experimental  research  is  briefly  described 
to  trace  the  development  of  deformation  and  the  occurrence  of  collapse  in 
pressurized  circular  cylindrical  membranes  under  applied  moment  loading* 
The  collapse  of  pure  membrane  cylinders  is  then  compared  with  instability 
of  pressurized  cylindrical  shells.  This  approach  leads  to  a better  under- 
standing of  the  behavior  of  pressurized  cylinders  under  bending  loads. 

The  results  suggest  possibilities  for  further  research  utilizing  the 
membrane  approach. 


INTRODUCTION 


The  fuel  and  oxidizer  tanks  of  large  launch  vehicles  are  often 
highly  pressurized  circular  cylindrical  shells  and,  during  the  launch 
phase  of  flight,  may  be  subjected  to  large  bending  moments  from  aero- 
dynamic and  inertia  loads . The  strength  of  pressurized  cylinders  in 
bending  is  thus  an  important  consideration  In  launch  vehicle  design,  and 
considerable  work  has  been  done  on  this  problem  from  the  usual  standpoint 
of  buckling  of  shells  with  finite  wall  bending  stiffness.  (See,  for 
example,  refs.  1,  2,  and  30  In  the  present  paper,  It  is  shown  that  the 
study  of  pure  membrane  cylinders  having  no  wall  bending  stiffness  but 
maintaining  their  shape  only  by  virtue  of  internal  pressure  leads  to  an 
explanation  of  pressurized  cylinder  behavior.  With  wall  bending  stiff- 
ness accounted  for  in  an  approximate  way,  a simple  formula  for  the 
strength  of  pressurized  cylinders  in  bending  is  obtained. 


SYMBOLS 


E Young 1 s modulus 

F applied  axial  compressive  load 


Preceding  page  blank 
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K 

M 

P 

P 

P* 

r 

t 


curvature  of  axis  of  circular  cylinder  due  to  bending  moment 
applied  bending  moment 

total  axial  force  (due  to  Internal  pressure  and  externally 
applied  load) 

internal  pressure 

pressure  parameter,  12(1  - u2)  |^|)2 

radius  of  circular  cylinder 
thickness  of  cylinder  wall 
Poisson's  ratio 


Subscript : 
c collapse 


BENDING  OF  CYLINDRICAL  MEMBRANES 


Experiments  on  Membrane  Cylinders 

As  one  phase  of  a study  of  the  behavior  of  membrane  structures, 
tests  have  been  made  at  the  NASA  Langley  Research  Center  on  6-inch  diam- 
eter cylinders  made  of  l/2  mil  Mylar  ^ * 6,000^.  A photograph  of  one 

such  specimen  is  shown  in  figure  1.  This  specimen  is  loaded  by  internal 
pressure,  bending,  and  axial  tension.  Note  that  wrinkles  of  very  short 
wavelength  have  appeared  on  the  right  side  where  compressive  stress  due 
to  bending  moment  has  canceled  the  tensile  stress  due  to  pressure  and 
axial  load. 

The  behavior  of  these  specimens  in  bending  is  illustrated  in  fig- 
ure 2.  In  this  figure  the  ordinate  is  the  applied  bending  moment 
divided  by  the  moment  required  to  reduce  the  stress  to  zero  at  one  point 
on  the  cross  section.  The  abscissa  is  a dimensionless  parameter  repre- 
senting the  curvature  of  the  sods  of  the  cylinder.  The  circles  and 
squares  are  test  points  obtained  on  a specimen  similar  to  that  shown  in 
figure  1. 


231 


Theoretical  Behavior 

The  solid-line  curve  in  figure  2 is  a result  of  the  theory  presented 
in  reference  h.  This  theory  describes  the  behavior  of  membranes  in  a 
partly  wrinkled  condition  with  the  assumption  that,  when  one  of  the  prin- 
cipal stresses  in  a membrane  becomes  zero,  many  small  wrinkles  will 
occur  in  a direction  normal  to  the  direction  of  zero  principal  stress . 
Correspondingly,  the  membrane  is  assumed  to  carry  no  stress  whatsoever 
noimal  to  the  wrinkles*  According  to  reference  the  theoretical 
behavior  of  a membrane  cylinder  is  as  follows:  For  moments  such  that 

— < 1,  the  cylinder  bends  like  an  elastic  beam  and  the  response  is 
Pr 

linear  (fig.  2).  At  — * 1 wrinkling  begins  along  one  generator  of 

Pr 

the  cylinder  and,  as  the  moment  is  increased  further,  the  extent  of  the 
wrinkled  region  increases  circumferentially.  The  moment-curvature  curve 
becomes  nonlinear  after  wrinkling  begins,  and  its  slope  (representing 
the  bending  stiffness  of  the  cylinder)  decreases  as  moment  increases. 

Only  when  the  wrinkled  region  has  progressed  all  the  way  around  the 
cylinder  does  the  slope  become  zero  so  that  instability  (collapse)  of 

the  cylinder  theoretically  occurs.  The  collapse  moment  ~ 2 

approached  asymptotically.  Notice  that  the  theoretical  collapse  moment 
of  a membrane  cylinder  is  precisely  twice  the  initial  wrinkling  moment. 


Correlation  of  Tests  and  Theory 

In  the  membrane-cylinder  theory  presented  in  reference  k}  moments 
due  to  externally  applied  axial  load  are  neglected.  Thus,  in  order  for 
this  theory  to  be  compared  with  experiment,  the  test  specimens  had  to  be 
shortened  until  such  moments  were  negligible.  The  test  points  shown  in 
figure  2 (obtained  from  a specimen  having  a length-radius  ratio  of  about 
unity)  were  found  to  be  essentially  independent  of  the  proportions  of 
axial  load  contributed  by  internal  pressure  and  by  externally  applied 
load.  Therefore,  the  previously  mentioned  requirement  of  negligible 
moment  due  to  axial  load  was  satisfied.  Nevertheless,  the  test  points 
in  figure  2 are  somewhat  above  the  curve  from  reference  4 and  show  a 
dependence  on  the  magnitude  of  the  total  axial  load. 

In  an  attempt  to  account  for  the  disparity  between  membrane  theory 
and  the  tests,  a modification  was  made  in  the  theory  by  assuming  that 
over  the  wrinkled  portion  of  the  cylinder  the  skin  could  carry  a small 
uniform  compressive  stress  normal  to  the  wrinkles.  When  this  compressive 

stress  was  taken  to  be  — (the  buckling  stress  for  a highly  pressur- 
ized cylinder  in  axial  compression)  the  dash-dot  curves  shown  in  figure  2 
were  obtained.  These  curves  are  seen  to  agree  well  with  the  test  results. 
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The  need  for  the  modified  theory  to  predict  these  results  for  pressurized 

Mylar  cylinders  with  = 6,000  testifies  to  the  importance  in  precol- 

t 

lapse  behavior  of  even  very  small  wall  bending  stiffness  in  pressurized 
cylinders . 

If  the  modified  theory  is  projected  to  collapse  as  in  figure  2,  it 
predicts  a collapse  moment  greater  than  the  theoretical  collapse  moment 
for  a true  membrane  cylinder  - specifically,  the  predicted  moment  is 
twice  the  moment  at  which  one  point  on  the  cylinder  first  reaches  a com- 
pressive stress  of  This  ideal  condition  is  not  reached  in  prac- 

tice, however,  and  collapse  actually  occurs  before  the  wrinkles  can 
envelop  the  whole  circumference  of  the  cylinder.  For  example,  in  the 
Mylar  test  specimens  of  figure  2,  collapse  was  observed  at  moments 
slightly  above  the  upper  test  points  when  the  uniform  pattern  of  small 
wrinkles  (fig.  1)  abruptly  shifted  to  a few  deep  wrinkles  concentrated 
in  one  or  two  zones.  (In  some  instances,  these  deep  wrinkles  assumed  a 
pattern  resembling  elongated  diamond  buckles.)  It  is  of  some  interest, 
then,  to  determine  Just  when  bending  collapse  of  practical  pressurized 
cylinders  does  occur  in  relation  to  the  collapse  moments  predicted  by 
the  unmodified  and  modified  membrane  theories.  This  comparison  has  been 
made  in  reference  5 and  is  reviewed  briefly  in  the  following  section. 


COLLAPSE  OF  THIN-WALLED  PRESSURIZED  CYLINDERS  IN  BENDING 


Presentation  of  Shell  Data  in  Membrane  Terms 

Experimental  data  on  instability  of  pressurized  cylindrical  shells 
in  bending  are  compared  in  figure  3 with  the  theoretical  collapse  moment 
for  pressurized  cylindrical  membranes.  In  this  figure  the  ordinate  is 
the  ratio  of  the  shell  collapse  moment  to  the  theoretical  initial  wrin- 
kling moment  of  a cylindrical  membrane  and  the  abscissa  is  a dimension- 
less pressure  parameter  which  is  proportional  to  the  internal  pressure 
and  the  square  of  the  shell  radius-thickness  ratio. 

The  theoretical  collapse  moment  for  a cylindrical  membrane  (twice 
the  initial  wrinkling  moment)  is  shown  as  the  horizontal  dashed  line  in 
figure  3*  The  solid-line  curve  shows  the  collapse  moment  according  to 
the  modified  membrane  theory,  in  which,  instead  of  zero  stress,  the  cyl- 
inder walls  are  assumed  capable  of  carrying  a uniform  compressive  stress 

of  normal  to  the  wrinkles  over  the  entire  circumference.  It  is 

r 

expected  that  this  curve  would  represent  an  upper  limit  for  the  collapse 
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moment  of  cylindrical  shells;  its  equation  is  simply 

«<=  ■ * £■)  a) 

The  test  points  represent  failure  of  pressurized  Mylar  and 

7075-T6  aluminum-alloy  cylinders  in  tending  ^291  < £ < 1,33 3^  obtained 

by  several  investigators  (refs.  1 and  2).  These  cylinders  failed  at 
moments  greater  than  the  membrane  collapse  moment  by  virtue  of  the 
bending  stiffness  of  the  cylinder  walls;  but  their  collapse  moments  lie 
below  the  solid  curve  representing  the  limiting  moment.  On  the  average, 
somewhat  less  than  half  of  the  difference  between  the  limiting  moment 
and  the  membrane  collapse  moment  is  realized  in  the  tests.  In  many  cases 
failure  was  accompanied  by  a change  from  wrinkles  to  diamond  shape 
buckles. 


Contribution  of  the  Membrane  Approach 

In  the  study  of  the  bending  of  cylindrical  membranes,  a clear  dis- 
tinction is  made  between  wrinkling  and  collapse  (fig.  2).  A membrane 
cylinder  can  carry  moments  twice  the  wrinkling  moment  and  does  not  lose 
stiffness  suddenly  when  first  wrinkling  occurs.  Similarly,  for  a pres- 
surized shell,  the  limiting  moment  (the  solid-line  curve  of  fig.  3)  is 

twice  the  moment  which  initially  induces  a compressive  stress  of 

in  an  extreme  fiber.  According  to  classical  linear  theory  (refs.  6 
and  7)  > buckling  of  practical  pressurized  cylinders  in  bending  occurs 

when  a compressive  stress  only  slightly  higher  them  is  reached 

r 

in  an  extreme  fiber.  It  appears  from  figure  3,  then,  that  for  p* 
greater  than  about  2,  considerable  moment -carrying  ability  remains  in  a 
shell  beyond  this  classical  buckling  moment.  Thus,  the  classical 
buckling  phenomenon  is  revealed  as  a comparatively  mild  local  instability 
analogous  to  initial  wrinkling  in  a membrane  cylinder,  and  the  test 
points  of  figure  3 apparently  represent  a second  instability  analogous 
to  membrane  collapse.  For  p*  less  than  about  2,  these  two  instabilities 
are  not  distinguishable.  This  distinctive  behavior  of  cylindrical  shells 
in  bending  has  also  been  pointed  out  in  references  2 and  7* 

An  extremely  complex  analysis  would  be  required  for  a detailed 
description  of  the  shell  behavior  subsequent  to  classical  buckling.  On 
the  other  hand,  a good  lower  boundary  to  the  test  data  in  figure  3 over 
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a wide  range  of  p*  is  given  by  the  simple  empirical  expression 

Me  = p*1^1  + pr)  (2) 

which  retains  the  form  of  the  upper  limit  expression,  equation  (l) . 


FUTURE  RESEARCH 


Additional  research  is  needed  to  explore  further  the  membrane 
approach  to  the  study  of  pressurized  shell  behavior.  The  test  data 
available  at  present  are  largely  based  on  very  small  cylinders  of  foil- 
like  materials.  Unfortunately,  the  data  which  are  presented  in  figure  5 
for  cylinders  of  sheet  gages  are  limited  to  very  low  values  of  the  pres- 
sure parameter  p*  (p*  < 5).  Test  data  are  needed  for  shells  made  of 
sheet  gages  at  large  values  of  the  pressure  parameter.  Plasticity,  a 
consideration  which  has  been  ignored  in  this  report,  may  play  in  impor- 
tant role  in  such  an  investigation. 

The  importance  of  the  combined  bending -axial-compression  load  con- 
dition in  launch  vehicles  suggests  that  pressurized  cylinders  under 
these  loads  should  also  be  investigated  from  the  membrane  point  of  view. 
Theoretically,  for  short  cylinders  the  extension  of  figure  5 to  the  case 
of  combined  axial  load  F and  bending  moment  M is  simple;  the  only 
requirement  is  that  the  quantity  Me  be  replaced  by  Me  + Fcr>  where 
Me  and  Fc  are  the  applied  moment  and  axial  compressive  load  which 

jointly  cause  collapse.  However,  for  cylinders  of  practical  length  the 
added  moments  due  to  the  axial  compression  load  may  have  to  be  taken 
into  account - In  addition,  test  data  are  needed  for  the  combined  load 
condition  for  both  foil  and  sheet  gages. 


CONCLUDING  REMARKS 


Recent  research  results  on  bending  of  pressurized  membrane  cylinders, 
when  viewed  together  with  experimental  collapse  data  on  pressurized  thin- 
walled  cylindrical  shells,  have  clarified  the  bending  behavior  and  fail- 
ure of  such  shells.  Additional  research  would  be  beneficial  in 
exploiting  the,  membrane  approach  to  the  study  of  the  instability  of 
pressurized  shells.  Experimental  data  are  needed  on  large  pressurized 
cylindrical  shells  of  sheet  gage  at  large  values  of  the  pressure  param- 
eter. Such  tests  should  include  combined  axial  and  bending  moment 
loading  as  well  as  pure  moment  loading. 
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Figure  1. - Thin  pressurized  Mylar  cylinder  in  com- 
bined bending  and  tension. 


Figure  2.—  Moment-curvature  relationship  for 
Mylar  cylinders  in  tending,  r/t  = 6,000. 
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Figure  3.-  Bending  strength  of  pressurized 
cylinders . 
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INSTABILITY  ANALYSIS  OF  CYLINDRICAL  SHELLS 
UNDER  HYDROSTATIC  PRESSURE 
By  George  Herrmann 
Northwestern  University 

SUMMARY 


To  determine  the  elastic  buckling  pressure  of  simply  supported 
cylindrical  shells  subjected  to  lateral  and  axial  hydrostatic  forces, 
various  versions  of  linear  bending  theories  have  been  employed  in  the 
past*  For  certain  shell  dimensions,  however,  the  expressions  commonly 
used  may  yield  substantially  differing  results.  In  what  follows, 
recent  work  on  this  problem  by  A.  E.  Armenakas  and  the  writer  is 
briefly  reviewed.  This  work  consisted  primarily  in  employing  a general 
bending  theory  of  circular  cylindrical  shells  under  the  influence  of 
Initial  stress,  developed  earlier  by  the  same  authors,  to  re-examine 
the  problem  mentioned,  and  compare  the  results  with  those  of  previous 
investigations.  The  outcome  was  the  establistanent  of  a simple  but 
accurate  expression  for  the  buckling  pressure  applicable  to  a wide 
range  of  shell  dimensions. 


INTRODUCTION 


In  the  past,  various  versions  of  linear  bending  theories  have 
been  employed  in  establishing  the  buckling  value  of  the  external 
pressure  acting  on  circular  cylindrical  shells.  One  of  the  earliest 
investigations  by  von  Mises  (ref.  1)  resulted  in  a simple  expression 
for  the  critical  uniform  lateral  pressure  (no  M±al  stress)  that  has 
been  utilised  extensively.  Timoshenko  (ref.  2)  indicated  that  this 
formula  is  in  close  agreement  with  a more  intricate  formula  obtained 
by  Flugge  (ref.  3).  Much  later,  von  Mises  also  considered  the  case  of 
a shell  under  all  around  pressure  (axial  stress  equals  one  half  of  the 
circumferential  stress)  and  presented  a formula  for  the  critical 
pressure  (see  ref.  2,  page  498). 

More  recently,  Batdorf  (ref.  4)  reinvestigated  this  problem  and 
using  the  Donnell  equations  (ref.  5)  obtained  the  same  expression  as 
von  Mises  for  the  case  of  all  around  pressure,  and  a somewhat  different 
expression  for  the  case  of  only  lateral  pressure.  As  is  well  known, 
however,  for  shells  whose  dimensions  conduce  to  buckling  in  modes  with 

Preceding  page  blank  ] 
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a snail  number  of  circumferential  waves  , the  assumptions  made  in  de- 
riving the  Donnell  equations  are  not  valid  and,  concomitantly,  for  such 
shells  the  Batdorf  results  are  inac curat e • Hushtari  Galimov 
(ref*  6)  present  an  analysis  of  the  same  problem  also  using  the  Donnell 
equations  and  their  results  are  thus  subject  to  the  same  limitations. 
Loo  (ref*  7)  attempted  to  use,  in  establishing  the  buckling  pressure, 
an  extended  Donnell  equation  which  included  the  effect  of  transverse 
shear  forces  on  the  equilibrium  in  the  circumferential  direction. 
Calculations  based  on  this  modification  appear,  for  long  shells,  to  be 
in  reasonable  agreement  with  the  results  obtained  by  von  Mises. 

Same  of  the  aforementioned  formulas  have  been  referred  to  fre- 
quently in  the  literature.  For  certain  ranges  of  shell  dimensions, 
however,  they  yield  substantially  differing  results.  Thus,  it  is 
evident  that  a systematic  re-examination  of  the  buckling  of  circular 
cylindrical  shells  under  hydrostatic  pressure  was  desirable.  For  this 
purpose,  the  bending  theory  of  cylindrical  shells,  under  the  influence 
of  a general  state  of  initial  stress,  presented  recently  by  Herrmann 
and  Armenakas  (ref.  8) , was  used  to  establish  the  value  of  the  critical 
pressure  acting  on  a cylindrical  shell.  The  results  were  compared  with 
those  of  previous  investigations  and  a simplified  but  accurate  ex- 
pression for  the  buckling  pressure,  applicable  to  a wide  range  of  shell 
dimensions,  was  evolved,  valid  for  simple  supports.  A detailed  account 
of  this  work,  including  considerations  concerning  the  character  of  the 
external  pressure,  is  given  in  ref.  9. 


SYMBOLS 


L shell  length 

R shell  radius 

h shell  thickness 

E Young's  modulus 

v Poisson's  ratio 

D flexural  stiffness,  — — 

12(1  - vz) 

n nmber  of  circumferential  waves  (lobes) 

m number  of  axial  half-waves 
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P 

Z 

P 

N 

T 

K 


thickness  parameter,  ^ 
length  parameter,  “jjjj 


curvature  parameter, 


external  pressure 
circumferential  shell  stress 
axial  shell  stress 
buckling  coefficient 


Subscript: 
cr  critical 


CYLINDRICAL  SHELLS  UNDER  HYDROSTATIC  PRESSURE 


Exact  Expression  for  Buckling  Pressure 


Hydrostatic  pressure  (as  distinct,  for  example,  from  constant- 
directional  pressure)  is  defined  as  a pressure  acting  always  perpen- 
dicular to  the  area  element  and  having  during  the  process  of  deform- 
ation a constant  magnitude  per  unit  actual  area.  It  can  act  on  the 
lateral  surface  of  the  shell,  inducing  a stress  N,  or  at  the  end  of 
the  shell,  inducing  a stress  T. 

^ ^ corresponds  to  all  around  pressure. 


£ = 0 to  lateral  pressure  only. 

If  the  shell  is  assumed  to  be  simply  supported,  i.  e.  the  circum- 
ferential displacement,  the  radial  displacement,  the  axial  force  and 
the  bending  moment  are  all  sero,  then  the  following  expression 

for  the  critical  hydrostatic  pressure  p^  is  obtained,  on  the  basis  of 

the  equations  presented  in  ref.  8. 


P 


cr 


2k2 


G = n4(p2  + m2)4  + 12Z 2n4m27r-4  + p8(l  - 2n2) 

+ 2m2p6  [ 2(1  - 2n2)  + v(n2  - l)  ] - <xn4n2p4  - 2m6n2p2v 

H = p2n4(p2  + m2)  + | (1  + s)m2n4(p2  + m2)2  + J (1  + sjm2^2  £ p2 

♦ n2(3  + 2v)J  - p4n2(p2  + 3m2)  + m2n2s  [”  p4  + n2(p2  + m2)J 

Terms  involving  s result  from  taking  into  account  the  fact  that  the 

pressure  is  not  acting  on  the  middle  surface  of  the  shell.  The  above 

expression  for  p is  similar,  but  not  id enticed  to  the  one  obtained 
cr 

by  Flugge  (ref.  3) . For  thin  shells  this  expression  is  unnecessarily 
complicated  and  may  be  simplified  considerably. 


Approximate  expression  for  Buckling  Pressure 


It  is  well  known  that  shells  having  a small  curvature  parameter  Z 
buckle  into  a large  number  of  circumferential  waves,  and  therefore 
1 

2 ®«y  be  disregarded  as  compared  to  unity.  The  buckling  coefficient 
n 

K may  then  be  simplified  to,  with  m = 1, 


K = U + g2)2  + 12Z2 

| + P2  tt4(1  + p2)2  (j  + p2) 


T 1 

For  * = |,  this  exprosalon  is  identical  to  that  obtained  by  von  Misos 


(ref.  2,  p#  498)  and  Batdorf  (ref#  4).  For  the  range  of  shell  dimen- 
sions for  which  the  above  equation  is  not  valid,  that  is  for  shells 

buckling  into  a small  number  of  circumferential  waves  n,  is  large 
as  compared  to  unity.  Therefore,  the  exact  expression  for  K may  be 
simplified  by  disregarding  in  it  terms  not  included  in  the  approximate 

expression  above,  whose  order  of  magnitude  is  ~ times  that  of  terms 

P 

retained.  The  following  expression  for  the  buckling  coefficient  is 
then  obtained,  valid  for  a vide  range  of  shell  dimensions 


2k3 


(1  + B2)2  (n2  - 1) 
tl  + B2ln2 


2 2 
12Z  ii 


-2x2  /T 


In  order  to  evaluate  this  buckling  coefficient  for  a shell  of 
specified  dimensions,  it  is  necessary  to  establish  first  the  buckling 
node  (number  of  circumferential  waves  n)  which  yields  the  smallest 

T 

value  of  K for  given  j , p and  Z.  This  can  be  done  by  repeated 

calculations,  or  by  using  the  chart  given  in  ref.  9,  which  is  an 
extension  of  curves  presented  In  ref.  10. 


Concluding  Remarks 

An  evaluation  of  earlier  work  is  presented  in  ref.  9 and  the 
conclusion  was  reached  that  neither  vonMises'  nor  Loo's  expressions 
are  based  on  consistent,  admissible  shell  theories,  and  that  they 
yield,  for  certain  shell  dimensions,  Incorrect  results.  Donnell-type 
equations,  such  as  used  by  Batdorf  (ref.  4)  cannot  be  expected  to 
yield  good  results  for  long  shells. 

Further,  it  is  of  Interest  to  point  out  that  the  new  expression 
for  the  buckling  pressure  cannot  be  derived  directly  from  a consistent 
simplified  shell  theory.  It  appears  that  this  expression  can  be  ob- 
tained only  on  the  basis  of  the  complete  bending  theory,  followed  by  a 
simplification  of  the  expression  for  the  buckling  coefficient.  In 
future  work  it  might  be  worthwhile  to  attempt  constructiong  a similar 
expression  for  the  buckling  coefficient  valid  for  more  realistic 
boundary  conditions. 
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INVESTIGATION  OF  HELD  COLLAPSE  OF  STIFFENED  CIRCULAR 

CYLINDRICAL  SHELLS  WITH  A GIVEN  OUT-OF-ROUNDNESS 

By  Robert  C.  DeHart,  and 
Nicholas  L.  Basdekas 

Southwest  Research  Institute 
San  Antonio,  Texas 


SUMMARY 


The  effect  of  out-of-roundness  on  the  yield  collapse  strength  of 
ring  stiffened  circular  cylindrical  shells  under  hydrostatic  pressure 
has  been  determined  experimentally.  On  the  basis  of  the  experimental 
data  and  theoretical  stress  distributions,  empirical  relations  have 
been  developed  which,  in  conjunction  with  the  theoretically  predictable 
yield  collapse  strength  of  round  ring-stiffened  circular  cylindrical 
shells,  permits  the  prediction  of  the  yield  collapse  strength  of  shells 
with  out-of-roundness. 


INTRODUCTION 


Procedures  for  predicting  the  yield  collapse  strength  of  ring- 
stiffened  circular  cylindrical  shells  composed  of  materials  having  a 
non-linear  stress-strain  curve  have  been  developed  by  the  authors  in 
Reference  1. 

Out-of-roundness  in  the  shell  and  stiffening  rings  may  result  from 
manufacturing  procedures,  relief  of  residual  stresses  with  time  and 
severe  transient  or  static  loading  of  stiffened  shell  structures.  The 
need  to  determine  the  yield  collapse  strength  of  ring-stiffened  shells 
having  out-of-roundness  and  the  absence  of  an  available  technique  for 
evaluating  the  strength  of  out-of -round  stiffened  shells  lead  to  the 
present  investigation  the  results  of  which  are  presented  herein. 


Theoretical  Treatment 

A survey  of  existing  theoretical  treatments  of  out-of-round  stiff- 
ened circular  cylindrical  shells  was  made  and  excellent  contributions 
were  found  in  References  2 to  5 and  particularly  in  Reference  6.  Of 
all  those  treatments  none  are  strictly  applicable  to  the  case  at  hand. 
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There  are  several  theoretical  complexities  involved  in  the  problem. 

A stiffened  shell  with  out-of-roundness  under  hydrostatic  pressure  under- 
goes displacements  which  introduce  nonuniform  load  distribution  on  the 
stiffener.  As  a result  of  this,  the  direct  stresses  in  the  stiffener 
are  not  constant, and  the  extent  of  this  variation  is  not  known.  The 
determination  of  bending  stresses  in  the  stiffener  is  a complex  matter 
because  the  moment  and  the  effective  stiffener  change  with  6 (see 
Figure  1),  shell  dimensions  and  pressure  level.  The  variation  in  load- 
ing and  effective  stiffener  introduce  large  difficulties  in  the  deter- 
mination of  the  stiffener's  elastic  stability.  It  is  needless  to  say 
that  the  difficulties  are  multiplied  when  non-linear  and/or  elasto- 
plastic  strains  exist  in  the  stiffened  shell. 


Adopted  Approach 


In  spite  of  all  the  above-mentioned  complications,  a meaningful 
approximation  of  the  strains  in  the  stiffener  can  be  obtained  by  a pro- 
cedure based  on  the  following  reasoning.  The  presence  of  the  stiffener 
in  a circular  cylindrical  stiffened  shell  under  pressure  develops  in  the 
shell  disturbances  which  die  out  in  a short  distance  from  the  stiffener. 
This  distance  is  a function  of  the  thickness  of  the  shell  and  its  radius. 
The  differential  equation  for  axisyrametric  deformations  of  circular 
cylindrical  shells,  as  given  in  Reference  7,  is 


w ■ e”^*  [C3 


cos  px  + sin 
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where 
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a*h* 

Radius  of  Shell 


h ■ Thickness  of  Shell 


v ■ Poisson's  Ratio 

Using  equation  (1),  the  shear  in  a ring-stiffened  shell  is  obtained  and 
the  distance  from  the  ring  at  which  it  reaches  its  first  aero,  for  the 
shell  shown  in  Figure  1,  is  shown  in  Figure  2.  If  the  stiffened  shell 
is  cut  where  the  shear  first  becomes  zero,  then  the  ring  and  the  shell, 
as  shown  in  Figure  3>  will  act  as  a ring  of  T cross  section.  L sing 
•fcMx  sinple  approach,  bending  stresses  ha ve- been  computed  by  employing 
the  well  known  bending  moment  expression 
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where 

q_  * The  loading  on  the  T cross-section  ring 

rQ  * Radius  of  the  ring 

wQ  » Maximum  out-of -roundness 

qcr  - Buckling  load  of  the  T cross-section  ring 

To  determine  the  direct  stresses  in  the  stiffener  , the  snear 
forces  existing  at  the  stiffener-shell  junction  for  a perfectly  round 
stiffened  cylindrical  shell  were  obtained  and  applied  to  the  stiffener. 
The  stiffener  was  considered  to  be  a thick  ring>and  the  Lame*  solution 
was  used  to  compute  the  direct  stresses  in  the  ring. 


Models  Tested  and  Results  Obtained 

Model  data  are  given  in  Table  1.  All  models  were  made  out  of 
7075-T6  aluminum  alloy.  A typical  compression  stress-strain  curve  is 
shown  in  Figure  U.  They  were  machined  out  of  solid  stock  to  a toler- 
ance of  ± 0.002  inch  in  the  cos  26  out-of-round  mode.  Strains  were 
read,  by  means  of  SR-U  strain  gages,  at  9 * 0*,  90*,  180°,  and  270*, 
in  the  circumferential  direction.  Typical  strain  reading  curves  are 
given  in  Figures  5 and  6,  and  they  are  compared  with  the  theoretically 
predicted  strains  and  those  obtained  from  perfectly  round  stiffened  shells 

In  Table  1 the  collapse  pressures  are  given  for  the  out-of-round 
models  as  well  as  the  perfectly  round  ones  for  the  sake  of  comparison 
The  ratio 

Of  Collapse  Pressure  

“ Yield  strength  of  material  used  based  on  1-2%  offset 

was  used  to  denote  the  non-dimensional  collapse  pressure. 


Discussion  of  Experimental  Data  and  Their  Utilization 

From  the  typical  strain  records  shown  in  Figures  5 and  6,  it  is 
clear  that  the  deviation  of  the  ring  strains  is  greater  than  the  devia- 
tion of  the  mid-bay  strains  in  the  case  of  out-of-round  shells.  Thus, 
it  is  not  surprising  to  find  that  the  mode  of  failure  was  that  of 
stiffener  collapse  rather  than  that  of  free  plastic  flow  at  mid-bay 
for  which  the  perfectly  round  models  were  designed.  The  agreement  of 
experimental  and  theoretical  strains  in  the  stiffener  and  particularly 
of  the  maxinum  strain  in  it  can  be  of  use  in  determining  the  pressure 
which  will  collapse  the  stiffener. 
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The  presence  of  the  stiffener,  in  out-of -round  stiffened  shells 
under  pressure,  results  in  shell  displacements  which  are  non-axisymmetric. 
It  appears  that  the  non-axisymmetric  displacements  which  propagate  almost 
without  decay  along  the  shell  are  directed  such  that  the  mid-bay  out-of- 
roundness  is  reduced  and  the  spread  in  circumferential  raid-bay  strains 
is  narrowed. 

When  the  collapse  of  out-of-round  stiffened  shells  results  from 
failure  of  the  stiffener  in  the  elasto-plastic  range,  the  maximum  stress 
produced  in  the  stiffener  is  responsible  for  the  creation  and  spread  of 
plasticity.  The  establishment  of  the  extent  of  the  plastic  region 
necessary  to  produce  an  elasto-plastic  stability  failure  of  the  stiffener 
is  not  easy.  Using  the  experimental  data  and/or  the  theoretical  predic- 
tions which  agree  very  well,  the  following  scheme  has  been  devised  in 
which  the  pressure  producing  maximum  elastic  strains  in  the  stiffener 
of  perfectly  round  and  out-of-round  models  can  be  manipulated  to  predict 
the  collapse  strength  of  aluminum  stiffened  shells.  If  Pp  is  the 
pressure  producing  a strain  in  the  stiffener  of  a perfectly  round, 
efficiently  designed  stiffened  shell  equal  to  the  proportional  limit, 
and  P0  is  the  pressure  producing  a maximum  strain  in  the  stiffener  of 
an  out-of-round  stiffened  shell  equal  to  the  proportional  limit,  then 
it  is  apparent  that  the  reduction  in  strength  can  be  correlated  with 
the  difference  between  these  two  pressures. 

An  examination  of  the  experimental  data  disclosed  that  the  reduc- 
tion in  strength  can  be  approximated  by  the  use  of  a reduction  factor, 

Rf.  On  this  basis,  the  reduced  strength  for  a given  out-of-roundness 
is  given  by: 


For  the  out-of-round  models  tested,  only  Models  1-0,  3-0,  and 
3-H-1-0  collapsed,  and  experimental  reduction  factors  are  obtained. 
Results  based  on  the  above  procedure,  using  theoretical  and  experi- 
mental pressure -maximum  stiffener  strains  relations  are  given  in 
Table  2. 

The  empirical  scheme  proposed  predicts  ultimate  strengths,  which 
for  the  shells  tested,  differ  from  the  experimentally  predicted  strengths 
by  no  more  than  3 per  cent. 
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DISTANCE  AT  WHICH  THE  SHEAR 
REACHES  ITS  FIRST  ZERO  VALUE 
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Figure  3--  Sketch  of  the  T cross-section  ring. 


STRAIN  - MICROS 

Figure  4.-  Typical  compression  stress-strain  curve  of  7075-T6  aluminum 

alloy. 
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Figure  5.-  A typical  variation  of  experimental  ring  strains  in  perfectly 
round  and  out-of-round  stiffened  shells  and  their  comparison  with  the 
theoretically  predicted  strains. 
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Figure  6.  - A typical  range  of  variation  of  mid-bay  circumferential 
strains  in  perfectly  round  and  out-of-round  ring- stiffened 
circular  cylindrical  shells. 
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THERMAL  BUCKLING  OF  CYLINDERS 
By  Melvin  S.  Anderson 
NASA  Langley  Research  Center 


SUMMARY 


Several  theoretical  and  experimental  investigations  on  the  buckling 
of  cylinders  due  to  both  axial  and  circumferential  thermal  stresses  are 
reviewed.  Differences  that  exist  among  the  various  results  are  discussed 
and  areas  of  future  work  are  indicated. 


INTRODUCTION 


In  recent  years  numerous  investigators  have  obtained  theoretical 
solutions  to  various  problems  on  the  buckling  of  cylinders  due  to  ther- 
mal stress  and  in  some  cases  have  obtained  the  interaction  of  thermal 
stresses  with  stresses  due  to  externally  applied  loads.  In  the  solu- 
tion of  these  problems  thermal  stresses  caused  by  arbitrary  tempera- 
ture distributions  are  generally  represented  by  a Fourier  series  and 
then  a Fourier  series  solution  of  the  buckling  problem  is  obtained. 

For  a specific  temperature  distribution,  the  Fourier  coefficients  for 
the  thermal  stress  are  evaluated  and  the  buckling  conditions  are  deter- 
mined. It  can  be  seen  that  any  varying  stress  distribution  problem 
could  be  treated  in  the  same  manner;  thus,  the  work  that  has  been  done 
is  not  necessarily  limited  to  thermal  stress  problems. 

Two  general  cases  have  been  considered  in  the  literature.  The 
first  case,  which  was  investigated  in  references  1 to  3,  is  buckling 
of  a cylinder  due  to  circumferential  stresses  that  vary  in  the  axial 
direction.  Circumferential  thermal  stresses  are  caused  mainly  by 
restraint  of  thermal  expansion  in  the  vicinity  of  the  cooler  rings. 

The  interaction  of  circumferential  thermal  stress  with  uniform  axial 
compression  is  treated  in  reference  3*  Buckling  of  a cylinder  due  to 
axial  stresses  that  vary  in  the  circumferential  direction  was  consid- 
ered in  references  4-  and  5.  Such  a stress  distribution  results  when 
a cylinder  is  heated  nonuniformly  around  the  circumference.  For  com- 
binations of  these  cases,  in  which  both  circumferential  and  axial 
stresses  are  varying,  no  theoretical  solution  is  available,  but  cer- 
tain conclusions  based  on  the  results  of  the  separate  analyses  can  be 
inferred. 

In  the  theory  applied  throughout  references  1 to  5,  either  the 
Donnell  equation  or  the  modified  Donnell  equation  (see  ref.  6)  was  used. 

Preceding  page  blank 
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Same  of  the  more  significant  aspects  of  the  various  solutions  are  dis- 
cussed  in  this  paper. 

SYMBOLS 


E 

L 


a 

7 


a 


Ox 


aTx>  aTy 


T 


<JP 


Young's  modulus 

cylinder  length  between  rings 

cylinder  radius 

cylinder  wall  thickness 

maximum  cylinder  temperature 

temperature  difference  between  rings  and  skin 

axial  coordinate 

coefficient  of  linear  thermal  expansion 

ratio  of  axial  stress  to  the  classical  cylinder  buckling 

stre86,  s. & Z Ik 

Et 

Poisson's  ratio 
axial  stress 
maximum  bending  stress 

thermal  stress  in  axial  and  circumferential  directions, 
positive  in  tension 

temperature  buckling  coefficient,  a ^ ^ 


circumferential  coordinate 
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BUCKLING  OF  CYLINDERS  DUE  TO  CIRCUMFERENTIAL  STRESSES 
THAT  VARY  IN  THE  AXIAL  DIRECTION 


When  a ring- stiff ened  cylinder  is  heated  rapidly,  cooler  rings  cause 
circumferential  thermal  stresses  which  are  a maximum  in  compression  over 
the  rings  and  generally  decay  to  zero  away  from  the  rings.  The  inter- 
action of  these  thermal  stresses  with  uniform  axial  compression  to  cause 
buckling  is  shown  in  figure  1.  It  is  assumed  that  the  rings  and  skin 
are  both  at  constant  temperatures,  the  difference  in  these  temperatures 
being  AT  which  is  plotted  as  the  ordinate  in  the  form  of  the  temper- 
ature buckling  coefficient  t.  The  abscissa  7 is  the  ratio  of  the 
mH ni  compressive  stress  to  the  classical  buckling  stress  for  a cylinder 
under  uniform  compression. 

The  solid  curve  from  reference  5 applies  to  a cylinder  of  many  bays 
with  each  bay  simply  supported.  A similar  problem  was  considered  in 
reference  1 for  the  case  of  heating  alone,  except  that  the  cylinder  was 
considered  to  be  one- bay  long.  The  value  of  t from  reference  1 indi- 
cated by  the  circle  symbol  at  7 equal  to  zero  is  about  times  the 

value  obtained  for  a cylinder  with  many  bays.  This  difference  does  not 
at  first  appear  reasonable  since  the  equations  used  in  references  1 
and  5 lead  to  the  same  stability  determinant.  However,  as  shown  in 
figure  2 the  thermal  stress  distribution  is  not  the  same  for  the  two 
problems.  In  figure  2 the  theoretical  circumferential  thermal  stress 
oipy  is  plotted  in  nondimensional  form  against  The  stress  distri- 

bution for  a cylinder  of  many  bays  is  given  by  the  solid  curve  while 
the  dashed  curve  applies  to  a one-bay  simply  supported  cylinder.  The 
extent  of  the  region  of  compressive  stresses  is  greater  for  the  cylinder 
of  many  bays  than  for  the  one- bay  cylinder.  The  reason  for  the  differ- 
ence between  the  two  curves  is  that,  in  a cylinder  of  many  bays,  the 
radial  expansion  of  the  cylinder  wall  is  symmetric  about  a ring  which 
effectively  cl amps  the  ends  of  each  bay  as  far  as  circumferential  thermal 
stress  is  concerned.  For  a given  temperature,  the  average  thermal  stress 
in  a cylinder  of  many  bays  is  over  twice  the  average  thermal  stress  for 
a cylinder  of  one  bay.  If  the  results  of  references  1 and  3 are  compared 
on  the  basis  of  average  stress  at  buckling,  the  cylinder  of  one  bay  is 
found  to  have  an  average  stress  only  20  percent  greater  than  a cylinder 
of  many  bays,  even  though,  as  shown  in  figure  1,  the  buckling  tempera- 
ture for  a cylinder  of  one  bay  is  over  2^  times  that  for  a cylinder  of 

many  bays.  On  the  basis  of  this  explanation,  the  result  is  reasonable 
and  is  similar  to  that  found  for  buckling  of  flat  plates  where  the  aver- 
age stress  at  buckling  increases  somewhat  as  the  stress  is  concentrated 
more  toward  the  edges. 
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The  curves  in  figure  1 indicate  that  a significant  portion  of  the 
classical  buckling  stress  can  be  applied  without  lowering  the  buckling 
temperature.  This  behavior  can  be  explained  by  examining  again  the 
average  circumferential  stress  in  the  cylinder.  For  a given  tempera- 
ture, it  can  be  shown  (see  fig.  8 of  ref.  3)  that  the  addition  of  axial 
compression  reduces  the  average  circumferential  thermal  stress.  For  a 
simply  supported  cylinder  (solid  curve  in  fig.  1)  the  reduction  in  aver- 
age thermal  stress  compensates  for  the  destabilizing  effect  of  the  axial 
compression  and  results  in  essentially  no  change  of  the  buckling  temper- 
ature. For  a clamped  cylinder  (long-dash— short-dash  curve  in  fig.  1), 
this  compensation  is  even  greater  so  there  is  a net  temperature  increase 
for  buckling.  At  high  values  of  7,  the  axial  stress  becomes  the  domi- 
nant factor  in  buckling  and  the  temperature  rise  at  buckling  quickly 
drops  to  zero  at  7 equal  to  0.95*  This  5-percent  reduction  in 
buckling  stress  from  the  classical  value  is  caused  by  circumferential 
stresses  produced  by  the  restraint  of  Poisson’s  expansion  in  the  vicinity 
of  the  rings. 

An  analysis  of  the  buckling  temperature  of  a clamped  end  cylinder 
is  also  given  in  reference  2.  The  result  of  this  analysis  is  indicated 
by  the  square  symbol  in  figure  1 and  is  seen  to  be  almost  twice  the 
value  obtained  in  reference  3 (long-dash— short-dash  curve  at  7 equal 
to  zero).  The  stress  distribution  and  the  boundary  conditions  were  the 
same  in  the  two  references;  however,  the  eighth-order  Donnell  equation 
was  used  in  reference  2 whereas  the  fourth-order  modified  Donnell  equa- 
tion was  used  in  reference  3*  A preliminary  check  of  the  results  of 
reference  2 indicates  there  may  be  some  numerical  errors  in  the  calcu- 
lations; however,  the  correct  numerical  results  obtained  from  the 
Donnell  equation  would  still  be  significantly  higher  than  those  obtained 
in  reference  3*  Batdorf  (ref.  6)  Indicated  that  the  use  of  the  Donnell 
equation  in  combination  with  a Galerkln  solution,  as  was  done  in  refer- 
ence 2,  could  lead  to  Incorrect  results  for  clamped  cylinders.  The  dis- 
crepancy is  possibly  due  to  divergent  series  resulting  from  differen- 
tiating the  deflection  function  8 times.  Additional  information  on  the 
accuracy  of  the  Donnell  equation  for  clamped  cylinders  is  obtained  from 
calculations  made  for  a clamped  cylinder  loaded  to  produce  a uniform 
circumferential  stress,  which  is  a limiting  case  of  the  more  general 
thermal  stress  problem.  For  this  case  the  result  obtained  from  the 
Donnell  equation  is  as  much  as  50  percent  higher  than  either  the  result 
obtained  by  Sturm  (ref.  7)  or  the  result  obtained  from  the  modified 
Donnell  equation.  The  reason  for  the  differences  between  the  two  equa- 
tions has  not  been  completely  explained,  but  it  does  appear  that  the 
Donnell  equation  gives  incorrect  results  for  clasped  cylinders  and  that 
the  modified  equation  should  be  used. 

It  is  well  known  that  experimental  buckling  results  are  lower  than 
values  calculated  by  using  ssiall-deflection  theory  for  cylinders  in  axial 
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compression.  However,  for  circumferential  compression,  theoretical 
results  are  in  agreement  with  tests.  Thus,  one  could  expect  good  agree- 
ment between  theory  and  experiment  at  lower  values  of  7 where  circum- 
ferential compression  is  dominant  but  at  higher  values  of  7 the  theory 
will  be  unconservative.  The  test  points  in  figure  1 at  t equal  to 
zero  are  for  room- temperature  bending  tests,  reported  in  reference  8, 
of  7075- T6  aluminum- alloy  cylinders  and  indicate  the  magnitude  of  the 

reduction  in  buckling  stress  from  the  classical  value  for  ^ equal 

to  500.  In  reference  3 it  is  proposed  that  7 "be  reduced  at  any  value 
of  r by  the  same  percentage  as  the  reduction  at  room  temperature . 

This  procedure  results  in  the  dashed  curve  in  figure  1.  The  two  test 
points  for  the  heating  tests  are  from  the  results  of  reference  9 for 
2024- T3  aluminum- alloy  cylinders  loaded  in  pure  bending  and  then  heated. 
Reasonable  agreement  is  shown  between  the  tests  and  the  dashed  curve. 


BUCKLING  OF  CYLINDERS  DOE  TO  AXIAL  STRESSES 
THAT  VARY  IN  THE  CIRCUMFERENTIAL  DIRECTION 


If  a cylinder  is  heated  such  that  the  temperature  varies  around  the 
circumference,  nonuni form  axial  thermal  stresses  will  arise.  The  effect 
of  these  theraal  stresses  on  the  load- carrying  ability  of  the  cylinder 
can  be  inferred  from  the  analyses  given  in  references  4 and  5.  It  was 
shown  in  reference  4 that,  based  on  small  deflection  theory  for  pure 
bending  of  a cylinder,  the  maximum  compressive  stress  for  practical 
cylinder  proportions  is  essentially  the  classical  buckling  stress  for  a 
cylinder  in  uniform  compression.  For  most  cases  of  nonuniform  heating, 
the  axial  thermal  stress  distribution  in  a cylinder  is  similar  to  a 
bending-moment  stress  distribution  in  the  vicinity  of  maximum  compressive 
stress.  Thus,  the  theoretical  maximum  axial  compressive  thermal  stress 
at  buckling  can  also  be  taken  as  the  classical  buckling  stress  for  uni- 
form compression.  An  exception  occurs  if  the  region  of  compressive 
stress  is  very  1 in  the  circumferential  direction.  For  example,  in 
reference  10  a theoretical  buckling  stress  slightly  higher  than  the 
classical  value  is  indicated  for  a cylinder  heated  along  a very  narrow 
longitudinal  strip. 

In  reference  5,  buckling  of  a cylinder  under  a varying  axial  stress 
is  also  investigated.  The  stress  distribution  is  represented  by  a 
Fourier  cosine  series  and  the  resulting  stability  determinant  is  eval- 
uated with  the  aid  of  certain  simplifying  assumptions.  It  is  shown  that 
the  maximum  stress  for  a bending  distribution  (cos  <p)  or  the  distribu- 
tion given  by  the  next  higher  term  (cos  2p)  approaches  the  classical 
value  as  the  size  of  the  determinant  is  increased.  It  is  of  interest  to 
note  that  with  the  use  of  the  same  simplifying  assumptions  the  stability 


260 


determinant  for  these  tvo  cases  can  be  put  in  closed  form,  and  the  max- 
imum stress  at  buckling  can  be  shown  to  be  precisely  the  classical  buck- 
ling stress  for  uniform  compression  when  the  size  of  the  determinant 
approaches  infinity. 

It  has  been  mentioned  previously  that  theoretical  buckling  stresses 
for  cylinders  must  be  reduced  to  correspond  to  values  observed  in  tests. 
Thermal  stress  distributions  are  more  likely  to  be  similar  to  bending 
stress  distributions  than  uniform  compression  so  that  the  experimental 
results  obtained  in  bending  tests  of  cylinders  should  be  a good  estimate 
of  the  maximum  thermal  stress  at  cylinder  buckling.  Experimental  buck- 
ling stresses  for  uniform  compression,  which  are  slightly  lower  than 
the  results  obtained  in  bending  tests,  would  provide  a conservative  esti- 
mate of  the  thermal  buckling  stress. 

Even  though  the  maximum  stress  at  cylinder  buckling  has  been  speci- 
fied, it  is  still  somewhat  of  a problem  to  determine  the  temperature  at 
which  this  stress  occurs.  The  usual  elementary  analysis  of  thermal 
stress  will  not  be  sufficient  in  many  cases  as  is  illustrated  in  fig- 
ure 3 where  the  longitudinal  and  circumferential  variation  of  axial  ther- 
mal stress  is  shown  for  a typical  heating  condition.  Figure  3 was 
obtained  from  the  results  of  reference  11  where  an  analysis  is  given  of 
the  axial  thermal  stress  present  in  a cylinder  with  a nonuniform  tem- 
perature distribution.  The  dashed  curves  represent  the  elementary  ther- 
mal stress  in  each  hay,  and  they  differ  considerably  from  either  the 
experimental  points  or  the  solid  curves,  which  were  calculated  by  the 
theory  of  reference  11.  The  thermal  stresses  shown  in  figure  3 were 
the  result  of  heating  a cylinder  on  one  side  only  over  the  central  por- 
tion of  the  cylinder.  Strains  were  not  measured  in  the  areas  directly 
under  the  heating  lamps  but,  in  the  other  regions  of  the  cylinder, 
stresses  determined  from  measured  strains  agree  reasonably  well  with 
theoretical  values. 

As  previously  mentioned,  the  results  of  references  4 and  5 indicate 
that,  if  the  classical  buckling  stress  for  uniform  compression  is  acting 
over  only  a portion  of  the  circumference  of  a cylinder,  buckling  still 
occurs.  Hence,  it  is  reasonable  to  assume  that  the  interaction  curve 
obtained  in  reference  5 for  uniform  heating  and  unifonn  compression  would 
also  apply  to  stresses  acting  over  a portion  of  the  cylinder  circumfer- 
ence. Using  this  assumption  and  the  results  of  the  various  buckling 
analyses  that  have  been  previously  discussed,  the  experimental  results 
of  reference  11  can  be  correlated  with  theory  as  shown  in  figure  4.  In 
figure  4,  the  maximum  cylinder  bending  stress  ox  is  plotted  against 
maximum  cylinder  temperature  T^y.  The  upper  curve  is  the  result  that 
would  be  obtained  if  there  were  no  thermal  stress  and  the  bending 
strength  was  reduced  in  proportion  to  the  reduction  of  Young's  modulus 
with  temperature.  The  middle  curve  was  calculated  from  reference  3 for 
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a cylinder  that  is  uniformly  heated.  The  curve  represents  the  inter- 
action of  a uniform  compressive  stress  with  the  circumferential  thermal 
stresses  present  due  to  the  cooler  rings.  The  cylinders  represented  by 
the  test  points  on  figure  k were  not  heated  uniformly  but  were  heated 
as  indicated  in  figure  3;  this  heating  caused  axial  thermal  stresses  in 
addition  to  the  load- induced  stress.  The  maximum  compressive  bending 
stress  was  at  the  bottom  of  the  cylinders  which  was  also  the  point  of 
TTtfnri rmim  heating  and  high  compressive  thermal  stresses;  therefore,  this 
region  was  critical  for  buckling.  The  load-carrying  ability  of  the 
cylinder  is  indicated  by  the  lower  curve  which  represents  the  allowable 
load- induced  stress  and  was  obtained  by  subtracting  the  calculated  axial 
thermal  stress  at  the  bottom  of  the  cylinder  from  the  value  given  by  the 
middle  curve.  The  data  exhibit  scatter  which  is  about  the  same  as 
observed  in  the  results  of  room- temperature  tests  and  is  in  reasonable 
agreement  with  predicted  values. 


AREAS  OF  FUTURE  RESEARCH 


For  the  problem  of  buckling  due  to  circumferential  thermal  stress, 
experimental  results  have  been  obtained  for  the  case  in  which  significant 
amounts  of  axial  compression  have  also  been  present.  Further  research 
is  needed  in  this  area  to  determine  experimental  buckling  results  for 
cylinders  that  buckle  due  to  temperature  alone.  In  addition  the  load- 
carrying  ability  of  the  temperature-buckled  cylinder  would  be  of  interest « 

Axial  thermal  stresses  could  be  a significant  factor  in  buckling  of 
longitudinally  stiffened  cylinders  which  might  be  used  as  an  interstage 
structure  of  launch  vehicles.  Therefore,  it  would  appear  that  extension 
of  the  method  of  reference  11  for  calculating  thermal  stresses  to  include 
stiffened  cylinders  with  the  possibility  of  local  buckling  between  stiff- 
eners should  be  an  area  for  future  research.  Also  the  effect  of  a varying 
axial  stress  on  the  buckling  behavior  of  a longitudinally  stiffened  cylin- 
der should  be  investigated  in  order  to  determine  whether  there  is  any 
significant  difference  from  the  case  of  uniform  compression. 


CONCLUDING  REMARKS 


The  work  of  several  investigators  on  the  buckling  of  cylinders  under 
varying  axial  and  circumferential  thermal  stresses  has  been  reviewed.  It 
has  been  shown  that  the  severity  of  the  circumferential  thermal  stress  is 
strongly  dependent  on  the  boundary  conditions . The  interaction  of  cir- 
cumferential thermal  stresses  with  axial  compression  is  also  discussed. 

A method  of  incorporating  these  results  with  the  observed  reduction  in 
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axial  buckling  stress  from  the  theoretical  value  is  indicated  and  is 
shown  to  agree  with  experimental  results. 

For  cylinders  that  are  heated  nonuniformly,  the  axial  thermal  stress 
cannot  in  general  be  predicted  by  elementary  theory.  A method  is  avail- 
able to  predict  these  stresses  which  can  be  added  to  the  load- induced 
stresses  to  obtain  the  complete  axial  stress  distribution.  Buckling 
can  then  be  determined  by  assuming  that  the  maximum  axial  stress  is  equal 
to  the  buckling  stress  that  would  be  obtained  in  a cylinder  heated  uni- 
formly and  loaded  by  bending  or  compression. 
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LOCAL  CIRCU1.IPSREIJTIAL  BUCKLING  OF  THIN  CIRCULAR 
CYLINDRICAL  SHELLS 
By  David  J.  Johns 

College  of  Aeronautics,  Cranfield,  U.K. 


SUMMARY 


The  problem  of  circumferential  buckling  of  a thin  circular  cylin- 
drical shell  due  to  compressive  hoop  stresses  'which  vary  in  the  axial 
direction  is  examined.  For  extremely  localised  compressive  hoop  stress 
distributions  resulting  from  thermal  discontinuity  effects,  or  from  a 
uniform,  radial  line  loading,  the  buckle  pattern  should  also  be 
localised.  Simplified  analyses  into  these  two  types  of  problem  are 
considered  which  show  that  only  a limited  number  of  buckle  deflection 
modes  needs  to  be  assumed* 


INTRQDUCTICJt 


The  compressive  hoop  stresses  set  up  near  the  junction  of  a 
cylindrical  shell  heated  axisynmetrically,  and  a cooler,  stiffening 
ring  or  bulkhead,  may  be  high  enough  to  cause  buckling  of  the  shell. 
Similar  stress  distributions  are  caused  by  an  axisymmetric  radial  line 
loading  in  an  unstiffened  shell.  For  both  types  of  problem  the 
localised  nature  of  the  high  compressive  hoop  stresses  suggests  that 
the  buckling  mode  may  also  be  local# 


This  paper  reviews  the  problems  and  discusses  sane  simplified 
theoretical  analyses  which  only  consider  the  conditions  in  the  shell 
close  to  the  region  in  which  the  compressive  hoop  stresses  are  acting. 
No  attempt  is  made,  as  in  other  published  solutions,  to  represent  the 
conditions  over  the  entire  length  of  the  shell.  By  this  means  it  is 
hoped  to  show  that  a realistic  solution  is  obtained  when  using  only  a 
limited  number  of  modes  for  the  buckle  deflection  pattern. 


SYMBOLS 


radius  of  shell 

deflection  coefficients  in  radial  displacement  functions 


Preceding  p age  blank 


W1* 
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C a number 

_ N 

D flexural  rigidity 

£ Young's  modulus 

h shell  thickness 

I*  shell  length 

^ a "compressed"  length  of  shell 

P radial  line  load 

R thermal  buckling  factor  (pt  T )q 

T uniform  shell  temperature  rise 

w shell  radial  displacement 

x axial  shell  co-ordinate  measured  from  position  of  nunrtnnim 

hoop  stress 

circumferential  shell  co-ordinate 
coefficient  of  thgrmal  expansion 

I l 

shell  parameter  [_3(l-v2)42h2_ 

half  ware  length  -of  buckling  in  circumferential  direction 
circumferential  membrane  stress 


y 

a 
§ 

A 

°y 

Subscript: 


critical 


CIRCUMFERENTIAL  THERMAL  BUCKLING 


Review 

Hoff  (ref.l)  first  investigated  the  stability  of  a simply  supported 
cylindrical  shell  subjected  to  a uniform  temperature  rise*  Infinite 
trigonometric  series  are  used  to  represent  the  radial  deformation  of 
the  shell  and  the  axial  stress  distribution,  and  Donnell's  sinplified 
smell  deflection  theory  (ref .2)  is  used  to  obtain  a solution  in  the 
form  of  an  infinite  determinant  which  can  be  truncated  to  give  a 
solution  to  any  desired  degree  of  accuracy* 
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Poor  clamped  edged  shells  such  a direct  analysis  is  not  possible 
and  a solution  of  Donnell's  equation  requires  the  application  of 
Galerkin' s method  (refs. 3 and  4)«  In  a more  recent  paper  by  Anderson 
(ref .5)  a similar  approach  is  made,  for  both  clamped  and  simply 
supported  edges,  using  the  modified  equation  of  equilibrium  proposed 
by  Batdarf  (ref *6). 

The  result  is  shown  in  both  references  1 and  3 that  for  long  shells 
many  terms  are  required  in  the  radial  deformation  function  to  describe 
the  buckle  pattern  accurately  when  it  is  expressed  in  the  form 

PC 

w = Sin2?  X Vin?  3in2L£  » (1) 

psl 

for  clamped  edges,  or, 

PC 

w 3 ^Xv1*2?  (2) 

pal 

for  simply  supported  edges. 

Far  a uniformly  heated  shell  attacned  to  a rigid,  non-expanding 
ring  or  bulkhead,  the  exact  hoop  stress  distributions  are  shown  in 
figure  1 and  may  be  written  as 


°y/EaT  = fi 


e”^X(cos/9x  + sin/9x) 


(3) 


for  clamped  edges,  and 


ay/EaT  = % = e^^cos/SX  (4) 

far  simply  supported  edges* 

It  is  evident  that  these  stresses  decrease  rapidly  away  from  the 
shell -bulkhead  Joint  and,  if  the  hoop  stress  distribution  is  represented 
by 

oc 

<7  = BeV  S cos— 

y L_i  m L 

m=0 


» 


(5) 
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many  terms  % would  be  required  for  adequate  representation  of  oy  over 

the  entire  length  of  the  shell.  Because  of  this  it  ms  suggested  by  the 
author  (ref.  7)  that  a more  important  parameter  in  this  problem  than  the 
shell  length  would  be  that  length  of  the  shell  near  to  each  joint  for 
which  the  hoop  stresses  are  compressive  (see  figure  l),  i.e.  L should 
be  replaced  by  I* ^ where  far  clamped  edges 


= 3w/2j3 


(6) 


and  for  simply  supported  edges, 

Lb  * • 

P 


(7) 


This  concept  was  used  in  reference  if  where  both  the  assumed  buckle 
pattern  and  the  hoop  stress  distribution  were  only  represented  over  a 
region  close  to  the  shell-bulkhead  joint.  The  small  number  of  terms 
required  to  get  convergence  of  the  solution  and  the  agreement  which  was 
obtained  with  an  experimental  investigation  suggested  that  the  line  of 
approach  was  indeed  valid. 

WiMwp  (ref. 8)  has  also  recently  considered  this  thermal  buckling 
problem  the  energy  method  of  solution  he  presents  requires  only  a 
consideration  of  the  buckle  deformations  close  to  the  shell  bulkhead 
joint.  In  the  method  of  reference  8 allowance  is  made  for  the  presence 
of  initial  longitudinal  curvature  in  the  shell  in  the  region  of  maximum 
compressive  hoop  stress.  Preliminary  calculations  by  the  present  author 
have  shown  that  the  effect  of  the  initial  curvature  is  stabilising.  A 
more  detailed  investigation  into  this  aspect  is  now  in  progress. 


Analysis 

Donnell's  sinplified  equation  (ref. 2)  may  be  written  as 

■°  (8) 

The  damped  edged  boundary  conditions  w = ^ » 0 at  x = 0 and  x s 2 
are  satisfied  if  we  assume  an  expression  for  w of  the  form 
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In  this  expression  the  parameter  N defines  the  buckle  pattern  length  in 
terms  of  the  parameter,  L^#  In  equation  (5)  L is  replaced  by  Lp  and  in 

a given  problem  the  coefficients  characterising  the  particular  stress 
distribution  are  inserted.  The  substitution  of  the  modified  equation 
(5)  and  equation  (9)  into  equation  (8)  yields  an  equation  which  is  not 
satisfied  identically  by  any  choice  of  the  coefficients  a . Recourse 

is  therefore  had  to  Galerkin*  s method  of  solution#  The  resultant 
stability  determinant  containing  terms  in  R and  A is  then  analysed  to 
find  the  value  of  A which  makes  R a minimum#  Various  approxinations 
are  made  by  truncating  the  determinant  and  increasingly  more  terms  are 
retained  until  convergence  on  the  minimum  value  of  R is  found# 

In  reference  4 it  was  assumed  that  N = 2 and  equation  (5)  could  be 
replaced  by 

°y  = f£1  + cosff]  °<x<~t  (10) 


Adequate  convergence  was  obtained  from  only  a 3 x 3 determinant  the 
results  of  which  are  plotted  in  figure  2#  The  corresponding  results 
for  a simply  supported  shell  are  also  shown  and  it  is  seen  to  have  a 
critical  buckling  temperature  20%  lower  than  for  the  clamped  edged  shell# 
This  relatively  close  agreement  is  not  surprising  because  although  in 
the  region  of  the  she  11 -bulkhead  joint  clamping  gives  a more  rigid 
support  to  the  shell,  the  compressive  hoop  stresses  are  larger  and  act 
over  a $0%  greater  length  of  shell  than  for  the  simply-supported  shell# 
These  two  effects  tend  to  cancel  each  other# 

It  is  now  thought  that  a more  realistic  approach  would  have  been 
to  vary  N in  the  range  N>  1 and  so  determine  R^^  as  a function  of  N. 

However,  a first  order  solution  using  the  above  method  with  N = p = 1 
produces  the  following  simple  result  for  clamped  edges  which  is  in 
excellent  agreement  with  figure  2,  viz 


(aT)c  = 


(11) 
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Th*  corresponding  coefficient  from  reference  5 for  a long,  clamped  edged 
shell  ia  3.6.  However,  for  long  shells  the  size  of  the  determinant 
needed  in  reference  5 for  convergence  was  greater  than  the  computer 
programme  allowed  (greater  than  13  x 13).  This  fact  coupled  with  the 
relative  simplicity  of  the  present  method  and  the  correlation  obtained 
with  experiment  leads  the  author  to  think  that  the  present  approach  is 
probably  more  valid. 

For  a non— uniform,  axial  shell  temperature  distribution  and  for  a 
flexible,  expanding  bulkhead  the  method  above  applies  directly  provided 
the  shell  stress  distribution  is  correctly  represented  in  the  analysis. 

tm ■ approach  been  used  in  reference  4 in  correlating  the  theory 

with  the  results  of  an  experimental  investigation.  The  steel  shell 
concerned  a radius— thickness  ratio  of  2340  which  for  clasped  edges 
gives  a theoretical  uniform  shell  buckling  temperature  of  230°C.  For 
the  measured  temperature  distribution  at  buckling  the  theoretical 
maximum  shell  temperature  was  derived  as  324°C  whereas  the  experimental 
value  was  300°C.  This  is  considered  to  be  fair  agreement.  A photograph 
of  the  buckled  pattern  is  shown  in  figure  3« 


CIRCUMFERENTIAL  BUCKLING  DUE  TO  A RADIAL  LIKE  LOADING 


Analysis 

For  an  axisymmetric,  radial  line  loading  the  compressive  hoop  stress 
distribution  is  similar  to  that  in  the  thermal  buckling  problem  of  the 
clasped  edged  shell  (equation  (3))  and  may  be  approximated  by 


The  buckle  deflection  function  is  assumed  to  be 


where  the  second  term  in  is  a correction  term. 

The  results  obtained  from  the  various  analyses,  using  Donnell's 
simplified  equation  as  described  earlier,  can  be  expressed  in  the  form 
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pc  = CEh(|)%  , 


(14) 


and  are  summarised  below. 


N 

*N 

V 

~-"tr 

1 

YES 

YES 

1 .41 

1 

YES 

NO 

1.44 

2 

YES 

NO 

0.80 

3 

YES 

NO 

1.11 

4 

YES 

NO 


2.19 

Comparison  of  the  two  results  for  N = 1 suggests  that  the  effect  of  the 
correction  term  is  small 0 Also  it  is  seen  that  the  minimum  value  of 


C corresponds  to  a value  of  N = 2 when  the  buckle  deflection  pattern 
extends  over  a length  twice  that  for  which  the  hoop  stresses  are 
compressive.  It  should  be  pointed  out  that  for  N >1  no  allowance  was 
made  for  the  presence  of  the  small  tensile  hoop  stresses  in  the  region 

x < and  there  is  some  error  in  the  assumed  distribution  for  cr^ 
in  equation  (12). 


There  are  very  few  other  analyses  into  this  problem  in  the 
literature  but  in  reference  9 a solution  is  quoted  for  a long  shell 

having  the  value  £ = 1 00.  The  result  quoted  for  PQ  is 


Pc  » 4.2  x Kf^h  , 


(15) 


whilst  from  this  present  paper  a coefficient  of  8 is  fouai.  For 
1 00<  £<1000  there  is  an  approximate  2M  relationship  between  equation 
(14)  with  C = 0.8  and  the  result  of  reference  9» 

It  is  worth  noting  that  the  analysis  in  reference  9 attempted  to 
represent  the  conditions  over  the  entire  length  of  shell  and  required 
four  terms  in  the  buckle  deflection  function  and  twelve  terms  to  repre- 
sent the  stress  distribution.  Thus  the  point  can  again  be  made  that  for 
local  loading  problems  considerable  simplification  occurs  and  reasonable 
accuracy  is  retained  by  only  considering  the  local  buckling  problem. 
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CONCLUSIONS 


Analyses  have  been  discussed  which  consider  the  problem  of  circum- 
ferential buckling  of  thin  cylindrical  shells*  It  has  been  shown  that 
when  the  compressive  hoop  stresses  are  localised  considerable  simplicity 
results  by  also  assuming  the  buckling  mode  to  be  local*  Reasonable 
correlation  with  an  experimental  result  has  been  obtained  for  a thermal 
buckling  problem. 
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Figure' 1.-  Hoop  stress  functions  for  a cylindrical  shell.  Uniform  shell 

temperature  rise. 


Figure  2.-  Critical  buckling  factor  for  cylinders  subjected  to  uniform 

shell  temperature  rise. 
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ELASTIC  AND  PLASTIC  STABILITY  OF  ORTHOTROPIC  CYLINDERS 
By  George  Gerard 
Allied  Research  Associates 


SUMMARY 


By  utilizing  linear  stability  theory,  solutions  for  elastic 
buckling  of  short  and  moderate  length  orthotropic  cylinders  under 
axial  compression  are  presented  and  correlated  with  experimental  re* 
suits  on  circumferentially  stiffened  cylinders.  The  plastic  buckling 
of  short  and  moderate  length  isotropic  and  orthotropic  cylinders  is 
also  investigated  and  the  theoretical  results  correlated  with  avail- 
able experimental  data.  A discussion  of  the  effects  of  finite  deflec- 
tions and  initial  imperfections  is  presented  in  order  to  explain  the 
correlation  obtained  between  the  theory  and  the  experimental  data. 


INTRODUCTION 


It  is  the  objective  here  to  summarize  the  significant  results 
obtained  on  an  NASA  sponsored  investigation*  into  the  general  in- 
stability characteristics  of  stiffened  circular  cylinders!*^.  One  of 
the  major  results  of  this  program  was  the  development  of  a linear 
general  stability  theory  for  elastic  and  plastic  buckling  of  ortho- 
tropic cylindrical  shells  under  axial  compression,  external  pressure 
and  torsion  over  the  complete  length  range  and  the  correlation  ob- 
tained with  experimental  data. 

Since  linear  theory  was  employed,  it  is  particularly  important 
for  shells  to  correlate  the  theory  with  experimental  results.  Con- 
sequently, all  available  data  on  stiffened  and  unstiffened  shells 
were  correlated  with  the  theory  on  a unified  basis.  For  the  lateral 
pressure  case,  the  experimental  results  were  in  good  agreement  with 
the  predictions  of  the  linear  theory! • Under  torsional  loading,  the 
stiffened  cylinder  data  exhibited  somewhat  more  scatter  but  were  in 
reasonably  good  agreement  with  the  linear  theory  to  the  same  extent 


♦NASA  Research  Grant  NSG- 17-59  with  New  York  University 
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that  the  unstiffened  cylinder  data  correlated^.  Thus,  it  was  con- 
cluded that  for  lateral  pressure  and  torsion,  linear  theory  provides 
a satisfactory  approach. 

For  orthotropically  stiffened  cylinders  under  axial  compression, 
which  is  the  area  of  greatest  interest  in  launch  and  space  vehicle 
applications,  there  was  almost  a complete  lack  of  published  test  data. 

As  a consequence,  an  experimental  program  was  conducted  on  machined 
orthotropic  cylinders  of  2014- T6  aluminum  alloy  under  axial  compression. 
In  all  cases  the  stiffening  system  consisted  of  circumferential  rings. 

4 

The  test  data  obtained  in  this  program  when  compared  to  the  pre- 
dictions of  the  linear  stability  theory  revealed  a most  significant 
trend.  Most  of  the  test  data  fell  within  90  to  100  percent  of  the 
linear  theory  which  is  in  remarkable  contrast  with  the  corresponding 
isotropic  cylinder  case  where  the  test  data  generally  fall  at  a small 
fraction  of  the  linear  theory.  Furthermore,  the  test  data  on  the  cir- 
cumferentially stiffened  cylinders  which  were  obtained  primarily  on 
8 in.  diameter  cylinders  exhibited  relatively  little  scatter.  Corres- 
ponding tests  on  several  larger  diameter  cylinders  indicated  no  signi- 
ficant scale  effect. 

The  theoretical  reasons  advanced  for  the  behavior  of  the  circum- 
ferentially stiffened  cylinders  are  related  to  the  fact  that  such 
cylinders  first  buckle  in  the  axisymmetric  mode3.  Since  this  mode  is 
stable  in  the  post-buckling  region,  the  deleterious  effects  of  initial 
imperfections  are  minimized  and  circumferentially  stiffened  shells 
fall  close  to  the  predictions  of  linear  theory. 


SYMBOLS 

A^  plasticity  coefficient,  A^  » (1/4 )(1  + 3 Et/Eg) 

2 

extenslonal  rigidity,  B^  ■ Egt^/(1  - v ) 

B/B3  4(At  - v2)(B2/B3)  - v(B3  + B2)/B1 

D.  flexural  rigidity,  D ■ E I. /(1-v2) 

1 1 si 

D/D1  [vCDj.  + D2)  + D3]/D1 


E 


modulus  of  elasticity 
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m 

n 

N 

R 

U 


v 


z 

z 

o 

Z* 

a 


secant  modulus 
tangent  modulus 

moment  of  inertia  per  unit  width 
compressive  buckling  coefficient 
buckling  coefficient , asymmetric  mode 
buckling  coefficient , axisynmetrlc  mode 
length 

number  of  longitudinal  half  wave  lengths 
number  of  circumferential  wave  lengths 
loading  per  unit  width 
radius 

extensional  thickness 

buckling  coefficient  ratio,  U * ^asy^axi 

radial  displacement 

coordinates 

2 4 2 

cylinder  curvature  parameter,  Z ■ B /12R 
lower  limit  of  short  cylinder  region 
upper  limit  of  short  cylinder  region 


W*2#i 


p wavelength  parameter,  {3  » nL/rawR 

p see  Eq.(l) 

P*  wavelength  parameter  for  moderate  length  region 

Y Y * BjD/BD^ 
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6 6-4  A1B2bJ/B1B2 

t)  plasticity  reduction  factor 

n see  Eq.(9) 

v Poisson *s  ratio 

v elastic  value  of  Poisson  fs  ratio 

e 

a axial  stress 


ELASTIC  STABILITY  OF  ORTHOTROPIC  CYLINDERS 


The  basic  solutions  for  the  compressive  stability  of  orthotro- 
pic cylinders  for  the  axi symmetric  and  asymmetric  modes,  and  the  be- 
havior of  these  solutions  over  the  length  ranges  associated  with  flat 
plates,  short  cylinders  and  moderate  length  cylinders  was  presented 
in  Ref.  3.  We  shall  be  concerned  here  with  a review  of  the  essential 
results. 


Moderate  Length  Range 


In  the  moderate  length  range,  the  wavelength  parameters  for  the 
asymmetric  mode  m and  p can  be  treated  as  continuous  variables.  As  a 
consequence,  the  following  result  is  obtained  for  the  wavelength  ratio, 


(l) 


where:  a - B^/BjD^ 

Y - B3D/BD1 
6-4  A1B2B2/BlB 


By  use  of  Eq.(l),  the  following  solution  for  asymmetric  buckling 
of  moderate  length  orthotropic  cylinders  can  be  obtained 
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where: 


2 1/2 

k - 0,702 (A.  - v / ZU 

V + 1 


(2) 

(3) 


Aside  from  the  factor  U,  Eq,(2)  is  identical  with  that  for  the  axi 
symmetric  mode. 


From  the  definitions  of  k and  Z and  the  solutions  for  kx  given 
by  Eq , (2)  the  buckling  load  for  a moderate  length  cylinder  is 


0.702*2  (B2D1) 

“ ' (12)1'2  “ 


1/2 


(A, 


2.1/2  .. 

v ) u 


(4) 


It  la  apparent  that  in  cases  where  0 < 1 the  asynmetrlc  mode  will 
govern  while  for  U > 1 the  axisynmetric  mode  will  govern. 

Since  for  the  asynmetrlc  mode  0 depends  upon  P which,  in  turn, 
depends  upon  the  three  orthotropic  parameters,  a,  P and  6,  it  is  of 
interest  to  examine  Eq.(l)  in  some  detail.  It  is  immediately  apparent 
that  real  or  imaginary  values  of  P can  be  obtained  for  various  combi- 
nations of  a and  y-  In  f*et,  the  critical  combinations  are  a - y and 

Y ■ 1 as  illustrated  in  Fig.  1. 

Here,  the  shaded  areas  enclosed  by  the  lines  y m Ct  *nd  Y * 1 
represent  the  regions  where  P is  Imaginary  for  asynmetrlc  buckling. 
Since  the  axisynmetric  mode  is  real  in  the  entire  domain,  it  is 
reasonable  to  assume  that  buckling  in  the  axisynmetric  mode  is  the 
only  one  possible  in  the  shaded  regions. 

A further  study  of  Eqs.(l)  and  (3)  for  the  regions  where  p is 
real  reveals  that  U < 1 for  y ^ 1 that  U > 1 for  y ^ 1*  Conse- 
quently, the  asymmetric  mode  is  theoretically  possible  in  the  region 

Y i 1 for  a i y only.  On  the  other  hand,  the  axisynmetric  mode 
governs  in  the  remainder  of  this  domain  by  virtue  of  either  U > 1 or 
imaginary  p for  the  asynmetrlc  mode. 

Of  further  Interest  is  the  location  of  the  solution  for  the  iso- 
tropic cylinder  which  lies  at  the  point  1,1.  In  terms  of  p this  is 
rather  a confused  region  since  theoretically  -co  < P < oo . In  fact, 
direct  solution  of  the  isotropic  elastic  cylinder  case  from  the  eighth- 
order  Donnell  equation  results  in  an  indeterminacy  for  P.  However,  by 
proceeding  to  the  limit  of  the  isotropic  cylinder  from  the  orthotropic 
cylinder  solution,  it  is  found  that  for  a - 1,  Eq.(l)  reduces  directly 
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CO 


P - (A^/B^174  (5) 

Since  Eq.(5)  is  valid  along  a ■ 1 as  shown  in  Fig.  1,  and  this  in- 
cludes the  isotropic  cylinder  point,  the  indeterminacy  in  p is  removed. 
In  fact,  for  the  isotropic  elastic  cylinder,  Eq.(S)  reduces  to  P - 1. 

A study  of  the  orthotropic  parameters  indicates  that  longitudi- 
nally stiffened  moderate  length  cylinders  are  defined  by  a < 1.  Simi- 
larly, circumferentially  stiffened  cylinders  are  defined  by  a > 1. 
Furthermore,  for  many  practical  types  of  stiffened  construction,  it 
appears  that  y is  not  greatly  different  from  unity.  Thus,  it  appears 
that  the  region  y,  a < 1 contains  all  practical  longitudinally  stiffened 
cylinders.  The  region  a > y > 1 appears  to  contain  all  practical  cir- 
cumferentially stiffened  cylinders  that  buckle  in  the  axisymmetric  mode. 
For  the  former,  both  a and  y are  important  in  determining  U and  hence 
the  buckling  load,  whereas  for  the  circumferentially  stiffened  case 
U • 1 theoretically  for  a,  y > 1. 

Short  Cylinder  Range 

Now  that  the  moderate  length  range  has  been  considered  in  some 
detail,  we  turn  to  the  short  cylinder  range  where  the  wavelength  para- 
meter m - 1,  the  lowest  Integer  value.  For  the  axisymmetric  case,  the 
results  shown  in  Fig.  2 for  the  p ■ 0 case  are  obtained  for  all  ortho- 
tropic elastic  cylinders  (A^  • 1).  At 

Z - *2/[12(1-v2)]172  (6) 


the  short  cylinder  solution  merges  with  the  45*  dashed  line  which  re- 
presents the  moderate  length  solution  given  by  Eq«(2)»  However,  to  be 
strictly  correct,  it  is  necessary  to  take  into  account  the  integer 
values  of  m in  this  region.  Consequently,  the  cusps  shown  for  m ■ 2, 

3 , 4 . . . are  obtained • 

For  the  asymmetric  case,  0 is  constant  in  the  moderate  length 
xange  -an4-4rS-given  by  Eq.(l).  We  now  denote  this  value  of  the  wave- 
length parameter  by  p*.  It  can  be  observed  from  Fig.  2 that  the 
lowest  value  of  Z corresponding  to  this  value  of  0*  is  denoted  by  Z* 
which  marks  the  upper  limit  of  the  short  cylinder  region  for  the 
particular  orthotropic  cylinder  depicted. 
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For  the  asymmetric  mode,  0 < p S p*  in  the  short  cylinder  range 
and  m » l.  The  lowest  value  of  Z for  the  asymmetric  mode  denoted  by 
Zq  is  given  by 

Z - 

o 


The  corresponding  value  of  kx 


This  value  of  k is  the  lowest  value  at  which  the  asymmetric  mode  can 
occur.  Thus,  tSe  short  cylinder  region  for  this  mode  is  bounded  by 

Z < Z S Z*. 

o 

In  the  short  cylinder  region  of  Fig.  2,  the  axisymmetric  mode 
governs  below  Z0  » 1.4  as  obtained  from  Eq.(7)  for  y ■ 1/4.  In  the 
region  between  ZQ  and  Z*  ■ 27.4,  a numerical  procedure  given  in  Ref.  3 
was  used  to  obtain  the  asymmetric  curve  shown  in  Fig.  2.  At  Z*,  the 
short  cylinder  curve  merges  with  the  dashed  line  representing  the 
moderate  length  solution  given  by  Eq.(2)  where  p*  “ 1.074  in  this  case 
and  U - 0.619.  As  in  the  axlsyunetric  ease,  the  cusps  in  the  moderate 
length  region  result  from  using  Che  integer  values  m ■ 1 , 2 , 3 . . . and 
p*  - 1.074. 


2 , 1/2 
« a1y 

[12(A1-v2)]1/2 


(7) 


for  Z is 
o 


A1(l  + y)  j for  Z 


(8) 


PLASTIC  STABILITY  OF  CYLINDERS 


In  the  previous  section  the  solution  for  elastic  buckling  of  a 
moderate  length  isotropic  cylinder  was  obtained  as  the  limiting  case 
of  an  orthotropic  cylinder.  Because  of  the  additional  complexities 
that  are  Introduced  when  plastic  buckling  is  considered,  it  appears 
desirable  to  treat  the  plastic  stability  of  an  Isotropic  cylinder  in 
some  detail  before  considering  the  orthotropic  cylinder. 

In  Ref.  2,  explicit  solutions  for  plastic  buckling  of  an  isotro- 
pic cylinder  in  the  axisymmetric  and  asyimsetric  modes  were  obtained 
for  the  flat  plate  and  moderate  length  regions.  It  is  the  objective 
here  to  present  plastic  buckling  solutions  for  the  short  cylinder 
region  and  also  to  define  the  ranges  of  validity  of  the  two  explicit 
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solution*  for  eh*  Isotropic  cylinder. 

For  th*  moderate  length  region  of  the  plastic  isotropic  cylinder 
in  terms  of  the  parameters  of  Fig.  1,  a ■ 1 and  y « (2A--1)"*.  Thus, 
the  effect  of  plasticity  is  to  move  vertically  upward  from  the  iso- 
tropic elastic  point  (1,1)  as  shown  in  Fig.  1 as  Et/Eg  decreases.  As 
a consequence,  the  axisymnetric  solution  should  always  govern  for 
moderate  length  cylinders  subject  to  plastic  buckling. 

Short  Cylinder  Range 

By  utilizing  the  procedures  given  in  Ref.  3,  k -Z  curves  have 
been  computed  for  values  of  Et/E  - 0.75,  0.50,  0.25xand  0.  The  data 
for  the  axisymmatrlc  mode  areshown  in  Fig.  3.  It  can  be  observed 
that  the  axisyametrlc  plastic  solutions  closely  resemble  the  elastic 
case  and  that  for  the  limiting  case  E /E  ■ 0,  the  solution  is  inde- 
pendent of  Z and  corresponds  to  the  flat  p late  solution. 

It  is  convenient  to  separate  out  the  plasticity  effects  through 
the  use  of  a plasticity  reduction  factor  defined  as 

n * n (9) 

(1'VEs  x elastic 


By  us*  of  th*  plasticity  reduction  factor,  the  elastic  and  plastic 
buckling  load  can  be  jointly  written  as 


N 


* »xB  h 


* (l-v^)L2 


(10) 


Following  Eq.(9),  values  of  tj  have  been  determined  for  the  axl- 
synmetric  and  asyosMtric  modes . These  data  are  presented  in  Fig.  4 
and  cover  the  Z- range  from  flat  plates  through  the  short  cylinder 
region  into  the  moderate  length  region. 

In  the  flat  plate  region  rj  corresponds  to  the  explicit  solution 


q - (1/4)(1  + 3 Et/Eg)  (11) 

In  the  moderate  length  region,  the  following  explicit  solutions  of 
Ref.  2 apply.  For  the  axisyametrlc  case. 
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(W 


1/2 


(12) 


For  the  asymmetric  case, 


Z 1/2  2 + (1+3  E /E  ) 

■<^>  i 6 * 


1/2 


1/2 


3(Et/Eg)  - 1 + (l  + 3 Et/Ea) 


1/2J 


(13) 


Orthotropic  Cylinders 

Although  the  asymmetric  load  may  be  lower  than  the  axi symmetric 
load  for  certain  cases  of  elastic  buckling  of  orthotropic  cylinders 
as  shown  in  Fig.  2,  it  is  to  be  expected  from  the  plastic  isotropic 
cylinder  investigation  that  this  situation  will  reverse  itself  as 
E /E  is  reduced  sufficiently.  Since  the  asyosetrlc  buckling  load  as 
well*as  this  crossover  poinfe  are  functions  of  the  orthotropic  para- 
meters as  well  as  E /E  , it  is  evident  that  it  is  hardly  feasible  to 
construct  k^  - Z chart!  covering  a significant  range  of  parameters. 

The  axisymmetrlc  solution  is  Independent  of  the  orthotropic 
parameters  and  therefore  the  fora  of  the  plastic  buckling  solution 
for  orthotropic  cylinders  is  identical  with  that  for  isotropic  cylin- 
ders as  shown  in  Ref.  2.  As  a consequence,  the  data  prasented  in 
Figs.  3 and  4 for  the  axisymmetrlc  mode  may  be  used  directly  for  short 
and  moderate  length  orthotropic  cylinders. 

For  the  asymmetric  plastic  case,  the  procedure  used  to  construct 
Fig.  2 for  the  elastic  orthotropic  cylinder  may  be  used  directly  by 
inserting  the  proper  value  of  A.  in  the  pertinent  equations.  To 
illustrate  the  influence  of  plasticity  upon  a moderate  length  ortho- 
tropic cylinder,  consider  the  point  ct  m 1/2,  y m 1/4  which  corresponds 
to  the  orthotropic  cylinder  example  used  in  Fig.  2.  Although  a does 
not  depend  upon  A. , y does,  and  therefore  as  A.  decreases  in  the  plas- 
tic range,  the  effect  upon  Fig.  1 is  to  move  vertically  upward  from 
the  point  1/2,  1/4.  Beyond  the  1/2,  1/2  point,  it  is  apparent  that 
the  axisynmetrlc  solution  will  govern. 


CORRELATION  WITH  EXPERIMENTAL  DATA 


For  moderate  length  cylinders  under  axial  compression,  it  is  of 
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particular  importance  to  correlate  theoretical  results  with  experimen- 
tal data  because  of  the  well  known  discrepancy  that  exists  for  isotro- 
pic elastic  cylinders.  Consequently,  the  test  data  obtained  in  Ref.  4 
for  elastic  buckling  of  circumferentially  stiffened  orthotropic  cylin- 
ders are  presented.  In  addition,  available  test  data  on  Isotropic  plas- 
tic cylinders  are  also  presented  in  order  to  check  another  phase  of  the 
general  theory. 

Orthotropic  Elastic  Cylinders 

In  Raf.  4,  experiments  were  conducted  primarily  on  a series  of 
8 in.  diameter  circumferentially  stiffened  elastic  cylinders  of 
sioderate  length  under  axial  compressive  loading.  In  terms  of  the 
parameters  of  Fig.  1,  the  range  of  stiffening  parameters  covered 
3 < a < 20  (closely  spaced  to  widely  spaced  rings)  and  In  all  cases 
Y > 1.  The  cylinders  were  designed  such  that  local  Instability  did 
not  occur  before  failure  In  the  general  Instability  mode.  Because  of 
the  fact  that  y > 1 for  all  cylinders,  theoretically  they  should  all 
buckle  initially  In  the  axlsynmetrlc  mode. 

The  test  data  on  the  falling  strength  Oi.  each  cylinder  is  shown 
in  Fig.  S as  compared  to  the  results  of  the  linear  axisymetrlc  ortho- 
tropic  theory.  It  can  be  observed  that  excellent  agreement  exists  in 
remarkable  contrast  with  the  results  obtained  for  isotropic  elastic 
cylinders.  The  small  experimental  scatter  evident  in  Fig.  S together 
with  the  good  correlation  with  linear  theory  are  Important  Indications 
of  the  potential  reliability  of  this  type  of  construction. 

Isotropic  Plastic  Cylinders 

Available  test  data  on  the  failure  strength  of  moderate  length 
aluminum  alloy  cylinders  that  buckled  plastically  have  been  assesibled 
In  Fig.  6.  The  test  data  Include  low^,  medium^  and  high?  strength 
aluminum  alloys  and  thus  cover  a broad  range  of  interest.  The  cylin- 
ders that  could  be  identified  as  falling  In  the  axlsynmetrlc  and 
•»y*satric  modes  are  so  indicated  in  Fig.  6.  Also  Included  for  com- 
parison is  the  axisjiiiMstric  plasticity  reduction  factor  for  moderate 
length  cylinders  as  given  by  Eq.(12).  In  each  case,  the  theoretical 
curves  were  computed  by  using  the  compressive  stress  strain  data 
associated  with  the  test  specimens. 

It  can  be  observed  from  Fig.  6,  in  distinct  contrast  with  well 
known  results  for  the  elastic  case,  that  the  axlsynmetrlc  buckling 
theory  is  in  relatively  good  agreement  with  the  test  data  for  the 
aluminum  alloy  cylinders  that  failed  in  the  axlsynmetrlc  mode.  On  the 
other  hand,  the  707S-T6  cylinders  that  failed  in  the  asymmetric  mode 
in  the  region  between  the  proportional  limit  and  compressive  yield 
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strength  exhibit  the  discrepancy  with  linear  theory  characteristic  of 
the  elastic  case. 


POST- BUCKLING  BEHAVIOR  OF  CYLINDERS 


From  the  correlation  between  theory  and  test  data  obtained  in 
the  previous  section,  it  is  apparent  that  the  orthotropic  and  plastic 
aspects  of  the  problem  can  have  a profound  Influence  on  the  post- 
buckling  behavior.  Consequently,  we  shall  be  concerned  now  with  a 
qualitative  evaluation  of  this  region.  Because  of  the  obvious  com- 
plexities of  the  finite  deflection,  non-linear  features  of  this  region, 
much  of  this  discussion  is  somewhat  conjectural.  It  is  indeed  for- 
tunate, however,  that  the  non-linear  features  of  elastic  orthotropic 
cylinders  have  been  investigated  by  Thielemann^  and  that  Lee^  has 
similarly  treated  the  plastic  isotropic  cylinder. 

Elastic  Cylinders 

A schematic  representation  of  the  behavior  of  perfect,  elastic, 
moderate  length  cylinders  is  illustrated  in  Fig.  7 in  terms  of  the 
axi symmetric  buckling  parameters.  It  can  be  observed  for  the  isotro- 
pic cylinder  that  the  axisymnetrlc  and  asymmetric  buckling  loads  are 
equal  and  that  the  post-buckling  behavior  for  the  asymmetric  mode  is 
unstable  whereas  that  for  the  axisymmetric  mode  is  stable. 

For  a typical  longitudinally  stiffened  cylinder,  the  asymmetric 
buckling  load  may  be  considerably  below  that  of  the  axisymmetric  case. 

The  post-buckling  behavior  in  this  case  appears  to  be  similar  to  that 
of  the  Isotropic  cylinder7. 

For  a typical  circumferentially  stiffened  cylinder,  only  the 
axisymmetric  load  is  possible  since  the  asymmetric  case  generally 
leads  to  imaginary  values  of  0.  Thus,  as  the  end  shortening  is  in- 
creased beyond  buckling,  it  follows  the  stable,  horizontal  axisymmetric 
path.  However,  at  some  point  in  this  finite  deflection  region  it  is 
entirely  possible  that  the  0 values  associated  with  the  asymmetric 
mode  may  become  real  resulting  in  the  second  bifurcation  shown  in  Fig.  7. 
Beyond  this  point,  the  asynmetric  path  may  be  unstable. 

The  preceding  discussion  considered  perfect  cylinders  and  it  is 
now  instructive  to  consider  the  behavior  of  cylinders  containing  small 
Initial  imperfections.  A possible  loading  path  for  such  cylinders  is 
shown  by  the  dashed  line  in  Fig.  7.  As  the  load  is  increased,  the 
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dashed  line  Intersects  the  unstable  asymmetric  post-buckling  curves 
for  the  longitudinally  stiffened  and  isotropic  cylinders  considerably 
below  the  linear  buckling  load.  It  appears  to  be  reasonable  to  assume 
that  after  the  intersection  point  the  asymnetric  finite  deflection 
paths  would  be  followed.  Thus,  failure  can  occur  considerably  below 
the  linear  buckling  load  in  the  presence  of  small  initial  imperfections. 

In  the  case  of  the  circumferentially  stiffened  cylinder,  the 
small  stable  axisymmetric  post-buckling  region  plays  a most  essential 
role  in  significantly  reducing  the  deleterious  effects  of  initial  im- 
perfections. As  Illustrated  in  Fig.  7,  the  initial  imperfection  load 
path  intersects  the  asyunetric  finite  deflection  path  well  beyond  the 
end  shortening  associated  with  buckling.  Thus,  failure  occurs  at  a 
load  not  significantly  below  the  axisymmetric  buckling  load  depending 
upon  the  extent  of  the  stable  axisymmetric  post-buckling  region. 

It  is  important  to  note  that  in  all  three  cases  failure  generally 
occurs  at  the  intersection  of  the  initial  imperfection  path  with  the 
asynsetric  finite  deflections  path.  Thus,  it  is  to  be  expected  that 
the  well  known  diamond  buckle  pattern  should  be  observed  at  the  con- 
clusion of  many  cylinder  experiments  as  shown  in  Fig.  8a.  Under  pro- 
per conditions,  however,  it  should  be  possible  to  observe  the  formation 
of  an  axisymmetric  buckle  pattern  for  a circumferentially  stiffened 
cylinder  prior  to  failure  in  the  diamond  mode.  In  other  cases  such  as 
an  orthotropic  elastic  cylinder  circumferentially  stiffened  (high  a), 
the  axisymmetric  mode  was  actually  observed^  at  the  conclusion  of  the 
test  as  shown  in  Fig.  8b. 

Plastic  Cylinders 

S 9 

A schematic  representation,  based  in  part  on  Lee's  analysis  ' 
of  the  post-buckling  behavior  of  plastic  Isotropic  moderate  length 
cylinders,  is  illustrated  in  Fig.  9 in  terms  of  the  axisymmetric  buck- 
ling parameters.  The  two* cases  shown  are  for  the  proportional  limit 
region  where  the  two  buckling  modes  are  slightly  different  and  the 
yield  region  where  the  two  buckling  modes  are  significantly  different. 

Considering  the  yield  region  first,  it  can  be  observed  that  the 
stable  axisymetric  post-buckling  region  is  relatively  large  in  extent 
by  virtue  of  the  significant  separation  of  the  asysssetric  and  axisym- 
metric buckling  loads.  As  a consequence,  cylinders  containing  small 
initial  Imperfections  and  following  the  dashed  line  in  Fig.  9b  tend  to 
fall  upon  reaching  the  axisymmetric  load.  Here,  failure  occurs  with- 
out intersection  of  the  Initial  imperfection  and  unstable  post-buckling 
asymmetric  paths. 

Thus,  it  can  be  anticipated  that  the  axisymmetric  buckle  mode 
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should  be  observed  at  the  conclusion  of  the  test  and  that  the  failure 
load  should  be  in  good  agreement  with  the  axlaymmetric  buckling  load. 
This  is  Indeed  the  case  for  the  test  data  shown  in  Fig.  6.  Initial  ^ 
Imperfections  can  be  expected  to  play  a negligible  role  in  this  case  . 

The  probable  conditions  in  the  proportional  limit  region  are  de- 
picted in  Fig.  9a.  Here,  the  stable  axisymmetrlc  post-buckling  region 
is  sharply  reduced  as  compared  to  Fig.  9b  by  virtue  of  the  small  sepa- 
ration of  the  two  buckling  loads.  As  a result,  the  initial  imperfec- 
tion load  path  can  Intersect  the  unstable  asymmetric  post-buckling 
path  and  thus  fail  well  below  the  axisymmetrlc  and  asymmetric  buckling 
loads.  Such  cylinders  would  fail  in  the  diamond  buckle  pattern  and 
initial  imperfections  are  significant  here^.  It  is  believed  that  such 
behavior  is  associated  with  the  707S-T6  test  points  in  Fig.  6 that 
exhibited  asymmetric  buckles  at  failure. 


CONCLUDING  REMARKS 


The  experimental  and  theoretical  results  reported  herein  present 
some  very  significant  practical  implications  for  the  shall  structures 
of  launch  and  space  vehicles.  Use  of  orthotropic  circumferential 
stiffening  of  shells  through  either  ring  stiffeners  or  possibly  through 
circumferentially  oriented  filaments  appears  to  be  an  attractive  way 
to  achieve  an  Important  improvement  in  structural  reliability  over  that 
associated  with  Isotropic  cylinders.  Improved  structural  reliability 
can  be  realized  through  the  ability  to  predict  the  failing  load  with 
far  greater  accuracy  than  for  the  isotropic  case  and  through  the  sta- 
tistical aspects  associated  with  the  much  smaller  scatter  of  the  cir- 
cumferentially stiffened  cylinder  experiments. 
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Figure  6.-  Test  data  on  plastic  buckling  of  aluminum  alloy  Isotropic 
cylinders  under  axial  compression  compared  with  axi symmetric  theory* 


Figure  7*-  Post-buckling  behavior  of  moderate  length,  elastic,  orthotropic 

cylinders  (schematic)* 
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ON  THE  INSTABILITY  OF  OETHOTROPIC  CYLINDERS 
By  Michael  F.  Card,  and  James  P.  Peterson 
NASA  Langley  Research  Center 


SUMMARY 


Preliminary  results  from  experimental  investigations  on  the  buckling 
strength  of  ring-and- stringer  stiffened  aluminum  cylinders  and  filament- 
wound  glass-epoxy  cylinders  are  compared  with  instability  calculations 
based  on  small-deflection  orthotropic  cylinder  theory.  Correlation 
between  experiment  and  calculation  was  reasonably  good  for  the  glass- 
epoxy  cylinders}  however,  correlation  for  the  ring-and- stringer 
stiffened  cylinders  can  be  achieved  only  when  some  of  the  basic  wall 
stiffnesses  for  stiffened  cylinders  with  buckled  skin  can  be  better 
defined.  In  particular,  the  wall  shear  stiffness  and  the  wall  bending 
stiffness  in  the  circumferential  direction  need  better  definition. 


INTRODUCTION 


The  test  results  reported  herein  were  obtained  from  two  separate 
test  programs  entailing  instability  failures  of  orthotropic  cylinders 
subjected  to  compressive  stresses.  In  the  first  program,  bending  tests 
were  made  on  77- inch-diameter  cylinders  stiffened  with  Z- section 
stringers  and  hat- section  rings.  The  rings  were  purposely  made  small 
to  induce  "general  instability"  failures  involving  collapse  of  a sec- 
tion of  wall  large  enough  to  include  several  stringers  and  one  or  more 
rings.  The  width- thickness  ratio  of  the  skin  between  stringers  was 
large  so  that  skin  buckling  occurred  early  in  the  tests.  In  the  second 
program,  15- inch— diameter  filament-wound  glass-epoxy  cylinders  were 
tested  in  axial  compression.  Windings  of  the  cylinders  consisted  of 
alternate  layers  of  circumferential  windings  and  helical  windings  such 
that  orthotropic  properties  were  achieved  with  orthogonal  planes  of 
elastic  symmetry  in  the  axial  and  circumferential  directions. 

Buckling  data  from  these  investigations  are  compared  with  insta- 
bility calculations  based  on  small-deflection  orthotropic  cylinder 
theory.  Wall  stiffnesses  are  needed  for  the  calculations  and  a con- 
siderable portion  of  the  presentation  i3  allotted  to  the  discussion 
of,  and  determination  of,  wall  stiffnesses. 


Preceding  page  blank 


SYMBOLS 


b distance  betveen  stringers  in  ring-and-stringer  stiffened 

cylinders 

D vail  bending  or  twisting  stiffness  as  indicated  by  subscript 

E Young' s modulus  or  extensional  stiffness  of  vail  or  basic  vail 

element  as  denoted  by  subscript;  also  used  to  denote  equiva- 
lent value  for  Young's  modulus  of  vail  composite 

G shear  modulus  or  shear  stiffness  of  vail  or  basic  vail  element 

as  indicated  by  subscript;  also  used  to  denote  equivalent 
value  for  shear  modulus  of  vail  composite 

k volumetric  ratio  of  glass  in  cylinder  vail 

M moment  at  buckling  - 

R radius  of  cylinder 

t skin  thickness  of  ring-and-stringer  stiffened  cylinders 

a helix  angle  measured  from  cylinder  axis 

T edge  strain  or  unit  shortening 

ecr  buckling  strain 

crcr  buckling  stress 

p.  Poisson's  ratio  for  material  or  that  associated  vlth  bending 

of  orthotropic  material,  used  with  subscript  to  denote 
material  or  element  and  direction 

U ' Poisson's  ratio  associated  with  extensional  strains,  used  with 

subscript  to  denote  element  and  direction 


Subscripts: 
e epoxy 

g glass 

x denotes  axial  direction  of  cylinder  vail 

denotes  circumferential  direction  of  cylinder  vail 


y 
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denotes  tvisting  or  shear  stiffness  of  cylinder  wall  with 
respect  to  x-  and  y-directions 

denotes  vith-grairi  direction  of  basic  wall  element 

rjffnntpg  direction  of  basic  wall  element 

denotes  shear  stiffness  of  basic  wall  element  with  respect  to 
w-  and  c -directions 

RING-AND-STRINGER  STIFFENED  CYLINDERS 


Discussion  of  Pertinent  Wall  Stiffnesses 

Values  of  some  of  the  stiffnesses  needed  for  the  calculation  of 
instability  loads  for  ring-and- stringer  stiffened  cylinders  are  known 
with  reasonable  accuracy)  others  are  known  with  very  little  accuracy. 

The  structural  behavior  of  longitudinally  stiffened  curved  cylinders  in 
compression  was  investigated  in  reference  1.  Good  correlation  was 
achieved  between  calculation  and  experiment  in  predicting  load -shortening 
curves  for  these  cylinders  which  had  a range  of  structural  parameters 
encompassing  the  range  of  the  present  tests.  This  result  implies  that 
the  extensional  stiffness  of  the  cylinder  wall  In  the  longitudinal  direc- 
tion can  be  predicted  with  reasonable  accuracy;  it  also  implies  that  the 
wall  bending  stiffness  D*  can  be  estimated  with  reasonable  accuracy . 
Reference  1 present s the  necessary  equations  for  evaluating  Ex  and  Dx* 

It  can  be  shown  from  the  study  of  reference  2 that  Poisson's  ratio 
is  small  for  sheet  buckled  in  compression.  Figure  1,  which  was  con- 
structed from  numerical  calculations  made  in  reference  2,  indicates 
this  effect.  Although  these  calculations  were  made  for  flat  plates,  the 
result  is  expected  to  have  approximate  application  in  the  present  tests 
because  the  study  of  reference  1 indicates  that  certain  curved-plate 
results  approach  flat-plate  results  after  skin  buckling  has  been  exceeded 
somewhat.  The  result  indicated  in  figure  1 implies  that  and  hence 

and  (ix  and  My,  can  probably  be  taken  equal  to  zero  without  intro- 
ducing large  errors  into  instability  calculations. 

Four  stiffnesses,  Ey,  Dy,  Dxy,  and  Gy^,  remain  about  which  little 

is  known.  Some  effects  of  variations  of  these  stiffnesses  on  the  calculated 
buckling  loads  are  discussed  in  subsequent  sections. 
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Test  Specimens  and  Test  Procedure 

The  test  specimens  consisted  of  seven  77-inch-diameter  cylinders 
stiffened  with  extruded  Z-section  stringers  on  the  outer  surface  and 
with  small,  formed,  hat -section  rings  on  the  inner  surface.  The  stringers 
were  0.5^  inch  deep  and  the  rings  either  0.5^  inch  or  0.50  inch  deep.  The 
cylinders  with  0.5^-inch  rings  had  a stringer-spacing— skin-thickness 
ratio  b/t  of  125,  and  those  with  0.50-inch  rings, 'b/t  « 200.  Further 
references  to  the  cylinders  will  be  made  by  specifying  b/t  of  the  cyl- 
inder wall.  The  skin,  stringer,  and  rings  were  made  of  7075-T6  aluminum 
alloy. 

The  cylinders  were  loaded  in  bending  through  a loading  frame  with  the 
use  of  a hydraulic  testing  machine.  The  test  setup  was  similar  to  that 
described  in  reference  5 for  bending  tests  on  ring- stiffened  cylinders. 


Test  Results  and  Discussion 

Test  results  are  given  in  figure  2 along  with  calculated  results 
made  with  the  use  of  the  stability  equation  of  reference  4 and  selected 
wall  stiffness  values.  The  circular  test  points  represent  cylinders  with 
b/t  * 125  and  the  square  test  points  represent  cylinders  with  b/t  = 200. 
The  calculation  denoted  by  the  solid  curves  was  made  with  the  use  of  the 
values  discussed  earlier  for  I*,  D*,  and  Poisson's  ratios,  and  with  the 

use  of  rather  arbitrary  estimates  of  the  stiffnesses  By,  G^,  Dy,  and 
Dgy.  For  this  case  G^y  waB  taken  as  the  value  given  in  reference  5 for 
flat  plates,  Ey  was  obtained  by  considering  the  effective  width  of 

buckled  skin  to  be  equal  in  the  longitudinal  and  circumferential  direc- 
tions, Dy  was  taken  as  the  value  computed  for  the  ring  and  that  portion 
of  skin  equal  to  the  width  of  the  ring,  and  D^y  was  computed  on  the 
assumption  that  local  buckling  of  the  skin  could  be  neglected.  This  cal- 
culation is  about  8 percent  conservative  for  cylinders  with  b/t  * 125 
and  about  25  percent  conservative  for  cylinders  with  b/t  * 200.  (See 
fig.  2.) 

Additional  calculations  were  to  determine  the  influence  of 

changes  in  same  of  the  stiffnesses  on  calculated  buckling  load.  In  the 
several  calculations  made,  only  one  stiffness  at  a time  was  varied  from 
the  set  of  stiffnesses  used  to  construct  figure  2.  Results  of  the  calcu- 
lations are  essentially  as  follows;  (l)  The  calculated  buckling  moment 
was  decreased  5 to  10  percent  from  that  shown  when  the  stiffness 

was  taken  to  be  zero.  (2)  The  buckling  moment  was  practically  unchanged 
for  a calculation  made  with  the  stiffness  Ey  calculated  on  the  assump- 
tion that  the  buckled  skin  contributed  nothing.  (5)  The  buckling  loeid 
was  increased  5 to  10  percent  over  that  shown  for  a calculation  made 
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with  Dy  calculated  on  the  assumption  that  the  skin  was  100  percent 
effective  in  contributing  toward  the  moment  of  inertia  of  ring  and  skin* 

Use  of  this  assumption  should  not  suggest  that  the  skin  is  very  effective 
insofar  as  it  increases  the  stiffness  Dy  in  this  manner;  rather  the 

calculation  was  made  to  determine  the  sensitiveness  of  buckling  to  changes 
in  Dy.  The  suggestion  has  been  made  (see  ref.  6,  p.  165)  that  the  corru- 
gation effect  of  buckles  may  increase  the  stiffness  Dy.  (^)  An  increase 
of  100  percent  in  the  stiffness  G^y  increased  the  buckling  moment  about 

15  percent  for  the  cylinders  with  b/t  = 200;  it  increased  the  buckling 
moment  for  the  cylinders  with  b/t  = 125  about  15  percent  for  cylinders 
with  large  ring  spacing  and  about  25  percent  for  cylinders  with  small  ring 
spacings.  The  100-percent  change  in  shear  stiffness  may  seem  to  constitute 
a rather  large  change;  however,  it  is  well  within  the  limits  of  uncertainty 
for  the  shear  stiffness  of  buckled  sheet. 

From  these  calculations  it  can  be  concluded  that  the  main  source  of 
the  discrepancy  between  calculation  and  experiment  as  indicated  in  figure  2 
is  probably  not  associated  with  the  use  of  uncertain  values  for  the  stiff- 
nesses Ey  and  Pxy;  these  stiffnesses  were  varied  over  their  probable 
range  of  uncertainty  with  little  influence  on  the  calculated  buckling 
moment.  Hence,  uncertainties  in  the  values  of  Dy  and  G*y  remain  as  a 
probable  cause  of  the  discrepancy.  If  they  are  indeed  the  cause,  the  values 
of  these  stiffnesses  would  have  to  be  increased  more  for  highly  buckled 
sheet  than  for  moderately  buckled  sheet  (corrugation  effect)  in  order 
to  bring  calculation  and  experiment  into  agreement;  the  cylinders  with 
b/t  = 125  experienced  instability  at  ratios  of  edge  strain  to  local 
buckling  strain  of  about  half  of  those  for  the  cylinders  with  b/t  = 200. 
Corrugation  effects  such  as  these  have  been  suggested  in  the  literature . 
(See^refs.  6 and  2.)  Another  cause  for  the  discrepancy  may  be  associated 
with  the  use  of  a stability  equation  based  on  small-deflection  buckling 
theory.  Theory  is  known  to  give  erroneous  results  in  the  case  of  unstiff- 
ened cylinders,  for  instance.  In  an  attempt  to  compensate  for  discrepan- 
cies from  this  source,  a "correlation  factor"  was  used  in  the  calculations 
made.  The  factor  was  taken  from  reference  7 and  has  only  limited  sub- 
stantiation. Its  value  was  approximately  90  percent  for  the  cylinders 
with  b/t  » 200  and  nearly  100  percent  for  the  cylinders  with  b/t  = 125* 
The  discrepancy  probably  is  not  associated  with  the  use  of  incorrect 
values  of  Ex  and  Dx  because  moment- shortening  curves  for  the  cylinders 
as  determined  by  calculation  and  test  were  in  reasonably  good  agreement. 

One  further  calculation  was  made  to  determine  the  likelihood  of  some 
of  the  cylinders  having  failed  by  buckling  between  rings  (panel  insta- 
bility) instead  of  in  a general  instability  mode.  The  cylinders  most 
susceptible  to  panel  instability  are  those  denoted  by  the  square  symbols 
at  large  ring  spacings . Hence  the  calculation  was  made  for  those  cylin- 
ders. It  is- indicated  in  figure  2 by  the  dashed  curve  and  was  made  with 
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the  use  of  reference  1 and  a column-fixity  coefficient  of  2.0.  The  use 
of  other  values  of  the  coefficient  would  simply  move  the  curve  to  the 
right  or  left.  From  this  calculation  it  can  be  concluded  that  one  of  the 
test  cylinders  (the  last  square  test  point  in  fig.  2)  may  have  failed  by 
panel  instability;  the  others  probably  did  not.  This  result  indicates 
that  even  very  small  rings  evidently  provide  considerable  restraint  to 
the  cylinder  wall  insofar  as  Influence  on  the  panel-instability  mode  of 
failure  is  concerned;  the  column-fixity  coefficient  of  2.0  is  a consider- 
able increase  over  the  value  of  unity  usually  assumed  in  calculations  for 
panel  instability. 


FILAMENT -WOUND  GLASS-EPOXY  CYLINDERS 


Discussion  of  Pertinent  Wall  Stiffnesses 

In  contrast  to  the  previous  example  of  ring -and- stringer  stiffened 
cylinders  where  some  of  the  wall  stiffnesses  are  known  with  reasonable 
accuracy,  none  of  the  wall  stiffnesses  are  known  very  accurately  for 
filament-wound  cylinders.  A basic  element  of  the  wall  of  glass-epoxy 
cylinders  is  one  of  unidirectional  fibers  embedded  in  epoxy.  If  the 
extensions!  stiffnesses  of  this  orthotropic  element  were  known,  the 
extensional  and  bending  stiffnesses  of  the  wall  could  be  calculated  with 
the  use  of  theory  of  elasticity.  Two  of  the  five  elemental  extensional 
stiffnesses  are  rather  insensitive  to  distribution  of  fibers  and  epoxy 
and  depend  almost  solely  on  the  volumetric  ratio  of  glass  to  glass  plus 
epoxy;  hence,  they  are  known  with  reasonable  accuracy.  These  stiffnesses 
are  Ey  (the  extensional  stiffness  of  the  element  in  the  direction  of  the 
fibers)  and  (Poisson's  ratio  associated  with  contraction  normal  to 

the  fibers  caused  by  a load  in  the  direction  of  the  fibers).  These  stiff- 
nesses can  be  written  with  good  approximation  as 


* kEg  + (l  — k)Ee 

and 

+ (i  - k)ue 

The  remaining  stiffnesses  Ec  and  Gyc  depend  heavily  upon  the 

distribution  of  fibers  and  epoxy  and  were  calculated  with  the  use  of  a 
mathematical  model  similar  to  the  one  employed  in  reference  8 for  mono- 
filament laminates*  The  distribution  of  fibers  and  epoxy  was  taken  into 
account  in  the  calculations  by  a parameter  which  was  chosen  such  that 
certain  calculated  wall  stiffnesses  agreed  with  stiffnesses  measured  in 
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the  course  of  the  cylinder  tests.  Poisson's  ratio  nc  was  found  from 
the  relationship  = Eci^.  Young's  modulus  and  Poisson's  ratio  for 

glass  and  epoxy  were  required  for  the  calculations.  The  values  for  glass 
were  taken  from  the  literature  as  Eg  = 10,500  ksi  and  Hg  = 0.20.  Those 

for  the  epoxy  were  determined  from  compression  tests  on  1-inch  by  1-inch 
by  It— inch  blocks  of  the  epoxy. 

With  the  stiffnesses  of  the  basic  wall  element  known,  the  stiffnesses 
of  helical  and  circumferential  windings  in  any  desired  direction  can  be 
obtained  with  the  use  of  equations  of  elasticity  for  orthotropic  materials 
(see  ref.  9),  and  then  combined  to  give  the  extensional  and  bending  stiff- 
nesses of  the  cylinder  walls.  Typical  calculated  values  of  the  extensional 
stiffnesses  of  a cylinder  wall  are  given  in  figure  5 for  the  case  of  an 
equal  number  of  helical  and  circumferential  windings . 

It  is  evident  from  figure  5 that  the  shear  stiffness  is  rather 

insensitive  to  helix  angle;  it  is  small  relative  to  the  extensional  stiff- 
nesses Ejj  and  Ey  when  compared  with  similar  relationships  for  metals . 

Other  observations  that  can  be  made  are:  (l)  a large  difference  exists 

between  the  stiffnesses  E*  and  Ey  for  all  but  very  small  helix  angles 

and  (2)  Poisson's  ratios  associated  with  extension  of  the  cylinder  wall 
are  somewhat  smaller  than  those  associated  with  metals . 


Test  Cylinders  and  Test  Procedure 

The  test  cylinders  were  15  inches  in  diameter  and  15  inches  long. 

The  walls  of  the  cylinders  consisted  of  alternate  layers  of  circumferen- 
tial and  helical  windings.  Each  helical  winding  consisted  of  two  half  - 
windings,  one  at  +cl  and  the  other  at  -cl  to  the  longitudinal  center  line 
of  the  cylinders.  The  walls  of  the  cylinders  were  built  up  near  each  end 
with  additional  circumferential  windings  to  prevent  end  failures.  The 
radius-thickness  ratio  of  the  cylinders  was  about  1^5 • Two  epoxies  were 
used  in  construction  of  the  cylinders.  Shell  Epon  828  with  curing  agent  D 
and  Shell  Epon  826  with  curing  agent  CL.  Young's  modulus  and  Poisson's 
ratio  for  the  two  epoxies  were  nearly  equal.  The  block  tests  indicated 
that  they  could  be  taken  as  Eg  = 450  ksi  and  Ue  ■ 0.4O. 

The  cylinders  were  tested  in  axial  compression  between  the  platens 
of  a hydraulic  testing  machine  until  buckling  or  failure  occurred.  Two 
tests  were  marie  on  nominally  identical  specimens  to  determine  the  con- 
sistency of  buckling  loads . In  some  cases  supplementary  tests  were  con- 
ducted to  obtain  the  volumetric  ratio  of  glass  in  the  walls,  and  photo- 
micrographs were  made  to  obtain  an  idea  of  the  uniformity  of  construction. 
The  volumetric  ratio  of  glass  appeared  to  be  reasonably  consistent  from 


sample  to  sample  within  a cylinder  and  from  cylinder  to  cylinder;  it  was 
taken  as  0.65*  The  photomicrographs  indicated  some  nonuniformity  in  wall 
construction  although  the  overall  thickness  of  the  walls  as  determined  by 
micrometer  measurements  was  reasonably  uniform. 


Test  Results  and  Discussion 

The  test  results  are  given  in  figure  4 along  with  the  results  of  an 
instability  calculation  made  with  the  use  of  reference  4 and  the  calcu- 
lated stiffnesses  of  figure  3.  Because  of  the  relatively  low  shear 
strength  of  epoxies,  an  additional  calculation  which  represents  shear 
failure  of  the  cylinder  wall  from  axial  compressive  stresses  is  shown. 

The  shear  failure  calculation  was  made  with  the  use  of  results  from  a 
compressive  test  on  a 2.60- inch -diameter  tube  consisting  of  all  circum- 
ferential windings.  The  dashed  curve  indicates  the  stress  at  which  tubes 
that  have  an  equal  number  of  circumferential  and  helical  windings  are 
expected  to  fail  in  shear  from  an  applied  compressive  stress.  Cylinders 
which  have  an  elastic  buckling  load  not  much  greater  than  this  stress  are 
expected  to  fail  at  a somewhat  lower  stress  because  of  the  interaction 
between  the  two  failures.  That  is,  as  a cylinder  is  loaded  to  loads  some- 
what less  than  the  shear-failure  load,  epoxy  shear  stresses  become  large 
and  the  epoxy  deforms  plastically.  This  deformation  causes  a reduction  in 
wall  stiffnesses  which,  in  turn,  lowers  the  buckling  load.  The  test  cyl- 
inders with  45°  and  67^°  helical  windings  showed  evidence  of  this  inter- 
action at  failure.  Buckling  was  evident  in  that  a buckle  pattern  covering 
the  complete  circumference  of  the  cylinders  and  about  half  of  the  length 
of  the  cylinders  was  observed;  and  shear  failure  of  the  wall  in  the  area 
of  buckling  was  also  observed.  The  shear-failure  evidence  was  lacking  in 
the  tests  on  the  cylinders  with  helical  angles  of  25°;  these  cylinders 
appeared  undamaged  when  load  was  removed  and  the  diamond- shape  buckles, 
which  bad  appeared  suddenly  at  maximum  test  load,  had  disappeared.  The 
appearance  of  the  cylinders  was  somewhat  deceptive,  however,  because  the 
cylinders  took  less  load  on  reloading  than  on  the  first  loading.  The  test 
loads  for  these  cylinders  as  well  as  those  for  other  nominally  identical 
cylinders  were  nearly  equal.  (See  fig.  4.) 

The  relatively  good  agreement  between  the  failing  load  for  the  cyl- 
inders having  a helix  angle  of  25°  with  that  computed  on  the  basis  of 
small -deflection  buckling  theory  is  attributed  to  the  small  radius- 
thickness  ratio  of  the  cylinders  jvdy^„was_abou±^4^. — Previous  studies 
on  isotropic  metal  cylinders  have  indicated  that  good-quality  cylinders 
with  radius -thickness  ratios  of  this  magnitude  will  experience  little 
deviation  from  theory,  perhaps  15  percent  (see,  for  instance,  ref.  3)  which 
is  somewhat  more  than  that  indicated  for  the  test  cylinders. 

One  further  observation  can  be  made  concerning  the  magnitude  of  com- 
pressive stress  at  failure  of  the  tube  with  circumferential  windings. 
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The  applied  stress  of  10.9  ksi  corresponds  to  a shear  stress  in  the  epoxy 
of  about  half  that  value  or  about  5*45  ksi.  Tensile  tests  made  on  epoxy 
specimens  by  other  investigators  indicate  that  the  epoxy  has  an  ultimate 
tensile  strength  of  about  9.5  ksi  and  failure  occurs  after  considerable 
elongation  (about  4 percent) . The  corresponding  ultimate  shear  strength 

of  the  epoxy  is  expected  to  be  about  0r  about  5*5  ksi,  which  is  very 

»5 

close  to  the  shear  stress  at  failure  of  the  tube  in  compression.  Hence, 
on  the  basis  of  this  single  test,  it  appears  that  a tensile  test  of  an 
epoxy  specimen  may  be  used  to  determine  the  compressive-failure  strength 
of  unidirectional  glass-epoxy  plates  when  loaded  perpendicular  to  the 
direction  of  the  fibers. 


CONCLUDING  REMARKS 


Preliminary  results  from  experimental  investigations  on  the  buckling 
strength  of  ring-and- stringer  stiffened  aluminum  cylinders  and  filament-  > 
wound  glass-epoxy  cylinders  are  presented  and  discussed.  Attempts  at  pre- 
dictingtest  results  are  also  given.  Correlation  between  calculation  and 
experiment  for  the  glass -epoxy  cylinders  was  reasonably  good.  However, 
the  scope  of  the  test  results  is  extremely  limited  and  additional  testing 
is  necessary  to  prove  or  disprove  the  theories  set  forth.  Glass-epoxy 
cylinders  have  considerably  different  wall  properties  than  those  associ- 
ated with  metals;  as  a result,  new  failure  modes  may  be  important . In 
particular,  sheen:  stresses  induced  by  the  compressive  load  on  the  cylind 
wall  may  cause  wall  failure.  Additional  testing  is  required  to  establish 
modes  of  failure  and  to  establish  the  stiffness  properties  of  the  glass - 
epoxy  walls. 

The  correlation  obtained  between  calculation  and  experiment  for  the 
ring-and- stringer  stiffened  cylinders  leaves  considerable  room  for 
improvement.  Wall  stiffnesses  - especially  shear  and  circumferential 
bending  - are  known  with  insufficient  accuracy,  and  correlation  factors 
which  delineate  the  discrepancy  between  theory  and  experiment  for  buckling 
of  orthotropic  cylinders  are  not  adequately  defined.  Until  these  areas  of 
weakness  are  strengthened,  correlation  between  calculation  and  experiment 
cannot  be  adequately  achieved.  The  tests  indicate  that  even  small  rings 
offer  considerable  restraint  to  the  cylinder  wall  in  the  panel- instability- 
mode;  but  additional  work  is  required  to  determine  the  quantitative  effect 
of  ring  proportions  on  cylinder  strength* 
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APPARENT  VALUE  OF  POISSON'S  RATIO  fJLx  FOR 
BUCKLED  FLAT  PLATE  (FROM  REF.  2) 


CALCULATED  AND  EXPERIMENTAL  BUCKLING  MOMENT 
FOR  RING  -AND- STRINGER  STIFFENED  CYLINDERS 


Figure  2 


WALL  'STIFFNESSES  OF  GLASS -EPOXY  CYLINDERS 


Figure  3 


COMPARISON  BETWEEN  CALCULATED  AND  MEASURED  BUCKLING 
LOADS  FOR  GLASS- EPOXY  CYLINDERS 


Figure  k 


GENERAL  INSTABILITY  OF  ORTHOGONALLY 
STIFFENED  CYLINDRICAL  SHELLS 

By  Arie  van  der  Neut 

Technological  University,  Delft  (Netherlands) 
Aeronautical  Department 


SUMMARY 


Earlier  research  at  the  National  Aeronautics  Research  Institute 
(N.L.R.),  Amsterdam,  which  forms  the  basis  of  recent  work  is  reviewed. 
This  early  work  refers  to  2 schemes:  the  orthotropic  shell  and,  in 
view  of  buckling  modes  where  the  half  wave  length  is  of  the  order  of 
the  ring  distance,  the  shell  with  continuously  distributed  stringers 
and  discrete  rings.  Linear  theory  is  considered  to  be  adequate  for 
these  structures,  where  the  imperfections  are  small  in  comparison  to 
the  height  of  the  ring  sections.  Recent  developments  account  for 
pressure  difference  in  addition  to  axial  compression,  for  the  correct 
stiffness  matrix  of  skin  panels  in  the  post -buckl ing  stage  and  for 
stringer  bending  due  to  hoop  stresses  in  the  skin,  which  are  of 
importance  as  has  been  shown  by  the  investigation  of  the  post -buckl ing 
behaviour.  Numerical  data  for  the  stiffness  matrix  of  skin  panels  have 
been  established.  Numerical  evaluation  of  the  stability  equation  has 
not  been  performed  as  yet. 


INTRODUCTION 


The  general  instability  of  cylindrical  shells  received  attention 
in  a former  period  in  view  of  its  importance  for  fuselages  of  large 
diameter.  The  critical  condition  then  originates  from  fuselage  bending. 
The  complexity  of  the  problem,  caused  by  the  large  number  of  structural 
parameters,  was  a good  reason  for  avoiding  the  complexity  of  the  non- 
uniform  load  condition  presented  by  bending.  It  might  be  expected  that 
the  easier  problem  of  axial  compression  would  yield  valuable  information 
for  the  actual  fuselage  problem  in  those  cases  where  the  circumferential 
half  wave  length  of  the  critical  mode  would  be  much  smaller  than  the 
radius  of  the  cylinder.  With  certainty  the  critical  bending  stress  would 
be  greater  than  the  critical  stress  in  axial  compression. 

The  occurrence  of  similar  structures  in  missiles  has  given  new 
impetus  to  the  problem.  Here  again  bending  is  the  critical  condition. 
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However  with  pressurized  fuel  tanks  the  effect  of  the  pressure 
difference  should  not  be  disregarded. 

In  former  calculations  the  way  in  which  the  lateral  stiffness  and 
the  shear  rigidity  of  buckled  skin  panels  was  accounted  for  was  mainly 
a matter  of  guessing.  The  application  to  missile  structures  where  thin 
skins  are  used  calls  for  alleviation  of  this  lack  of  knowledge.  On  the 
basis  of  earlier  work  by  the  N.L.R.  on  post -buckling  behaviour  the  data 
needed  for  stability  research  have  been  established. 

Another  shortcoming  of  the  former  work  on  general  instability  has 
emerged  recently  from  knowledge  obtained  on  the  tangential  stiffness  of 
buckled  panels.  In  contrast  to  former  opinions  this  stiffness  proved  to 
be  quite  great.  It  follows  then  however  that  the  effect  of  deflection 
of  the  stringers  caused  by  the  hoop  stresses  of  the  skin  should  also  be 
accounted  for. 

The  present  report  reviews  the  various  facets  of  the  problem. 


SYMBOLS 


H 

b 

c 

c 


c 


s 


e 

5 

t 

W 


radius  of  the  cylinder 

stiffness  matrix  of  the  skin  panel 

ring  pitch 

= c + c 
s r 

distance  of  centroid  of  stringer  to  skin,  positive  for 
inside  stiffeners 

distance  of  centroid  of  ring  section  to  skin,  positive  for 
rings  inside 

e/t? 

0/(E£*) 

skin  thickness 
panel  width 

area  of  ring  section,  including  effective  skin  width 
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E Young1 s modulus  of  elasticity 

I moment  of  inertia  of  stringer  section , including  effective 

S skin  width 

6 strain  increment  by  buckling 

&*  n2  [3(1  - ii2)]  (t/w)2,  critical  longitudinal  compression 

H Poisson's  ratio 

V average  number  of  rings  per  half  wave  length 

a increment  of  average  stress  by  buckling 

. ADEQUACY  OF  LINEAR  THEORY 


The  effect  of  imperfections  with  respect  to  the  true  cylindrical 
shape  causes  large  discrepancies  between  the  actual  critical  load  of 
unstiffened  cylindrical  shells  and  the  critical  load  predicted  from 
linear  theory.  Finite  deflections  have  to  be  considered  and  consequently 
non-linear  equations  are  required  to  restore  harmony  between  theory  and 
test.  The  essential  reason  for  this  behaviour  of  the  cylindrical  shell 
is  the  coexistence  of  a symmetric  and  several  asymmetric  buckling 
modes.  The  actual  buckling  load  is  then  highly  sensitive  to  small 
imperfections  - expressed  as  the  difference  between  the  local  radial 
coordinate  and  the  average  radius  - of  the  same  order  of  magnitude  as 
a fraction  of  the  wall  thickness  t,  or  better  the  radius  of  gyration 
t/2N/3.  Correspondingly,  if  a sufficiently  high  internal  pressure  is 
applied  - which  restores  the  circular  cross  section  and  prevents 
buckling  modes  with  circumferential  waves  - the  critical  load  as 
predicted  by  linear  theory  proves  to  be  correct • 

In  the  case  of  the  stiffened  cylinder  the  necessity  to  account  for 
non-linearity  would  certainly  exist  likewise  if  the  imperfections  would 
have  the  same  order  of  magnitude  as  the  radius  of  gyration  of  the  ring 
section.  However,  since  the  imperfections  of  ring  geometry  can  be  kept 
small  in  comparison  to  the  height  of  the  ring  section,  it  may  be 
conjectured  that  imperfections  have  no  major  effect  upon  the  critical 
load.  Therefore  it  is  considered  that  linear  theory  is  adequate  for  the 
investigation  of  general  Instability  of  stiffened  shells. 
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REVIEW  OF  EARLIER  WORK 


Structural  Schemes 

Applying  linear  theory  the  National  Aeronautical  Research  Institute 
(N.L.R.),  Amsterdam  has  analyzed  the  general  instability  of  stiffened 
cylindrical  shells  under  axial  compression  (ref.l).  This  investigation 
consisted  of  2 phases.  In  the  1 phase  the  shell  was  assumed  to  be 
orthotropic,  due  to  continuous  distribution  of  the  stiffnesses  of  the 
stringers  and  of  the  rings.  In  the  2nd  phase  the  stringers  were  again 
continuously  distributed,  but  the  rings  were  discrete  at  constant  pitch. 

The  reason  to  investigate  this  second  scheme  was  that  the 
longitudinal  half  wave  length,  as  obtained  from  the  orthotropic  case, 
might  well  be  about  equal  to  or  a small  multiple  of  the  ring  pitch.  So 
it  seemed  doubtful  whether  the  orthotropic  scheme  would  yield  reliable 
results.  No  necessity  existed  to  criticize  the  continuous  distribution 
of  stringers  since  the  circumferential  half  wave  length  comprises  a 
number  of  stringers . 

The  investigation  took  the  following  characteristics  of  the 
structural  elements  into  account: 

stringers  and  rings:  longitudinal  stiffness,  bending  stiffness  in  the 
plane  normal  to  the  shell,  torsional  stiffness,  ring  pitch  and  the 
excentricity  of  the  center  of  gravity  of  the  stiffenersections  with 
respect  to  the  skin; 

skin:  shear  rigidity  and  effective  width,  which  was  added  to  the 
sections  of  stringers  and  rings . 

In  this  way  the  buckling  load  parameter  was  a function  of  7 
structural  parameters  and  2 parameters  for  the  buckling  mode.  The  7 
structural  parameters  are  characteristic  for  respectively  shear 
stiffness  of  the  skin,  bending  stiffness  of  the  2 systems  of  stiffeners, 
torsional  stiffness  of  the  2 systems  of  stiffeners,  ring  pitch  and 
excentricity  of  the  stiffeners,  the  latter  of  which  proved  to  be  a 
combined  parameter  for  the  2 systems  of  stiffeners.  In  the  case  of  the 
orthotropic  shell  the  2 torsional  stiffnesses  combine  into  1 parameter 
and  since  ring  pitch  has  been  removed  5 structural  parameters  remain. 


Results  for  Orthotropic  Shells 

The  formula  for  the  buckling  load  parameter  is  rather  involved 
with  its  5+2  parameters  and  minimization  of  this  parameter  with 
respect  to  the  2 mode  parameters,  so  as  to  establish  the  critical  load, 
is  in  general  impossible. 
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Simplified  expressions  could  be  obtained  by  considering  5 classes 
of  buckling  modes,  characterized  by  the  various  orders  of  magnitude  of 
the  ratio  between  the  longitudinal  and  the  circumferential  wave  lengths. 
Explicit  formula  for  the  critical  load  could  be  given  for  4 of  the  5 
classes.  Out  of  these  4 2 referred  to  short  longitudinal  wave  length 
and  small  numbers  of  circumferential  waves  and  2 referred  to  long 
longitudinal  waves  and  again  small  numbers  of  circumferential  waves. 
Between  these  2 groups  the  class  of  short  longitudinal  and  circum- 
ferential wave  lengths  occurs.  In  this  case,  which  usually  is  critical, 
the  number  of  structural  parameters  reduces  to  4,  but  an  explicit 
formula  for  the  critical  load  could  not  be  given.  However  a rapidly 
converging  procedure  for  the  numerical  determination  of  the  critical 
load  could  be  established. 

An  interesting  result  is  that  the*  effect  of  stiffener  eccentricity 
with  respect  to  the  skin  is  of  major  importance.  Compared  to  the  case 
where  the  centroid  of  stiffeners  falls  in  the  plane  of  the  skin  outside 
stiffening  increases  the  buckling  load  and  reversely  inside  stiffening 
yields  a reduction.  In  some  cases  the  buckling  load  reduced  to  as  low 
as  1/3  of  the  value  for  the  case  without  excentricity . 


Results  for  Shells  with  Discrete  Rings 

The  investigation  of  the  structure  with  discrete  rings  could 
obviously  be  confined  to  those  classes  of  modes  in  which  the 
longitudinal  wave  length  is  short. 

It  should  be  remembered  that  the  capacity  of  the  skin  to  carry 
hoop  stresses  has  been  expressed  as  an  effective  width  working  together 
with  the  rings.  Accounting  for  discrete  rings  the  actual  structure  as 
far  as  the  rings  are  concerned  is  fully  recognized.  However  the 
behaviour  of  the  skin  is  violated  in  that  the  distributed  tangential 
force  of  the  skin  is  concentrated  at  the  rings.  A more  sophisticated 
scheme,  where  the  concentrated  effective  skinwidth  was  replaced  by  an 
"effective  skin  thickness",  was  attempted  but  was  cancelled  because 
of  the  inherent  analytical  complexity. 

For  the  infinitely  long  cylinder  a formula  could  be  obtained  giving 
the  relation  between  the  6 structural  parameters  (1  parameter  vanished 
due  to  the  restriction  to  short  waves) , 2 mode  parameters  (governing 
the  displacements  at  the  rings)  and  the  buckling  load  parameter.  A 
semi -graphical  procedure  could  be  evolved  for  establishing  the  critical 
load  pertaining  to  a given  set  of  structural  parameters. 

A result  of  major  interest. is  that  the  solution  obtained  from 
orthotropic  shell  theory  is  surprisingly  accurate.  Figure  1 shows  for 


the  case  of  axially  symmetrical  buckling  the  reduction  of  the  buckling 
load  by  the  small  average  number  V of  rings  per  half  wave  length.  For 
V>2  the  error  by  assuming  orthotropy  is  less  than  l°/o.  Therefore  two 
rings  on  the  half-wave  length  is  mechanically  aequivalent  to  "many" 
rings.  Only  forv<l,5  the  critical  load  is  affected  more  than  5°/o  by 
ring  spacing.  In  the  case  of  axially  non-symmetrical  buckling  modes 
the  results  are  similar.  The  error  by  orthotropy  depends  now  also  on 
the  other  structural  parameters,  but  remains  of  the  same  order.  A 
numerical  example  yielded  forV  = 2 4°/o  error  and  forv=  1,6  6°/o. 

Another  result  is  that  by  increasing  the  ring  stiffness  the 
longitudinal  half  wave  length  decreases  gradually  until  it  reaches  the 
value  v=  1 . Then  general  instability  has  degenerated  into  column 
failure  of  the  stringers  between  the  rings  and  the  rings,  though  having 
finite  stiffness,  are  aequivalent  to  infinitely  stiff  rings.  The  ring 
stiffness  required  for  the  exclusion  of  general  instability  can  be 
expressed  by  a simple  formula  as  far  as  axially  symmetrical  buckling 
modes  are  concerned 


A ^ 4j<2(a/b)2.(b/w)  .(I  /b2)  . 
r s 


The  prevention  of  general  instability  in  axially  non-symmetrical 
buckling  requires  unpractically  large  ring  bending  stiffness.  Therefore 
in  practice  general  instability  is  more  critical  than  column  failure 
of  the  stringers. 


RECENT  WORK 
Scope 

Recent  developments  on  the  basis  of  ref.  1 are  meant  to  include 
load  pressure  difference,  to  improve  the  way  in  which  the  post -buckling 
behaviour  of  the  skin  panels  is  accounted  for  and  to  account  for 
bending  of  the  stringers  due  to  hoop  stresses  of  the  skin. 


Post -buckling  Panel  Stiffness 

In  ref.  1 the  post-buckling  behaviour  of  the  skin  panels  was 
accounted  for  by  introducing  effective  widths  for  longitudinal  and 
lateral  stiffness  and  an  effective  shear  rigidity.  At  the  time  when  the 
investigation  was  done  - 1942  - data  existed  only  on  the  effective 
width  in  longitudinal  compression;  no  data  were  available  on  effective 
width  under  arbitrary  two-axial  compression  nor  on  the  effective  shear 
rigidity.  These  data  have  been  established  only  recently  and  with  the 
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aim  to  be  used  for  studying  general  instability  (ref  • 5). 


The  object  is  to  know  the  stiffness  matrix  of  skin  panels  in  the 
post-buckling  state  with  regard  to  incremental  deformation, 
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where  the  indexes  1,  2,  3 denote  longitudinal  direction,  lateral 
direction  and  shear  respectively.  In  the  subcritical  state  the  matrix 


is 


In  view  of  the  limitation  to  general  instability  for  load 
conditions  without  panel  shear  in  the  prebuckling  state, we  confine 
ourselves  to  panels  where  shear  is  absent  in  the  initial  state.  Then 
symmetry  considerations  yield  immediately  a^3  = a^  = 0«  Further  from 

Maxwell’s  principle  a » a^.  So  4 elements  remain  to  be  established: 

all*  al2’  a22*  a33’ 


This  has  been  done  on  the  basis  of  a theoretical  investigation 
by  Koiter  on  the  shear  field  of  flat  panels  (ref .2) .Koiter  assumes 
the  deflection  pattern,  given  in  fig. 2,  where  f,  L,  m and  a are  para- 
meters depending  on  the  magnitude  of  the  3 overall  strain  components. 
The  relations  between  the  4 parameters,  the  3 overall  strain  components 
and  the  3 average  stress  components  have  been  evaluated  in  ref .3. 

When  dealing  with  stability  problems  we  need  to  know  the  stiffness 
matrix  valid  for  small  strain  increments,  with  respect  to  a given 
initial  state  of  strain.  This  matrix  has  been  established  recently.  The 
results  obtained  will  be  discussed  briefly. 


Fig. 3 shows  a^^  as  a function  of  the  total  strains  e^,  e^ . The 
value  for  the  unbuckled  state  a33=  ^2(1  + p)J  *=  0,3846  is  approached 


when  the  lateral  strain  e is  a large  positive  number.  When  lateral 
compression  is  added  to  longitudinal  compression  the  shear  rigidity 
decreases  more  and  more  and  can  even  become  negative.  Conditions  where 

e is  a large  negative  number  will  not  occur  in  cylindrical  shells. 

2 
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However  when  e is  around  zero  the  shear  rigidity  can  have  been 

reduced  to  1 /3  of  the  initial  value,  a^  cannot  present  surprising 

results  after  what  is  known  on  the  effective  width,  a is  usually  a 

small  negative  number  in  the  order  of  -0,05.  As  could  be  expected  the 

lateral  stiffness  a22  increases  with  increasing  positive  lateral  strain. 

For  e0  in  the  order  of  5 a00  is  in  the  order  of  0,9,  whereas  a__  is 
z zz  22 

1,10  in  the  unbuckled  state.  It  is  remarkable  that  with  small  negative 

e2  in  the  order  of  -1  a22  does  not  drop  below  0,5  and  even  more 

surprising  is  that  a22  increases  when  the  compression  -e^  increases  under 

constant  negative  e2-All  this  means  that  the  lateral  panel  stiffness  is 

an  important  factor  to  be  considered  in  general  instability  invest- 
igations . 

The  foregoing  results  apply  to  initially  flat  panels,  whereas  the 
shell  panels  are  shallow.  Koiter  (ref .4)  established  the  relation 
between  compressive  strain  and  load  in  the  initial  post-buckling  stage 
of  curved  panels.  The  parameter 

6 * (2ji)_1  [l2(l-n2)]  1/4  w(at)1/2s=  0,289  w/Ut)^2 

proves  to  govern  the  initial  stage  of  post-buckling  behaviour.  For 
9 <0,64  the  slope  of  the  load-strain  curve  is  positive.  However  for  a 
narrow  panel  like  w/a  = Vl5  (94  panels  in  the  cylinder)  and  w/t  =100 
9 amounts  already  to  0,75,  where  the  slope  is  distinctly  negative.  The 
critical  strain  of  the  curved  panel  is  however  1+94  times  the 
critical  strain  of  the  flat  panel  of  equal  w/t  and  Koiter  states:  (see 
also  fig. 4)  ffit  would  appear  to  be  not  too  bold  a conjecture  that  the 
behaviour  of  a narrow  curved  panel  in  the  advanced  postbuckling  stage 
approaches  the  behaviour  of  a flat  panel  of  equal  width’ • , This 
conjecture  finds  support  in  the  consideration,  that  the  tendency  to 
keep  the  extensional  strain  energy  down  has  the  effect  of  making  the 
bulge  towards  the  inside  deeper  than  the  bulge  towards  the  outside.  In 
the  limit  the  buckling  pattern  appoaches  the  symmetrical  configuration 
with  respect  to  the  chord  plane.  Then  the  Incremental  deformation 
starts  from  an  initial  state  not  different  from  the  initial  state  of 
the  flat  panel.  Consequently  results  obtained  for  flat  panels  may  be 
used  for  analysis  of  general  instability. 

In  one  respect  allowance  should  be  made  for  the  initial  curvature. 

In  determining  the  state  of  stress  preceding  general  instability  the 
stress-strain  relations  should  account  for  the  amount  of  lateral  strain 
($2^“  w^/(24a^)  , which  stretches  the  curved  panel  and  which  is  not 
accompanied  by  membrane  stresses. 
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Bending  of  Stringers  by  Hoop  Stresses  of  the  Skin, 


General  instability  creates  incremental  hoop  stresses  s , 
proportional  to  the  local  deflection,  which  are  not  balanced  by 
pressure  difference  and  which  result  in  a radial  load  q of  the  stringer. 
Therefore  (when  s > 0)  the  stringer  deflects  towards  the  inside,  there- 

by  reducing  e 2 and  consequently  S2*  This  means  that  the  flexibility  of 

the  stringers  reduces  the  effect  of  the  large  lateral  stiffness  of  the 
panel  and  that  this  flexibility  has  to  be  accounted  for.  A rigorous 
analysis  would  require  that  the  discrete  ring  scheme  should  be  adopted. 
Already,  in  the  development  of  ref.l,  the  complexities  encountered  were 
such  that  the  lateral  stiffness  of  the  skin  was  added  to  the  discrete 
rings.  Therefore  at  the  present  stage  -where  the  addition  of  pressure 
difference  and  the  true  stiffness  matrix  of  the  skin  panels  have 
already  increased  the  complexity  of  the  equations-  no  attempt  is  being 
made  to  account  rigorously  for  stringer  flexibility.  The  analysis  has 
been  confined  to  the  orthotropic  shell,  however  with  the  introduction 
of  a correction  for  stringer  bending  by  hoop  stresses.  The  way  in  which 
this  correction  has  been  introduced  is  as  follows. 

When  bending  by  hoop  stresses  is  neglected  the  radial  displace- 
ment of  the  stringer  is  (in  the  orthotropic  scheme)  in  any  point  equal 
to  the  deflection  of  the  ring.  Allowance  should  however  be  made  for  a 
difference  in  stringer  and  ring  deflection  due  to  stringer  bending.  This 
difference  is  nil  at  the  points  where  the  actual  rings  and  the  stringer 
intersect;  the  difference  is  maximal  somewhere  midway  between  the  rings. 
Now  this  variable  difference  is  replaced  by  its  average  value  between 
2 successive  rings.  This  idea  can  be  translated  into  a mechanical 
system,  where  the  stringers  are  connected  to  the  rings  by  springs  and 
the  stringers  are  assumed  to  be  infinitely  rigid  with  respect  to  q. 

With  this  scheme  there  is  still  a linear  variation  of  q from  one  ring 
to  the  next  one  because  of  the  change  of  ring  and  spring  deflections 
from  one  ring  to  the  next  one.  This  difference  is  being  neglected  so 
that  q is  assumed  to  be  constant  throughout  one  bay.  Before  the  average 
deflection  can  be  established  one  further  assumption  has  to  be  made 
with  respect  to  the  continuity  of  slope  at  the  supports.  When  the  half 
wave  length  of  the  buckling  mode  is  much  greater  than  the  ring  distance, 
the  difference  between  the  average  qfs  of  successive  bays  is  small  and 
the  stringer  is  at  its  support  practically  clamped.  Then  the  aequivalent 
spring  stiffness  is  720  (n-l)EI  /(nwb4)  per  unit  of  area,  where  n/n-1 
is  the  Vianello-correction  accounting  for  combined  bending  and  compress- 
ion. The  stiffness  thus  obtained  is  correct  if  the  half  wave  length  is 
very  large  in  comparison  to  the  ring  distance.  However  in  the  other 
extreme  case,  where  the  half  wave  length  is  equal  to  the  rib  distance, 
the  coefficient  720  has  to  be  replaced  by  120;  moreover  the  Vianello 
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correction  is  greater.  So  the  clamped  end  assumption  may  underestimate 
the  flexibility  of  the  stringers  quite  considerably.  This  problem  needs 
further  consideration  and  a method  will  have  to  be  devised  by  which 
instead  of  the  coefficient  720  one  is  introduced  which  is  a function  of 
the  wave  length  to  ring  pitch  ratio. 

General  Instability  Equations. 

The  stability  equations  for  the  orthotropic  scheme  just  discussed 
contain  4 displacements  functions,  2 for  displacements  in  the  plane  of 
the  shell  and  2 radial  displacements  of  which  one  for  the  rings  and  one 
for  the  stringers.  There  are  4 equations  available:  3 in  the  usual  way 
from  the  equilibrium  of  an  element  of  the  orthotropic  shell  and  one  for 
the  deflection  of  the  spring  between  rings  and  stringers. 

The  solution  of  these  equations  for  the  infinitely  long  cylinder 
yields  the  buckling  load  parameter  as  a function  of  2 mode  parameters 
(for  the  2 wave  lengths)  and  12  structural  parameters: stiffness  of  the 
ring  to  extension,  bending  stiffness  of  stringers  and  of  rings, 
torsional  stiffness  of  stringers  and  of  rings,  excentriclty  of  stringers 
and  of  rings,  ' 'spring' ' stiffness  and  4 elements  of  the  stiffness 
matrix  of  the  skin  panel.  The  complexity  could  be  somewhat  reduced  by 
neglecting  the  torsional  stiffnesses,  which  usually  are  not  important, 
and  the  small  matrix  element  a^.  Tlien  still  9 structural  parameters 
remain.  This  means  that  there  is  no  hope  to  find  as  a result  of  much 
algebraic  diligence  an  explicit  formula  for  the  critical  load. 

There  is  however  no  difficulty  to  compute  the  critical  load  for  a given 
set  of  numerical  values  of  the  structural  parameters. 

FUTURE  RESEARCH 


Work  still  to  be  done  is: 

1.  To  find  a better  expression  for  the  deflection  of  the  stringers 
by  hoop  stresses,  which  takes  into  account  the  ratio  between 
wave  length  and  ring  pitch. 

2.  To  carry  out  numerical  calculations  for  axial  load  and  various 
pressure  differences  in  order  to  study  the  effects  of 
pressurization,  of  post-buckling  behaviour  of  the  skin  and  of 
stringer  deflection  by  hoop  stresses.  Preferably  these  numerical 
calculations  should  be  applied  to  structures  and  load  conditions 
for  which  test  results  are  available. 

3.  To  investigate  the  possibility  for  analysis  of  the  discrete  ring 
scheme . 
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AXIALLY  SYMMETRICAL  BUCKLING 

EFFECT  OF  FINITE  RIN6  PITCH 


Figure  1 


ASSUMED  DEFLECTION  PATTERN  OF  BUCKLED  SKIN  PANEL 

PARAMETERS  f,L,m,«c 


Figure  2 


POST-BUCKLING  PANEL  RIGIDITY  TO  INCREMENTAL  SHEAR 
Ct33  - E"1  0 <r3/d  £3  ( UNBUCKLED  Qm*  0,38*6 ) 


Figure  3 


CONJECTURED  POST-BUCKLING  CURVES  OF  SHALLOW  PANELS 


LONGITUDINAL  COMPRESSION  - e1 
Figure  ^ 
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BUCKLING  OF  LAYERED  ORTHOTROPIC  AND  SANDWICH 
CYLINDRICAL  SHELLS  IN  AXIAL  COMPRESSION 
By  Edvard  W.  Kuenzi 
U.S.  Forest  Products  Laboratory 

SUMMARY 


Results  of  modifications  of  large-deflection  theory  for  isotropic 
materials  to  shells  constructed  of  orthotropic  layers  and  sandwich  are 
presented.  Experimental  evaluation  of  the  buckling  of  a rather  exten- 
sive series  of  plywood  cylinders  and  of  a few  curved  panels  of  sandwich 
construction  shows  reasonably  good  agreement  with  buckling  predicted  by 
theory . 


INTRODUCTION 


It  has 
cylindrical 
predictable 
buckling  of 
(ref.  l): 


long  been  recognized  that  the  buckling  of  long,  thin- walled, 
shells  of  isotropic  material  under  axial  compression  is  not 
by  the  classical  small-deflection  theory  which  assumes 
the  cylinder  walls  with  a radial  displacement  of  the  form 

_ . - , rmtx 

w * F sin  n0  sin— — 


Buckling  stresses  about  40  percent  of  those  given  by  the  classical 
theory  were  predicted  by  von  Karman  and  Tsien  (ref,  2)  who  assumed 
buckling  in  diamond- shaped  waves  with  an  Inward  deflection  in  the 
interior  of  each  diamond.  Their  analysis  was  based  on  large- deflection 
theory  and  an  energy  method. 


In  this  paper,  the  results  of  applying  the  method  of  von  Karman  and 
Tsien  to  shells  of  layered  orthotropic  and  sandwich  construction  are 
compared  with  experimental  evaluation  of  plywood  cylinders  and  curved 
panels  of  sandwich  construction.  The  inward  radial  deflection  of  the 
cylinder  wall,  w,  was  chosen  to  be  of  the  diamond- shaped  farm  (ref.  3): 

; - « ♦ • '°<f  - * f ) 

and  appropriate  modifications  were  included  J.n  the  analyses  to  account 
for  orthotropic  layers  and  for  low  shear  modulus  in  the  sandwich  core. 


Preceding  page  blank 
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LAYERED  ORTHOTROPIC  CYLINDERS 


The  analysis  of  plywood  cylinders  under  axled  compression  by  March 
(ref.  3)  was  applied  to  layered  orthotropic  materials  In  general.  From 
this  the  buckling  stress  of  such  a cylinder  under  axial  compression  is 
given  by  the  formula  

k£I  £ (i) 


rcr 


where  h is  cylinder  wall 
cylinder  wall,  and 


thickness,  R is  radius  of  neutral,  axis  of 

1 V2 


Q - 4m3  - 


9 


2 

Ml 


(2) 

(3) 


Values  of  Mi,  M2,  M3,  and  Ml*  are  dependent  on  the  elastic  properties  of 

the  shell  wall  and  the  buckle  aspect  ratio  (ratio  of  circumferential 
dimension  to  dimension).  It  was  found  by  computation  that  rela- 

tive mi niimim  values  of  K were  very  closely  approximated  by  assuming  the 

buckle  aspect  ratio  to  be  ) • Introduction  of  this  simplifica- 

tion and  introduction  of  nondime  ns lonal  elastic  parameters  similar  to 
those  used  by  Thielemann  (ref.  4)  results  in 

2 8ft2 8ft2 34ft2 

Ml  “ 1 + A + A2  + 9AB  + £L+  81A2  + 9AB  + 1 + A2  + AB  + 1 

l6ft2 

Vb  - 1 + “2 , M-S  - 1 + M2,  Mk  - 6 + 2C 

A + AB  + 1 3 


where 


* -<8T-  *-(t- c -K + sswi/2  <» 

1 h/2  J.  , (*/2  S , A/2 

*»  • S f Tdr’  ®b  "E  lh/2^r’  °.b  ■ -E  li/2  V 


«i  ■ 3 r ***•  * - 3 r ***  - 3 r ^ 

h J-h/2  h -h/2  h -h/2 


/2 


V2 
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1 f*1/2  12  (*  h/2  p 

%a  * hEl  J Ex^Vxdr  (approx.),  ^21  * j Ex^xr  dr  (approx. ) 
-h/2  1 -h/2 

X * 1 - 

where  S is  modulus  of  elasticity,  G Is  modulus  of  rigidity  associated 
with  shear  distortion  of  the  plane  of  the  shell  wall  or  layer,  K is 
Poisson's  ratio,  x is  axial  direction  of  cylinder,  and  y is  circumferen- 
tial direction.  Poisson's  ratio,  Fy*,  is  defined  as  the  ratio  of  con- 
traction in  the  x direction  to  extension  in  the  y direction  associated 
with  tension  in  the  y direction. 

Computation  of  Q values  for  three  B values  and  a range  of  values 
in  A produced  the  curves  shown  in  figure  1.  The  point  for  isotropic 
cylinders  is  also  shown  on  figure  1 and  the  buckling  stress  formula  for 
the  isotropic  cylinders  reduces  to 

pcr-  0.242  e|  (6) 

Formula  (l)  was  solved  for  previously  reported  experimental  deter- 
mination of  the  buckling  stresses  of  plywood  cylinders  (ref.  5)  of  sev- 
eral constructions  of  yellow  birch  and  yellow-poplar  veneers . The  data 
considered  were  limited  to  the  linear  elastic  range  by  selecting  only 
the  shells  that  buckled  at  stresses  no  greater  than  90  percent  of  the 
compressive  proportional  limit  stress  of  the  plywood.  Measured  elastic 
properties  were  used  to  compute  the  stiffness  parameters  A,  B,  and  C 
and  these  values  substituted  into  expressions  (^)  to  obtain  K values. 

The  computed  stresses  are  compared  with  the  experimental  values  in 
figure  2.  Although  there  is  considerable  scatter  of  individual  points , 
the  agreement  between  experiment  and  theory  can  be  regarded  as  reason- 
ably close  for  the  type  of  problem  considered. 


SANDWICH  CYLINDERS 


The  analysis  for  sandwich  cylindrical  shells  in  axial  compression 
was  carried  out  by  March  and  Kiienzi  (ref.  6)  by  applying  the  analysis 
for  plywood  cylinders  (ref.  3)  and  accounting  for  effects  of  shear 
deformation  in  the  core  of  a sandwich  by  an  approximate  "tilting" 
method  as  used  by  Williams,  Leggett,  and  Hopkins  in  their  analysis  of 
flat  sandwich  panels  (ref.  7)*  The  analysis  of  reference  6 includes 
sandwich  with  orthotrap ic  facings  and  cores  and  presents  buckling 
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coefficients  for  sandwich  with  isotropic  facings  on  certain  orthotropic 
cores.  Buckling  coefficients  have  also  been  determined  for  sandwich 
with  certain  orthotropic  facings  (ref.  8). 

The  facing  stress  at  axial  buckling  load  of  a sandwich  cylinder  of 
thin  isotropic  facings  of  equal  thickness  on  an  isotropic  core  is  given 
by  the  formula 

UN  h 

^Fcr  ' 5«i  E R ' " 

where  h is  the  sandwich  thickness,  R is  the  mean  radius  of  the  cylinder, 
E is  the  modulus  of  elasticity  of  the  facings  and 

r ti  m a j 


N 


5*1*1 


|T75?F7^ + Q2M2T1J 


kr\  + 6^  (1  + Qg) 

Iq  - H?)~|1/g  a .if— 

2 + 1 + 1 ^ 3l1  + 


e\ 

_E 

c 


(8) 


ctE 

"T 


3(1  - H-  ) hRG, 


_ 2 h 

-,  r,  - n r 


2z‘ 


‘[^z  * M1+Z2)2] 


17z: 


m X S + £ + 

^-28  l6(z2+9)2  16(9z2+1)2  6^(1+z2)2 


Mg 


3z2  + 2 + -2-  Mo  = (9Z11  + 70z2  + 9)  ("5  + 1) 


^ (z2  + 1),  *5  “ 0 (9*^  + 70z2  + 9) 


where  c is  core  thickness,  t is  facing  thickness,  M is  Poisson’s  ratio 
of  facings,  Gc  is  modulus  of  rigidity  of  core,  n is  number  of  buckles  in 

a circumference,  and  z is  buckle  aspect  ratio.  Minimi zatlon  of  formula 
(8)  for  N with  respect  to  *1  and  z results  in  curves  presented  in  figure 
3.  The  value  of  N ■ 1 at  V ■ 0 represents  a cylinder  wall  with  a "shear- 
rigid"  core  that  has  no  extensional  stiffness  and  reduces  to  the  buck- 
ling stress  of  an  isotropic  shell  with  spaced  facings.  The  curve  for 
c/h  = 1,  extending  from  the  short  straight  line  toward  the  lower  right, 
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represents  the  shear  instability  of  the  sandwich  wall  and  resultant 
buckling  load  per  unit  circumference  of  hGc  (approx.). 

Theoretical  values  of  N were  computed  by  formula  (8)  for  previously 
reported  experimental  determination  of  the  buckling  of  sandwich  curved 
panels  under  axial  compression  (ref.  6).  It  was  found  by  calculation 
that  the  panels  were  larger  than  the  size  of  one  theoretical  buckle  and 
therefore  may  represent  the  performance  of  a complete  cylinder.  The 
sandwich  was  of  alumlmim  facings  on  end-grain  balsa  wood  cores  and  on 
soft  cork  board  cores.  Core  modulus  of  rigidity  values  ranged  from 
15,000  psi.  to  320  psi.  Facing  stresses  at  buckling  were  well  below 
compressive  proportional  limit  stresses.  Experimental  values  of  N were 
computed  by  solving  formula  (7)  equated  to  the  experimental  facing 
stress  at  buckling.  The  experimental  and  theoretical  values  of  N are 
compared  in  figure  4.  Although  many  of  the  points  are  on  the  lower  por- 
tion of  the  line,  thus  representing  sandwich  with  "soft"  cores,  there  is 
reasonably  close  agreement  between  experimental  and  theoretical  values 
of  N. 
v 


CONCLUDING  REMARKS 


Comparison  of  experimental  and  theoretical  results  indicates  that 
a large- deflection  theory  incorporating  buckles  of  diamond- shape  des- 
cribes the  behavior  of  long,  thin- walled,  cylindrical  shells  of  layered 
orthotropic  and  sandwich  construction  in  axial  compression. 

Application  of  the  theory  for  layered  orthotrppic  shells  to  general 
buckling  of  stiffened  shells  would  be  of  interest.  Further  experimental 
evaluation  of  complete  sandwich  cylindrical  shells  is  necessary. 
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FIGURE  3 - N VALUES  FOR  BUCKLING  OF  THIN  - WALLED, 
CYLINDRICAL  SHELLS  OF  ISOTROPIC  SANDWICH  IN 
AXIAL  COMPRESSION.  , 


THEORETICAL  N 


FIGURE  4.  - COMPARISON  OT  EXPERIMENTAL  VALUES  OF  & 
WITH  THEORETICAL  VALUES  FOR  BUCKLING  OF 
SANDWICH  CYLINDRICAL  SHELLS  IN  AXIAL  COMPRESSION 


331 


ELASTIC  STABILITY  OF  SIMPLY  SUPPORTED  CORRUGATED 


CORE  SANDWICH  CYLINDERS 


By  Leonard  A.  Harris  and  Edward  H.  Baker 
North  American  Aviation,  Inc. 
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SUMMARY 


Theoretical  buckling  coefficients  are  obtained  for  the  general  in- 
stability of  simply  supported , corrugated  core  sandwich  circular  cylin- 
ders under  combined  loads  with  the  core  oriented  parallel  to  the  longi- 
tudinal axis  of  the  cylinder.  Buckling  curves  are  presented  for  axial 
compression,  external  lateral  pressure,  torsion,  and  some  typical  inter- 
actions. The  differential  equations  of  equilibrium  used  to  obtain  the 
buckling  equations  were  derived  from  the  small  deflection  equations  of 
Stein  and  Mayer  which  include  the  effect  of  deformation  due  to  trans- 
verse shear.  These  equations  are  solved  by  Galerkln's  equation.  Re- 
marks are  made  concerning  the  probable  validity  of  the  results  of  the 
small  deflection  theory  for  sandwich  shells. 


INTRODUCTION 


The  solution  for  the  general  instability  of  corrugated  core  sand- 
wich circular  cylinders  with  the  core  oriented  parallel  to  the  axis  of 
the  cylinder  is  performed  in  a manner  similar  to  the  solution  by  Bat- 
dorf^>2  for  the  general  instability  of  homogeneous  isotropic  thin  walled 
cylinders.  In  the  solution  presented  in  this  report,  and  in  Batdorf ' s 
solution,  a differential  equation  obtained  from  small  deflection  theory 
is  solved  by  Galerkin ' sr  method.  In  the  present  report,  the  differential 
equations  which  were  solved  by  Galerkin' s method  were  obtained  from  the 
small  deflection  theory  for  curved  sandwich  plates  by  Stein  and  Mayer*. 
The  elastic  constants  for  corrugated  core  sandwich  were  derived  from  the 
basic ^corrugated  sandwich  geometry  and  material  properties  by  Libove  and 
Hubka  . The  previous  Stein  and  Mayer  solution  for  the  general  in- 
stability of  corrugated  core  sandwich  cylinders  loaded  under  axial  com- 
pression was  performed  in  a similar  manner.  This  report  takes  into  con- 
sideration lateral  internal  and  external  pressure  and  torsion  as  well  as 
axial  compression. 

The  basic  element  of  the  idealized  corrugated  core  sandwich  consists 
of  relatively  thin  isotropic  facings  which  have  negligible  flexural 
rigidities  about  their  own  centroidal  axes  and  a highly  orthotropic  core 
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for  which  shear  distortions  are  assumed  to  be  admissible  only  in  the 
plane  perpendicular  to  the  corrugation  (circumferential)*  Furthermore, 
the  bending  rigidity  of  the  core  is  assumed  to  be  negligible  in  the 
transverse  direction.  Both  the  facings  and  the  core  are  assumed  to  be 
elastic  * 


DERIVATION  OF  BUCKLING  EQUATION 


It  was  assumed  that  the  shear  stiffness  in  the  plane  parallel  to 
the  corrugations  (longitudinal)  is  infinite.  The  governing  differential 
equations  are  given  by  equations  (8)  and  (14)  of  reference  4*  These 
equations  include  the  influence  of  the  transverse  shear , Qy.  For  simply 
supported  edges,  the  boundary  conditions  on  w and  Qy  are 


or  m 


d OA 

a** 


*0, 


QcC 


x - 


These  conditions  are  satisfied  by  the  assumed  orthogonal  functions 


ao  od 

»y-  r S7TX,  nxTu  ST* 
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(1) 

(2) 


where  n is  restricted  to  even  positive  integers  equal  to  or  greater  than 
4 and  s is  restricted  to  positive  integers  equal  to  or  greater  than  1. 

The  solution  to  the  governing  equations  are  obtained  by  use  of 
Galerkin's  method  as  described  in  reference  3-  The  Galerkin  equations 
are: 


- o 

o o'  f 

(3a) 

tl  m 0 

(3b) 

f f Q2  ur  ^ dxdy  *■  0 

(3c) 

I0  QzurVzdxdy=0 

(3d) 
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where: 


L 


The  expression  for  Qvw  is  obtained  by*  substituting  each  term  of  equations 
1 and  2 into  equation  8 of  reference  6 and  that  for  Q^w  is  obtained  by 
substituting  each  term  of  equations  1 and  2 into  equation  14  of  reference 
6.  After  the  proper  substitution  and  integration  has  been  performed  on 
equations  (3a)  and  (3d),  equation  (3d)  is  solved  for  c^,  which  is  sub- 
stituted into  equation  (3a).  In  a similar  manner,  after  the  proper  sub- 
stitution anl  integration  has  been  performed  on  equations  (3a)  and  (3c), 
equation  (3c)  is  solved  for  which  is  substituted  into  equation  (3b). 
With  extensive  simplification  these  equations  become 


where 
A - 
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ts  sen  y l ^5 
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O 

(4) 

Ab^ 

0 

(5) 

fi , 

f 0 ' 

- 

Kc  ~ K-p^" J 

Equations  (4)  and  (5)  can  be  solved  explicity  for  Kc  and  Kp  for  each 
value  of  m and  n.  The  minimum  is  determined  by  trial  and  error.  In  the 
case  of  the  buckling  coefficient  Kp,  it  can  be  shown  that  the  minimum 
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occurs  when  m is  one.  The  buckling  coefficients  for  external  pressure 
and  for  axial  compression  are  shown  in  figures  2 and  3,  respectively. 
Figure  4 shows  the  interaction  between  axial  compression  and  lateral 
pressure  for  Z » 10s. 


Solution  for  Ks;  Kp  and  Kc  Known 


Each  of  equations  (4)  nay  be  expressed  in  the  fora 

A*„-  X'6Jos^  - O 

Each  of  equations  (5)  may  be  expressed  in  the  fora 

A K,  * X'Bc„  - O 

where  n s are  odd  integers  and 


A is  defined  above 


B - 


X' 


8£2L  y 2bjz 

7T  m2  »tx-S* 


(6) 

(7) 


In  matrix  form,  these  equations  become 

*)a|  * W £fi]|al  * £s])«|  (8) 

lAere  A is  a scaler,  |a|  is  a column  matrix  (the  Fourier  coefficients), 
and|Gj  is  a non  symmetrical  square  matrix.  The  solution  for  A.  by  matrix 
iteration  is  complicated  by  the  fact  that  the  cylinder  wm  buckle  at  a 
load  level  which  is  independent  of  the  direction  of  the  applied  shear. 
Therefore,  the  buckling  coefficients  and  corresponding  eigenvalues  occur 
in  pairs  which  are  equal  in  magnitude  but  opposite  in  sign.  When  the 
matrix [G]  is  formed,  the  upper  right  quadrant,  [G^-]  , and  the  lower  left 
quadrant, (G2J  > ar«  non-zero  matrices;  whereas  the  other  two  quadrants 
are  null  matrices.  The  matrix [G]  is  also  simplified  by  the  fact  that 
L^lJ  is  ®cIual  to  1-G2J  • Making  use  of  these  relationships, 

x2  \<*2\  - [-62]  fa]  |a2|  » [(53]|«.2|  (9) 

The  matrix  [Gj]  can  befonned  from  either  of  equations  (6)  or  (7). 

An  8x8  matrix  uas  formed  and  iterated  to  obtain  the  eigenvalue  Ar.  The 
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iteration  continued  until  the  scaler  X , remained  constant  to  six  sig- 
nificant figures.  The  buckling  coefficient  Ks  is  the  square  root 
reciprocal  of  the  eigenvalue  A.  . 

For  a given  set  of  numerical  values  of  the  sandwich  parameters, 
buckling  coefficients  are  obtained  for  single  values  of  n until  the 
m-tw-timim  value  of  the  buckling  coefficients  is  found.  Figure  (5)  1®  * 
plot  of  K.  as  a function  of  Z for  the  special  case  of  Kc  and  Kp  equal 
to  0.  Figure  5 is  a plot  of  Kg  as  a function  of  Kc  for  Z equal  to  1CP. 

Figure  6 is  a plot  of  Kp  as  a function  of  Ks  for  Z equal  to  leP . 

COMPARISON  WITH  SOLUTION  FOR  HCMOCENEOUS  ISOTROPIC  THIN  WALL  SHELLS 


The  method  of  solution  used  for  the  corrugated  sandwich  cylinders 
is  the  same  as  the  method  of  solution  used  for  homogeneous  isotropic 
cylinders  in  references  (1)  ani  (2).  Therefore,  if  the  parameters  for  a 
sandwich  which  is  the  equivalent  of  homogeneous  sheet  are  substituted 
into  the  sandwich  cylinder  stability  equations,  the  resulting  equations 
be  the  same  as  the  equations  presented  In  references  (1;  and  {2). 
A sandwich  with  G.c-00  and  t-*i  is  the  equivalent  of  homogeneous  sheet. 
For  the  case  of  t”h,  the  moment  of  Inertia  of  the  facing  sheets  about 
their  own  centroid  cannot  be  neglected  so  that  I is  equal  to  2/3  t . 

With  this  correction,  the  equation  becomes 


(10) 


where  ft  and  Z<>  refer  to  the  thin  sheet  parameters.  This  equation  is  the 
Mmi  as  the  equations  given  in  references  (1)  end  (2)  for  cylinders  of 
homogeneous,  isotropic  thin  sheet. 


VALIDITY  OF  RESULTS 


The  results  of  this  analysis  agree  with  the  special  case  of  the 
homogeneous  isotropic  thin  wall  shell.  The  considerable  discrepancy  be- 
tween test  data  and  the  linear  small  deflection  theory  for  the  particular 
loading  condition  of  axial  compression  has  been  reported  frequently  in 
the  literature.  In  this  case,  test  data  may  be  on  the  order  of  only  15%„ 
of  that  predicted  by  the  small  deflection  theory.  Analysis  of  test  data 
indicates  that  the  buckling  coefficient  is  a function  of  r/t,  whereas 
the  deflection  theory  does  not  Indicate  this  dependence.  The  con- 

sequence of  this  comparison  of  data  from  unstiffened  shells  must  on  the 
surface  lead  to  the  conclusion  that  the  snail  deflection  theory  does  not 
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accurately  predict  the  behavior  of  sandwich  shells  for  those  cases  in 
which  the  core  shear  distortion  has  a negligible  effect.  There  is,  how- 
ever, seme  argument  that  the  disagreement  between  theory  and  test  should 
not  be  so  great  as  for  thin  wall  shells.  This  argument  is  that  the  sand- 
wich shell  behaves  as  if  it  had  a relatively  low  r/t.  That  is,  the 
effective  thickness  of  the  sandwich  is  relatively  large  and  it  might  be 
supposed  that  the  effects  of  initial  imperfection  are  relatively  small 
because  of  the  rigidity  of  the  wall.  Although  data  are  limited,  this 
does  not  appear  to  be  the  real  case.  For  example,  March  and  Kuenzi  , 
in  their  report  of  a large  deflection  theory  for  compression,  show 

seme  test  data.  These  data  show  relatively  small  scatter  and  the  data 
fall  within  ± 30%  of  the  large  deflection  predicted  buckling  loads. 

For  the  case  in  which  shear  distortion  becomes  predominate,  it  is 
likely  that  the  snail  deflection  theory  will  provide  good  agreement  with 
test  data.  In  this  case,  the  mode  of  failure  (called  a crimp)  is  one 
which  has  a very  short  wave  length. 

The  above  statsments  are  relative  to  the  specific  case  of  com- 

pression. For  the  cases  of  external  pressure  and  torsion,  agreement  be- 
tween linear  theory  and  test  data  is  closer.  Investigations  of  the 
interaction  buckling  coefficients  from  linear  theory  for  thin  wall  shells 
indicates  that  the  shape  of  the  interaction  agrees  well  with  test  data 
provided  the  non-dimensional  buckling  ratios  are  used  instead  of  the 
buckling  coefficients  themselves. 

The  probable  consequence  of  the  comparisons  with  thin  wall  shell 
behavior  are  that  the  linear  theory  used  herein  will  provide  satisfactory 
solutions  for  a shell  under  torsion,  will  be  reasonably  accurate  for 
external  pressure,  and  will  provide  the  correct  shapes  for  interaction 
curves.  In  contrast,  however,  the  theory  will  be  inadequate  for  shells 
under  axial  compression  when  the  shear  distortion  effects  are  negligible. 
This  leads  to  a very  real  lack  of  data  for  sandwich  shells  under  axial 
compression  loads  and  under  bending.  In  order  to  effectively  describe 
the  behavior  of  sandwich  shells  in  axial  compression,  it  will  be  neces- 
sary to  perform  an  extensive  series  of  tests  in  a systematic  fashion. 

Very  little  of  these  data  are  avilable. 
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SUMMARY 

Experimental  results  for  36"  diameter  honeycomb  cylinders  fabri- 
cated with  thin  (0.010")  aluminum  faces  and  cores  prove  that  it  is 
quite  feasible  to  stabilize  thin  faces  so  they  can  be  loaded  beyond 
the  yield  point.  The  effect  of  initial  imperfections  and  the  various 
modes  of  failure  are  discussed . 


INTRODUCTION 


A recent  series  of  tests  by  the  Douglas  Aircraft  Company  on  36" 
diameter  cylinders  has  established  that'  vith  proper  design  and  manu- 
facturing techniques,  it  is  possible  to  stabilize  very  thin  (0.010”) 
metal  shins  so  that  they  will  carry  compressive  loads  veil  into  the 
inelastic  region.  After  a brief  development  period  no  trouble  was 
experienced  at  joints,  and  failures  occurred  in  the  middle  of  the  cylin- 
ders. The  failures  occurred  by  wrinkling  of  the  faces  rather  than  by 
general  instability. 


SYMBOLS 


Aq  amplitude  of  Imperfection 

d diameter  of  a circle  inscribed  in  a honeycomb  cell 

E Young's  modulus  of  elasticity  of  face 

tangent  modulus  of  face 


secant  modulus  of  face 


Jk2 


E Young's  modulus  of  elasticity  of  core 

c 

F ultimate  strength  of  core 

c 

G shear  modulus  of  core  in  a plane  normal  to  the  faces  and  parallel 

e to  the  load 

I moment  of  Inertia 

K constant 

k spring  constant 

L length  of  column 

H axial  compressive  buckling  load  (#/ln) 

cr 

R mean  radius  of  curvature  of  cylinder 

T thickness  of  core 

t thickness  of  monocoque  cylinder 

tf  thickness  of  one  face  of  sandwich 

€ strain 

ij  plasticity  reduction  factor  (V  m 1 in  elastic  region) 

p radius  of  gyration 

0 stress 

0 stress  from  stress-strain  diagram 

0 face  buckling  stress 

C T 

of  predicted  falling  stress  with  imperfection 

0 face  monocell  buckling  stress 

me 

aw  face  wrinkling  stress 
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MODES  OF  FAILURE 
Review  of  Theoretical  Analyses 


In  the  literature,  several  solutions  are  presented  for  buckling  of 
sandwich  cylinders  under  axial  compression  (Ref.  1).  Adequate  analyses 
exist  for  most  modes  of  failure  including  small  and  large  deflection 
theories  with,  and  vithout  initial  imperfections. 

Solutions  to  the  governing  partial  differential  equations  are  ob- 
tained by  assuming  a particular  mode  of  failure  and  then  solving  for 
the  critical  load  corresponding  to  that  particular  mode  of  failure. 

For  sandwich  cylinders,  many  modes  of  failure  are  possible,  each  cor- 
responding to  a certain  critical  load.  The  designer  must  proportion 
the  shell  to  obtain  the  minimum  weight  construction  for  a given  load 
by  choosing  the  proper  combination  of  face  thickness,  core  cell  size, 
depth,  and  shear  rigidity  for  a given  cylinder  diameter  and  axial  load. 
The  role  of  initial  Imperfections  and  their  effects  on  the  different 
possible  modes  of  failure  must  be  understood.  The  initial  imperfections 
which  occur  during  manufacturing,  especially  near  end  fittings  and 
openings,  will  in  most  practical  applications  limit  the  efficiency 
attainable  from  sandwich  constructions. 


GENERAL  INSTABILITY 


General  instability  corresponds  to  over-all  buckling  of  the  shell. 
For  sandwich  construction  the  effect  of  shearing  rigidity  of  the  core 
may  be  extremely  important.  The  small  deflection  theoretical  buckling 
load  of  a cylinder  with  transverse  shear  deflections  included  (Ref.  2) 
is  compared  to  predicted  loads  obtained  by  neglecting  shear  effects  in 
Figure  1.  The  postbuckling  load  predicted  by  a large  deflection  theory 
(Ref.  3)  is  also  plotted  (Figure  2).  For  low  core  shear  moduli, 
initial  buckling  occurs  by  the  faces  sliding  with  respect  to  each  other 
(crimping).  As  the  core  modulus  is  increased,  buckling  strength  in- 
creases until  the  core  is  sufficiently  rigid  to  prevent  the  faces  from 
sliding  and  then  the  classic  over -all  buckling  occurs.  The  core  rigid- 
ity required  to  force  buckling  in  this  "rigid  core"  region  is  a function 

of  the  Etf/R  of  the  cylinder.  Many  experiments  have  yielded  unsatis- 
factory information  because  the  radius  (R)  and  face  thickness  ( t^)  have 

been  scaled  down  causing  the  cylinder  to  be  in  the  soft  core  region 
where  only  a small  fraction  of  the  expected  strength  could  be  obtained. 
Obviously,  for  maximum  strength,  the  cylinder  must  be  designed  to  be  in 
the  rigid  core  region. 


The  classic  small  deflection  critical  buckling  stress  (Ref.  4)  is, 
Et. 
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The  plasticity  reduction  factor  >7  for  cylinders  under  axial  com- 
pression is  obtained  from  Gerard  (Ref.  5). 

When  the  core  shear  modulus  is  low,  i.«. , GQ  — Et^/R,  failure 

occurs  by  shear  instability  and  the  critical  load  is 
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cr  c 
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ROI£  OF  IMPERFECTIONS  IN  SMALL  DEFI2CTI0N  THEORY 

Assuming  an  imperfection  consisting  of  sine  wares  around  the  cir- 
cumference of  a cylinder  and  considering  small  deflection  theory,  the 
effect  of  imperfections  in  monocoque  cylinders  is  determined  by  a fac- 
tor of  the  form 

V1  + K Sr 

while  for  sandwich  cylinders  the  equivalent  expression  is 

1/  * K | j2- 

It  is  significant  that  for  general  instability,  the  effect  of  initial 
Imperfections  in  sandwich  construction  is  related  to  the  total  thickness, 
T.  Sandwich  thicknesses  are  much  greater  than  monocoque  thicknesses  and 
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the  same  magnitude  of  Imperfection  Is  much  less  serious  In  sandwich 
construction. 


LARGE  DEFLECTION  THEORY 


Large  deflection  theories  are  more  complete  and  predict  not  only 
the  initial  buckling  load  (Figure  2,  point  A)  but  also  the  maximum  post- 
buckling  load  a cylinder  can  sustain  (Figure  2,  point  B).  The  non- 
linear behavior  of  monocoque  cylinders  has  been  extensively  studied 
(Ref.  6)  and  it  is  generally  recognized  that  the  minimim  point  B in 
Figure  2 correar--:..j  u»  r.uiai  aidyiacementa  of  the  cylinder  of  approxi- 
mately five  sheet  thicknesses.  If  initial  imperfections  of  this  magni- 
tude exist,  as  they  often  do  for  foil  gages,  failure  will  indeed  occur 
at  these  low  loads.  Donnell  and  Wan  (Ref.  7)  have  described  the  failure 
mechanism  as  a function  of  the  magnitude  of  the  assumed  initial  imper- 
fection and  as  expected  higher  loads  are  obtained  for  more  nearly 
perfect  cylinders.  Often  designers  choose  the  postbuckllng  stress 
(point  B)  rather  than  the  initial  buckling  stress  (point  A).  This  may 
be  exceedingly  conservative  for  monocoque  cylinders  of  low  R/t  and  for 
sandwich  cylinders. 


LOCAL  BUCKLING 


In  attempting  to  stabilize  a thin  foil  gage  so  that  it  will  accept 
loads  stressing  it  up  to  the  yield  point,  one  must  consider  ways  in 
which  the  sheet  may  fail  by  local  buckling. 


MONOCELL  BUCKLING 


A form  of  local  buckling  is  monocell  buckling,  namely,  buckling  of 
individual  cells  within  the  honeycomb  core.  Norris  fluid  Komers  (Ref.  8) 
give  the  monocell  buckling  criterion 


me 


0.9  >7E  r 


V3/2 
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In  the  inelastic  range,  the  plasticity  reduction  factor  for  flat 
plates  (Ref.  9)  Is  used,  euid  is  given  by 


(5) 
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The  designer  mast  choose  a core  cell  size  to  prevent  mo nocell  buckling. 
This  can  be  accomplished  without  difficulty  by  choosing  from  the  vide 
variety  of  commercially  available  cores. 


WRINKLING 


With  a cell  size  chosen  to  prevent  monocell  buckling, the  faces 
can  be  considered  to  be  continuously  supported  by  an  elastic  medium, 
i.e.,  the  core.  Local  failures  of  the  faces  can  occur  independent  of 
the  dimensions  of  the  cylinder  if  the  core  does  not  have  sufficient 
ability  to  stabilize  the  faces.  Since  the  failures  will  be  highly 
localized,  curvature  effects  can  be  neglected  and  analyses  developed 
for  flat  plates  can  be  utilized. 

Non- symmetric  failure  can  occur  If  the  core  does  not  have  sufficient 
shear  rigidity  to  force  the  two  faces  to  act  as  an  Integral  unit.  The 
analysis  presented  previously  for  general  instability  Included  failure 
by  shear  instability  (crimping)  but  neglected  the  flexural  resistance 
of  the  individual  faces  about  their  own  neutral  axes.  Hoff  aa&  Mautner's 
(Ref.  10)  analysis  for  flat  plates  using  energy  techniques  shows  that 
thin  sandwich  panels  may  buckle  in  the  "skew- ripple”  unsymmetric  mode. 

The  critical  load  per  inch  for  sandwiches  with  thin  cores  Is 
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This  should  be  compared  to  the  expression  obtained  before  for  the  "soft" 
core  region  by  neglecting  the  resistance  of  the  faces  to  flexure, 
namely 


(7) 


As  the  core  modulus  approaches  zero,  the  only  load  carrying  capability 
is  obtained  from  the  flexural  resistance  of  the  faces. 


Por  some  material  properties  and  dimensions , symmetrical  wrinkling 
may  occur  at  lower  loads . Depending  on  the  assumptions  made,  one  can 
obtain  a variety  of  expressions  for  critical  loads.  The  simplest  ap- 
proach neglects  the  shear  effects  of  the  core  and  treats  the  faces  as  a 
beam  on  an  elastic  foundation  (Ref.  ll).  The  spring  constant  is  obtained 
by  considering  the  midplane  of  the  core  as  an  axis  of  symmetry  and  then 
treating" the  core  material  as  an  elastic  spring . Upon  substitution  into 
the  expression  for  buckling  of  a beam  on  an  elastic  foundation, 

N = 2>J  k El  , 
cr 

one  obtains 


This  indicates  that  lower  loads  are  obtained  for  thicker  cores.  As  the 
core  thickness  is  increased,  other  factors  must  be  considered. 


Upon  examining  Figure  3,  one  realizes  that  neighboring  core  strips 
move  different  distances.  Since  the  strips  are  physically  attached, 
shear  stresses  develop  and  cause  the  displacements  to  die  off  with  in- 
creasing core  depth.  Assuming  that  the  displacements  die  off  linearly 
with  depth,  Hoff  (Ref.  9)  using  energy  techniques  obtained 
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In  terms  of  N • equation  (9)  'becomes 
cr 


N 


cr 


1.82  tf  [ E E0  0C  ] 
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Williams  (Ref.  12)  assumed  an  exponential  decay  of  displacements 
and  in  Equation  (9)  obtained  O.85  instead  of  0.91.  Hoff's  solution 
(Ref.  10)  by  a theory  of  elasticity  approach  gave  lower  values  which 
were  functions  of  the  core  depth  to  face  thickness  ratio.  For  thick 
cores,  the  coefficient  was  (0.873)(O.9l)  = 0-79^-  Many  authors  have 
recommended  using  a coefficient  of  0-50  as  it  gives  reasonable  agree- 
ment with  experimental  data,  but  it  should  be  realized  that  this  implies 
symmetrical  wrinkling. 

The  references  mentioned  provide  criteria  for  determining  whether 
a given  sandwich  is  "thick"  or  "thin,"  but  the  criteria  have  been  left 
out  of  this  brief  sumnary.  To  recapitulate,  unsymmetrical  "skew- ripple" 
occurs  for  cores  with  low  shear  moduli,  whereas  symmetrical  wrinkling 
occurs  for  cores  with  high  shear  rigidity  and/or  thick  cores. 
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For  inelastic  wrinkling,  a suitable  plasticity  reduction  formula  is 
applied.  Since  curvature  effects  are  neglected,  it  is  reasonable  to  U6e 
the  flat  plate  reduction  factor. 


7 - 
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For  large  plastic  strains,  the  tangent  modulus,  E*,  changes  so  rapidly 
with  increasing  load  that  the  same  value  of  critical  load  is  obtained 
from  Equation  (9)  independent  of  the  coefficient  assumed. 


EFFECT  OF  INITIAL  IMPERFECTIONS  ON  WRINKLING 


The  equations  derived  for  buckling  predict  the  critical  load  in 
terms  of  the  elastic  constants  and  provide  no  information  on  the  strength 
properties  required.  The  required  core  compressive  strength  and  the 
adhesive  strength  depends  on  the  initial  imperfections  formed  during 
manufacture  or  induced  in  service.  Knowing  the  type  and  magnitude  of 
the  Imperfection,  one  can  determine  the  required  strengths.  However, 
by  assuming  various  imperfection  values , one  obtains  a good  appreciation 
for  the  serious  effects  produced  by  small  Imperfections.  One  also  rea- 
lises the  importance  of  using  high  strength  cores  and  adhesives  to 
Insure  that  the  failures  occur  by  buckling  before  the  local  stresses 
exceed  the  allowable  values.  Since  imperfections  are  always  present, 
expeclally  around  joints,  openings,  closing  members,  etc.,  it  is  impera- 
tive to  understand  their  significance  and  to  minimize  their  importance 
by  using  high  strength  adhesives  and  cores. 

Yuseff 's  (Ref.  11)  analysis  of  wrinkling  assumes  imperfections 
having  the  same  shape  and  wave  length  as  the  wrinkle  pattern.  The  reduction 
in  strength  due  to  Imperfections  is  easily  visualized  by  comparing  the 
results  to  the  theoretical  wrinkling  stress  without  imperfection. 

Yuseff 's  equation  22  may  be  written 
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Using  the  properties  of  the  test  cylinders  Figure  4 shows  the  re- 
duction in  predicted  failing  stress  as  a function  of  the  amplitude  of 
the  initial  imperfection  for  an  elastic  failure  (tj  « 1). 

The  reduction  in  wrinkling  strength  due  to  the  presence  of  an 
initial  imperfection  can  be  minimized  by  using  a sandwich  core  with 
high  compressive  strength  and  a high  strength  adhesive* 


COMPARISON  BETWEEN  TEST  AND  THEORY 


Axial  compression  tests  were  run  on  eight  7075 -T6  aluminum  sandwich 
cylinders  with  faces  0.010  inches  thick  (Ref.  13).  The  outside  cylinder 
diameters  were  36  inches  and  the  length  of  each  was  30  inches.  The 
cores  in  each  case  were  aluminum  Hexcel  A1  3/^-6-5052  .001  P oriented 
with  the  ribbon  direction  parallel  to  the  load.  The  core  thicknesses 
were  0.125  inches,  0.188  inches,  and  0.400  inches.  Table  I and  Figures 
5 and  6 show  test  results. 

The  first  three  cylinders  fabricated  were  unsatisfactory  and  failed 
at  low  stress  levels.  This  was  due  to  poor  detail  design  of  the  end 
doublers  and  unbonded  regions.  The  original  doubler  was  not  scalloped 
«nH  acted  as  a constraint  preventing  the  cylinder  from  expanding  later- 
ally when  loaded  axially.  This  constraint  caused  local  bending,  intro- 
ducing an  initial  imperfection,  and  caused  wrinkling  type  failure  at 
low  stress  levels  (=  30,000  psi).  Scalloping  the  doubler  relieved  the 
problem  by  preventing  highly  localized  bending.  One  can  easily  obtain 
an  appreciation  of  the  problem  by  computing  the  free  radial  expansion 
of  the  cylinder.  The  hoop  strain  is  caused  by  Poisson's  ratio 


€h  * ^ 

and  the  radial  displacement  6 


5 = R €h  = R /i€L  • 


At  62,0:x;  psi  the  axial  Btrain  is  0.0068  in/in.  and  the  radial 
expansion  is  i-.O'+OS  inches.  If  this  expansion  is  prevented  by  a rigid 
ring,  premature  failure  occurs  due  to  highly  localized  bending. 
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In  order  to  prevent  localized  bending,  a 0.010  Inch  scalloped 
doubler  vas  used  In  subsequent  tests. 


To  visualize  the  comparison  of  the  test  results 
buckling  stresses  predicted  by  various  formulas,  one 
cepts  on  an  elementary  level.  Consider  the  buckling 
ended  column.  The  critical  buckling  stress  Is 


to  the  theoretical 
can  place  the  con- 
of  a perfect  pln- 
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At  a given  tangent  modulus  (l.e.,  at  a given  strain  In  the  column), 
the  column  can  support  a stress  vithout  a stability  failure  provided  that 
the  stress  Is  less  than  K E..  In  Figure  7,  a « K E.  represents  resls- 

" * * 
tance  to  buckling  Instability  failure.  Also  plotted  In  Figure  7 is  o 

vs.  E.  vhere  a*  and  E.  are  obtained  from  a conventional  stress-strain 
x * * 
diagram  of  a uniaxial  tension  specimen.  The  curve  o vs.  E.  represents 

t 

the  ability  to  carry  load  assuming  no  instability  failure.  As  the 
column  is  loaded,  the  strain  In  the  unbent  column  determines  the  tangent 
modulus  and  the  stress.  As  loading  Increases  from  zero,  the  strain  in- 
creases, the  stress  Increases,  and  the  tangent  modulus  decreases.  Even- 
tually the  stress  reaches  a level  vhere  an  Instability  failure  occurs, 
namely,  the  Intersection  of  the  two  curves.  Hence,  the  Intersection 
represents  the  predicted  buckling  load. 

The  principal  outlined  above  for  obtaining  the  critical  stress  of  a 
pin-ended  column  also  applies  for  finding  the  critical  stress  of  a 
sandwich  cylinder  for  each  of  the  various  assumed  modes  of  failure.  Thus, 
one  can  compute  for  each  cylinder  (assuming  no  Imperfections ) the  pre- 
dicted buckling  stress  according  to  the  various  theories.  The  results 
are  shown  In  Figures  8,  9,  and  10.  The  predicted  buckling  stresses  and 
the  actual  falling  stresses  are  given  in  Table  II.  The  predicted  buckling 
stresses  from  small  deflection  theory  and  from  wrinkling  theory  were  cal- 
culated for  Gc  - 20,000  pel  and  Gq  - 40,000  pel  and  shoved  only  a 

very  slight  effect  of  a variation  of  core  shear  modulus  In  the  rigid 
core  region.  A conventional  stress-strain  curve  (Figure  11)  vas  obtained 
from  coupons  cut  from  the  sheets  used  to  fabricate  the  cylinders. 

The  predicted  buckling  loads  from  the  small  deflection  general  In- 
stability equation  and  the  wrinkling  equation  (assuming  no  initial 


551 


waviness  of  the  faces)  are  in  close  agreement  with  each  other.  One  can 
not  expect  exact  agreement  with  test  values  as  some  uncertainty  is  intro- 
duced in  the  inelastic  range.  Also,  the  stress-strain  curve  used  is  for 
tension  rather  than  compression  as  it  was  not  feasible  to  conduct  com- 
pression tests  on  the  .010"  thick  coupons  cut  from  the  facing  sheets. 

Note  that  one  of  the  compression  failing  stresses  (78,800  psi)  actually 
exceeds  the  ultimate  strength  in  tension  (77,000)* 

Various  wrinkling  equations  corresponding  to  symmetrical  and  un- 
symmetrical  failure  modes  were  examined.  The  equation  for  symmetrical 
buckling  predicted  the  minimum  critical  loads  and  was  used  for  theoretical 
predictions  (Equation  9)*  The  thin  specimen  actually  failed  by  unsym- 
metrical  wrinkling,  probably  due  to  some  alight  imperfection. 

In  summary,  the  thin  0.010"  faces  were  stabilized  well  into  the 
inelastic  region  and  failures  occurred  at  stresses  much  higher  than 
predicted  by  the  large  deflection  theory. 
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TABLE  I 


Specimen 

Number 

Core 

Thickness 

Inches 

Buckling 

Load 

Pounds 

Face 

Stress 

Psi 

Type  of 
Failure 

i 

0.125 

137,600 

61,000 

Wrinkle  About  6" 
from  End 

2 

0.188 

156,000 

69,000 

Wrinkle  At  Center 
of  Cylinder 

3 

0.188 

141,400 

62,500 

Wrinkle  at  Center 
of  Cylinder 

4 

0.400 

168,500 

74,000 

1 

Wrinkle  at  Center 
of  Cylinder 

5 

0.400 

178,000 

78,800 

Wrinkle  at  Edge 
of  Doubler 

TABLE  II 


Specimen 

Number 

Predicted  Buckling  Stresses  (psi) 

Actual 

Failing 

Stress 

(Psi) 

Wrinkling 

Monocell 

General  Instability 

Small 

Deflection 

Large 

Deflection 

i 

74,800 

70,000 

57,000 

31,000 

61,000 

2 

74,800 

70,000 

64,800 

45,400 

69,000 

3 

74,800 

70,000 

64,800 

45,400  1 

62,500 

4 

74,800 

70,000 

69,000 

64,000 

74,000 

5 

74,800 

70,000 

69,000 

64,000 

78,800 

2£»|T/H 


6, 

l.ftS  E »,/* 

FIGURE  1.  - EFFECT  OF  SHEAR  RIGIDITY  ON  CRITICAL  BUCKLING  OF  CYLINDER 


FIGURE  2.  - LOAD  CARRYING  CAPACITY  BY  LARGE  DEFLECTION  THEORY 


Figure  J.-  Wrinkling  of  sandwich  construction. 


10.6  x 10*  PSI 
1.885  x 10*  PSI 
40,000  PSI 
285  PSI 


1 + 183.8  _II 
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Figure  4.-  Reduction  of  buckling  strength  due  to  imperfections 
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FIGURE  6.  - PREMATURE  FAILURE  AT  UNSCALLOPED  DOUBLER 


FIGURE  7.  - INSTABILITY  CRITERION 
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THE  BUCKLING  OF  CIRCULAR  CYLINDRICAL  SHELLS 

SUBJECT  TO  AXIAL  IMPACT 

By  Anthony  P.  Coppa 

Space  Sciences  Laboratory 
Missile  and  Space  Division 
General  Electric  Company 


SUMMARY 


Early  experimental  results  on  the  buckling  of  circular  cylindrical 
shells  subject  to  axial  impact  are  described.  A hypothesis  for  the 
mechanism  of  buckling  which  was  based  on  these  experiments  is  described. 
The  results  of  further  experiments  which  were  designed  to  test  pre- 
dictions from  the  hypothesis  and  which  appear  to  verify  it  in  several 
aspects  are  then  described. 

INTRODUCTION 

The  work  which  this  paper  describes  was  undertaken  several  years 
ago  in  order  to  gain  an  understanding  of  the  behavior  of  shell  structures 
subject  to  axial  impact.  The  motivation  for  this  effort  was  the  need  to 
predict  the  forces  which  a shell  structure,  say  of  a missile  or  space 
vehicle,  experiences  when  it  suffers  a collision  with  the  ground.  In 
many  cases,  payloads  containing  shock- sensitive  components  are  mounted 
in  such  structures  and  must  function  during  and/or  after  impact.  In 
order  to  assure  that  the  loading  tolerances  of  these  components  are 
not  exceeded,  it  is  necessary  to  know  in  some  detail  what  force  pulses 
can  be  transmitted  by  the  shell  to  these  components  throughout  the 
phases  of  initial  loading,  buckling,  and  collapse. 

The  results  of  some  early  experiments  are  first  discussed  and  a 
hypothesis  for  the  mechanism  of  buckling  due  to  axial  impact  presented. 
Later  experiments  which  were  designed  to  test  predictions  resulting 
from  the  hypothesis  are  then  discussed  and  the  results  compared  with 
the  anticipated  magnitudes  and  trends. 


Preceding  page  blank 
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LIST  OF  SYMBOLS 

speed  of  compression  waves 

mean  diameter  of  cylindrical  shell 

Young's  Modulus 

shell  thickness 

aspect  ratio  of  buckles 

length  of  cylinder 

axial  and  circumferential  half  wave  lengths  of  buckles 

critical  length 

collapse  length 

impacting  mass 

mass  of  cylindrical  shell 

number  of  circumferential  buckles 

mean  radius  of  cylindrical  shell 

longitudinal  period  of  compression  wave 

time 

impact  velocity 

velocity  of  contraction  of  buckle  during  postbuckling 
axial  displacement  of  the  cylinder  end 


maximum  outer  and  inner  lateral  displacements  of  the 
polygon  with  respect  to  the  initial  circular  cross  section 

strain,  unit  axial  shortening 

critical  strain 

initial  strain 

Poisson's  ratio 

mass  density  of  shell  material 
stress 

critical  stress 


initial  stress 


EARLY  RESULTS 


Early  experiments  by  the  writer  in  which  open  ended  thin  cylindri- 
cal and  conical  shells  were  impacted  longitudinaly  showed  that  buckles 
of  the  familiar  diamond  form  occur  in  an  orderly  fashion  at  the  impacted 
end*  The  characteristic  of  these  buckles  is  that  they  allow  an  almost 
total  axial  shortening  of  the  shell  surface  with  very  little  extensional 
strain*  The  materials  used  included  paper,  brass,  steel,  aluminum 
and  the  impact  velocities  ranged  up  to  35  ft/ sec*  In  all  cases,  the 
buckle  patterns  were  of  essentially  similar  form  for  similar  large 
ratios  of  the  shell  radius /thickness.  Especially  in  the  case  of  thin 
paper  shells,  the  buckle  patterns  were  notably  orderly.  Examples 
of  such  patterns  obtained  from  experiments  are  shown  in  figure  1. 

The  specimens,  originally  cylindrical  shells  of  paper  (r/h  = 190, 
fig.  la)  and  2024  Aluminum  alloy  (r/h  = 125,  fig.  lb),  are  shown  after 
having  been  expanded  axially  and,  by  virtue  of  this,  flattened  circumfer- 
entially. The  axial  and  circumferential  lengths  are  shown  in  the 
vertical  and  horizontal  directions  respectively  and  the  impacted  edge 
is  at  the  top.  The  patterns  consist  of  an  array  of  folded  triangular 
planes  which  in  the  fully  collapsed  configuration  of  the  cylinder  lie  in 
the  cross  section  plane.  Two  triangular  planes  which  share  a common 
base  in  the  circumferential  (horizontal)  direction  form  the  familiar 
diamond  pattern.  In  figure  la,  the  diamond  patterns  by  and  large  are 
pointed  at  the  four  corners,  at  which  adjacent  patterns  occur.  The 
circumferential  or  inner  folds  are  situated  along  a straight  line.  . The 
diagonal  or  outer  folds  also  lie  along  straight  lines,  these  being  inclined 
to  the  axial  direction  by  the  angle  whose  tangent  is  K = /y//x, 
the  aspect  ratio  of  the  individual  buckles.  In  the  fully  collapsed 
form,  that  in  which  the  shell  is  after  the  impact,  the  inner  folds  form 
essentially  a regular  polygon  of  n sides  whose  perimeter  is  equal  to 
the  initial  circumference  of  the  cylinder.  In  figure  lb  the  patterns  are 
quite  similar  except  that  the  horizontal  points  of  adjacent  diamonds  do 
not  touch  precisely  but  rather,  form  the  ends  of  short  circumferential 
line  segments.  This  latter  property  is  characteristic  of  metal  shells 
and  becomes  more  pronounced  for  smaller  r/h  ratios.  It  is  due  prima- 
rily to  the  flexural  rigidity  of  the  shell  wall  which  prevents  sharp  fold- 
ing in  the  region  of  corners. 

F rom  the  early  experiments  it  was  clearly  evident  that  buckling 
occurs  at  the  impacted  end  and  progresses  in  discrete  stages  at  the 
velocity  of  the  impacting  head.  During  the  entire  process  there  is  a 
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region  of  collapsed  material,  folded  in  the  manner  described  above, 
adjacent  to  the  impacting  head  and  an  undisturbed  region  of  the  shell 
which  extends  from  there  to  the  other  end*  This  observation  was 
based  on  the  appearance  of  specimens  after  impact  and  substantiated 
by  high  speed  motion  pictures.  This  phenomenon,  that  is,  the 
localization  of  the  buckling  and  collapse,  occurs  even  when  the  end 
opposite  the  impacted  end  is  merely  placed  on  the  base  of  the  test 
apparatus  with  no  other  attachment  or  support. 

Buckling  and  collapse  progresses  in  the  manner  described  over 
substantial  percentages  of  the  initial  length,  90%  not  being  uncommon 
for  thin  shells.  An  example  of  the  sharp  separation  between  the  col- 
lapsed and  undisturbed  regions  is  given  in  figure  2 which  shows  a 
cylinder  of  2024  Aluminum  alloy  before  and  after  an  impact  at  a 
velocity  of  about  21  ft/ sec.  having  the  following  initial  dimensions  in 
inches:  1 = 27,  D = 4.  50,  h = . 004.  The  shell  was  dropped  (together 
with  a weight  attached  at  the  upper  end)  with  no  guidance  of  any  sort 
against  a flat  base.  Impact  occurred,  therefore  at  the  bottom  end. 

The  manner  of  testing  was  to  impact  the  free  edge  of  the  shell 
vertically  with  a flat  surface,  either  by  dropping  the  shell  (with  a 
weight  attached  at  the  end  opposite  the  impact)  against  a flat  base  or 
by  dropping  a flat  plate  on  the  edge  of  the  stationary  specimen.  Initially 
there  was  no  pressure  differential  across  the  shell  wall,  but  as  the 
shell  collapsed,  the  pressure  of  the  internal  air  increased,  this  being 
limited  by  an  air  vent.  The  internal  pressure  was  sufficient  to  main- 
tain roundness  in  the  portion  of  the  shell  beyond  the  buckled  region 
during  the  collapse  process  and  hence  contributed  to  the  orderliness 
of  the  buckle  deformations,  especially  for  shells  having  high  r/h  ratios. 

Due  to  the  fact  that  the  collapse  configuration  of  the  shell  is  a 
system  of  folded  plane  surfaces,  it  was  asked  whether  this  configuration 
could  be  described  essentially  by  an  inextensional  deformation  process. 
It  was  assumed  therefore  that  the  initial  circumference  of  the  cylinder 
has  the  same  length  as  the  perimeter  of  the  polygon  formed  by  the  inner 
(horizontal)  folds  of  the  collapse  pattern.  The  following  procedure  was 
used:  Consider  a circular  cylinder  of  diameter  D.  Cross-section  A 

which  is  initially  circular  becomes  a regular  polygon  of  n sides  as  it 
moves  axially  from  A to  C.  (fig.  3a)  The  perimeter  of  the  polygon 
equals  the  circumference-  Now  consider  the  circular  cross-section 
which  was  in  the  undeformed  cylinder  at  B.  It  becomes  a polygon  of 
n sides  as  it  moves  to  C,  this  polygon  being  rotated  about  the  cylinder 
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axis  by  the  angle  $ with  respect  to  the  former  polygon.  In  fig.  3b 
the  cross-section  of  the  buckled  cylinder  at  C is  shown  (for  n = 5)  in 
which  both  polygons  are  shown  in  their  true  relative  positions  when 
stations  A and  C are  axially  coincident.  Cross-sections  A and  B 
which  in  the  undeformed  cylinder  were  circular  are  given  by  the 
polygons,  AjA2AjA4AgAj  and  BjB^jB^gBj  respectively.  The 
cross-section  at  C has  deformed  into  a polygon  CiC^C^C^C^C^  which 
is  coincident  with  Aj A2A3A4AgA^.  The  originally  cylindrical  surface 
between  stations  A and  C is  reduced  to  4n  triangular  plane  surfaces: 
AiBiA2>  A2B2A3»  A3B3A4,  A4B4A5,  AgBgA^,  bia2B2’  B2AjB3, 

B3A4B4»  b4A5B5'  B5AlBl’  B1C2B2'  B2C3B3' B3C4B4’  B4C5B5’ 
B5^1B1*  C1B1C2'  C2B2C3’  C3B3C4'  C4B4C5'  and  C5B5Cr 


The  dimensions  of  these  triangles  can  be  calculated  easily.  In 
figure  4 a plan  view  of  a portion  of  the  collapsed  configuration  is  shown 
together  with  the  arcs  PQRST  and  QlR1S1T^U1  respectively  of  the 
original  cross  sections  A and  B (see  fig.  3a).  In  the  collapsed  con- 
figuration the  arc  PQRST  becomes  the  straight  line  segments  BjB^ 
and  B£Bj  while  the  arc  Q^R^S^T^U^  becomes  the  segments  and 

AjA^.  The  segments  form  the  congruent  triangles  B1A2B2,  A^B^A^, 
B2A3B3,  and  A3B3A4  which,  of  course,  lie  in  the  cross  section  plane. 
The  altitude  of  these  triangles  is  determined  as  follows: 

£ s ( r • ^ i)  (1  - cos  $ ) 
x ~ cos 

From  the  assumption  of  inextensionality 


6i  = r ( 1 - 0 cot  0 ) 


Hence  i?x  = r JT  tan  JL 


2rr 


and  since  \ = r — , the  aspect  ratio,  K = r 

V n 


pattern  is: 


K = 


tan 


(1) 

of  the  collapse 

(2) 


The  quantities/^  and  £ y can  be  shown  to  be  the  axial  and 
circumferential  half  waves  of  the  collapsed  configuration.  According 
to  eqn.  (2),  as  the  number  of  circumferential  waves  in  the  collapse 
pattern  increases,  the  triangular  planes  become  more  slender  in  the 
circumferential  direction. 


The  pattern  shown  in  fig.  la  has  an  average  of  five  circumfer- 
ential waves  over  the  surface.  The  aspect  ratio  of  the  buckles  is  3.  0. 
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By  comparison  the  aspect  ratio  derived  from  eqn.  (2)  (for  n = 5)  is 
3.08. 


The  above  relations,  therefore,  follow  directly  from  the  as  sump- 
tions  that  the  initial  circumferential  length  of  the  cylinder  is  equal  to 
the  perimeter  of  the  regular  polygon  of  the  collapsed  configuration  and 
that  the  axial  length  of  the  collapsed  region  is  zero.  They  apply 
strictly  to  cylinders  having  zero  wall  thickness.  Collapse  patterns 
were  constructed  according  to  equation (2) and  compared  with  patterns 
obtained  from  experiments.  One  such  comparison  may  be  seen  in 
figure  5 which  shows  a partially  expanded  collapse  pattern  of  seven 
circumferential  waves  obtained  from  a 2024  Aluminum  cylinder  of 
. 004  in.  wall  thickness  and  an  initial  diameter  of  4.  50  in.  The 
constructed  pattern,  also  of  n = 7 waves,  agrees  closely  in  overall 
appearance. 

The  orderliness  of  the  experimentally  derived  collapse  patterns 
stimulated  the  effort  toward  gaining  an  understanding  of  the  process  of 
buckling  due  to  impact.  An  hypothesis,  developed  in  an  attempt  to 
explain  the  mechanism  of  buckling,  is  given  in  reference  1.  Because 
of  the  limited  availability  of  this  work,  it  is  discussed  in  the  following 
sections. 

MECHANISM  OF  BUCKLING 

The  problem  considered  was  the  response  of  a thin  circular 
cylindrical  shell  to  an  axially  symmetric  impact  of  a rigid  mass 
against  one  end  (see  fig.  6).  At  the  other  end,  the  cylinder  is 
supported  longitudinally  by  a plane  rigid  surface.  Both  ends  of  the 
shell  are  assumed  to  be  unrestrained  against  lateral  displacement. 

Loading  due  to  Impact 

The  axial  loading  introduced  into  an  elastic  cylindrical  shell  by 
an  axial  impact  prior  to  the  initiation  of  instability  may  be  taken,  at 
least  to  a first  approximation,  from  the  solution  of  the  longitudinal 
impact  on  an  elastic  bar.  Donnell  (Ref.  2)  gives  the  solution  for  the 
stresses  produced  when  a rigid  mass  of  finite  magnitude  M strikes 
the  end  of  an  elastic  bar  which  is  supported  rigidly  at  the  other  end. 

The  total  compression  stress,  <Tn  (t)  , at  the  impacted  end  is  given 

by  -v  «. 

<7n  (t)  = On(t)  +<Tn-l  nT < t < (n  + 1)  T 


(3) 
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where  the  arrows  indicate  the  sense  of  the_wave  motion,  - 
away  and  w—  toward  the  impacted  end.  «rn(t)  is  given  by 

m=n  h=m  h 

> Zm  ml  (2  Z m) 

*n(t)  = ° 2*1  h ! 2 <m  * h) 

m=o  h=o 

where  Z = 2o(m-  ~T  ] and  a = cylinder  mass  , 
m \ / Impacting  mass 

1 (t-T)  is  obtained  from  a n (t)  by  taking  n-1  and  substituting 
(t_T)  for  t.  According  to  this  solution,  the  initial  stress  o * produced 
at  the  instant  of  impact  travels  at  the  sonic  velocity  as  the  front  of  a 
system  of  waves  which  increase  in  magnitude  instantaneously  by  a * 
at  each  reflection  from  the  ends. 

When  the  mass  M is  infinite  ( a = 0),  its  velocity  is  constant 
throughout  the  impact.  Hence,  the  stress  distribution  in  the  bar  is 
rectangular  and  its  magnitude  at  any  position  (or  time)  is  an  integral 
multiple  of  the  initial  stress  a *.  This  behavior  is  illustrated  in 
Figure  7,  which  shows  the  variation  of  stress  with  time  at  each  end 
of  the  bar.  At  the  struck  end,  the  stress  is  always  an  odd  multiple 
of  the  initial  stress:  O *,  3 O *,  5a*.  etc.  , and  at  the  other  end,  an 

even  multiple:  0,  2 a*,  4 a*,  etc.  , each  value  remaining  for  a time 

l£  . 


being 


(4) 


Impact  by  an  Infinite  Mass  (<*=  0) 
a)  Initiation  of  Instability 

***  At  the  instant  of  impact,  a stress  wave  of  magnitude  C*  =-^-E 
propagates  from  the  impacted  end  at  a velocity  c =^E/p'.  When  the  front 
of  the  wave  has  moved  a distance  x = x cr  from  the  impacted  end, 
instability  will  initiate  during  the  first  passage  of  the  stress  wave  if 
O*  is  sufficiently  large  (see  Figure  8).  Instability  occurs  over  this 
region  because  there  is  a geometrical  configuration  other  than  the 
cylindrical  one  which  accommodates  the  axial  displacement  i=  ^_^cr 
of  the  striking  mass  with  a reduction  in  the  axial  strain.  For 
regions  of  length  x<J?cr.  the  cylindrical  form  is  stable  because  other 
geometrical  configurations  which  can  contract  by  an  amount  i 
cannot  be  generated  by  the  imposed  axial  stress.  Once  instability  has 
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started,  the  region  x = Jtcr  is  not  able  to  transmit  the  high  level  of 
axial  stress  which  caused  instability  and,  hence,  the  stresses  trans- 
mitted to  the  remainder  of  the  cylinder  are  insufficient  to  produce 
instability  over  that  region.  As  a result,  further  axial  displacement 
of  the  impacted  end  is  accommodated-by^uitable  displacements  of  the 
shell  wall  within  the  region  X = iCT,  whereas  the  cylinder  beyond  the 
critical  length  remains  relatively  undisturbed. 


In  Figure  9,  the  variation  of  the  total  axial  strain  in  the  buckling 
part  as  anticipated  by  this  mechanism  is  indicated.  For  the  time  from 
zero  to  t = , the  strain  remains  at  the  value  ^ . Instability 

occurring  at  t = is  accompanied  by  a rapid  reduction  in  the  axial 

strain  in  the  unstable  region.  As  the  impacted  end  is  continually  dis- 
placed, the  strain  decreases  due  to  the  formation  of  other  geometrical 
configurations  in  the  buckling  part,  which  have  continually  decreasing 
axial  resistance.  This  is  discussed  under  the  section  on  post-buckling 
behavior. 


Consider  now  an  impact  at  a velocity  which  produces  a stress 
wave  of  insufficient  magnitude  to  cause  instability  in  the  first  passage 
of  the  wave  from  x = 0 to  j?  . At  x = / and  thereafter  at  every  reflection 
from  the  rigid  boundaries  at  each  end,  the  stress  abruptly  increases  by 
<7*  as  was  shown  before  in  Figure  7. 

In  this  manner,  an  initially  low  stress  can  increase  to  a value 
sufficient  to  cause  instability.  Since  the  stress  increases  by  <7*  at 
each  reflection,  however,  instability  can  occur  at  either  end,  depend- 
ing on  where  the  additional  increment  <7*  due  to  reflection  makes  the 
total  stress  sufficiently  large  to  initiate  instability  over  the  region 
jfcr  adjacent  to  the  particular  end.  If  an  even  number  (N  = 0,2,4,..)  . 
of  reflections  produces  the  critical  stress  ^cr»  instability  must  occur 
at  the  impacted  end  whereas  for  the  case  of  an  odd  number  (N  = 1,  3,  5,.  . ) 
of  reflections,  instability  must  initiate  at  the  end  opposite  the  impacted 
end  (see  Figure  10). 

Thus,  the  critical  stress  and  time  are  given  by  the  following 
relations: 


»cr  - (N  + U-J-E 


t 


L* 


(5) 


cr 


(6) 
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Inextensional  Buckling 

A cylindrical  shell  subjected  to  axial  loading  buckles  at  a partic- 
ular value  of  axial  compression  strain  at  which  a geometrical  configura 
tion  other  than  cylindrical  provides  the  same  axial  shortening  but  with 
lower  axial  strain.  Although  such  behavior  can  be  called  typical  of  all 
structures  under  axial  compression  loading,  the  cylindrical  shell  is 
singularly  prominent  in  this  respect.  This  is  because  its  axial  rigidity 
in  the  initial  state  is  largely  a result  of  its  cylindrical  form.  However, 
even  small  lateral  displacements  from  the  cylindrical  form  cause  large 
reductions  in  axial  resistance.  Yoshimura  (Ref.  3)  has  shown  that  a 
cylindrical  shell  subjected  to  an  end  shortening  can  be  developed  into 
a surface  which  accommodates  the  axial  shortening  or  displacement 
with  a minimum  of  extensional  strain.  It  is  readily  shown  that  if  the 
trigonometric  terms  for  the  inextensional  cross  sections  are  retained 
instead  of  the  approximations  as  used  in  reference  3,  pp  6,  7,  the  unit 
end  shortening  is  given  exactly  by 

‘ * 1 - V>  - K «“*&'  (71 

Eqn.  (7)  applies  only  to  a cylindrical  membrane  (h  = 0 ),  but  is  useful 
for  studying  the  buckling  forms  of  actual  shells  having  large  r/h  ratios. 

According  to  eqn.  (7),  for  a given  value  of  € , there  exists  an 
infinitude  of  surfaces  each  defined  by  a particular  combination  of  K 
and  n(2,  3,4,  ... ).  Now  suppose  that  a region  of  the  shell  a distance 
x from  the  end  has  an  elastic  axial  strain  of  magnitude  € prior  to 
buckling.  Then  if  the  surface  assumes  any  one  of  the  surfaces 
(defined  by  eqn.  7)  corresponding  to  the  given  value  of  €,  the  same 
amount  of  shortening  will  now  be  realized  with  no  axial  membrane 
strain.  These  surfaces  consist  of  a system  of  plane  triangles,  the 
planes  of  which  are  inclined  to  the  axis  of  the  cylinder.  The  cross 
section  of  the  inextensional  surface  is  a regular  polygon  of  n sides. 

It  is  to  be  noted  that  when  € = 1,  which  applies  to  total  axial 
shortening,  eqn  (7)  reduces  to  eqn  (2)  which  was  derived  previously 
for  the  collapse  configuration. 

Because  the  edges  of  the  cylinder  were  assumed  to  be  free  to 
move  laterally,  it  was  considered  that  the  edge  could  suddenly  change 
from  a circle  to  a regular  polygon  when  buckling  was  initiated. 


vo  O H*  U4  tr* 
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Furthermore,  construction  of  inextensional  patterns  showed  that  patterns 
consisting  of  one  row  of  axial  half  waves  were  sufficient  to  accomodate 
any  admissible  value  of  € and  would  have  a lower  density  of  fold  line 
per  unit  axial  length  of  surface.  The  density  of  fold  line  was  taken  as 
an  indication  of  the  bending  strain  energy  that  would  be  present  in  an 
actual  shell.  It  was  assumed,  therefore,  that  the  initial  buckle  pattern 
consists  of  a single  row  of  axial  half  waves,  that  is,  a single  row  of 
triangular  planes. 

A plot  of  some  of  these  configurations  is  given  in  Figure  11, 
which  shows  curves  of  constant  circumferential  wave  number.  The 
unit  axial  shortening  € is  plotted  against  the  ratio  -^X/D  of  the  axial 
half-wave  length  to  the  cylinder  diameter.  For  a given  6,  the  config- 
urations have  the  property  that  the  smaller  the  axial  half-wave  length, 
the  higher  the  number  of  circumferential  waves.  This  property  is 
illustrated  in  Figure  12,  which  shows  several  configurations  corres- 
ponding to  € = .001  in/ in. 

The  ratio  -^X/D  may  be  considered  to  be  the  initial  dimensionless 
length  of  a region  of  the  qvlinder  adjacent  to  one  of  its  ends.  If  a given 
compressive  strain,  € = — (N  + 1)  is  imposed  over  the  cylindrical 
region  of  a particular  dimensionless  length,  there  is  one  inextensional 
configuration  which  can  provide  an  equal  unit  axial  shortening  with  no 
axial  compression  strain  over  a region  of  the  same  initial  length.  This 
configuration  is  defined  by  a particular  value  of  circumferential  wave 
number  n (2,  3,  4,  ...  ) and  aspect  ratio  K. 

Instability  as  defined  herein  is  the  change  from  the  cylindrical 
form  to  an  inextensional  form  having  a particular  n and  K which  provide, 
by  inextensional  deformation,  the  same  unit  axial  shortening  as  the 
axial  compression  strain  which  existed  in  the  cylindrical  form. 

In  order  to  define  a criterion  for  instability,  reference  is  made 
to  the  previously  stated  relationship  that  for  a given  imposed  unit 
axial  shortening  € = ^ (N  + 1),  the  shorter  the  axial  wave  length,  the 
higher  the  number  of  circumferential  waves.  This  suggests  that 
cylindrical  regions  of  small  ,£X/D  should  require  higher  axial  loading 
to  become  unstable  than  regions  of  larger  i^/D*  A further  assertion 
is  that  the  variation  of  axial  resistance  with  should  be  increas- 

ingly stronger  as  Ji^jD  approaches  zero  since  the  rate  of  rise  of  n 
and  the  fold-line  density  become  increasingly  greater  as  -^X/D  becomes 
very  small.  If  €cr  is  the  axial  strain  required  to  initiate  instability, 
then  instability  will  occur  when  the  actual  strain  ^ (N  + 1)  over  a 
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region  of  length  / equals  or  exceeds  the  critical  strain  corresponding 
to  that  region.  The  criterion  fcr  instability  is  therefore 

V (N  + 1)  = « cr  W 

c 

This  criterion  is  illustrated  in  Figure  13  in  which  the  critical 
strain  is  plotted  against  the  ratio  ^x/D.  Let  a strain  wave  of 
magnitude  € proceed  from  the  end  of  the  cylinder  designated  by 
i,  /D  * 0.  As  the  wave  travels  along  the  cylinder,  there  is,  at  any 
instant,  an  inextensional  configuration  corresponding  to  the  imposed 
value  of  «.  Since  the  critical  value  of  axial  strain  of  these  config- 
urations varies  inversely  with  their  axial  length,  the  cylinder  remains 
stable  until  the  wave  front  has  moved  to  the  value  of  , at  which 

the  first  configuration  whose  critical  strain  is  equal  to  or  less  than 
the  imposed  strain  exists.  Then  the  cylindrical  form  becomes  unstable 
over  this  length  /x/D.  This  new  configuration  is  the  critical  config- 
uration. 


Postbuckling  Behavior 

The  postbuckling  range  is  defined  as  the  interval  of  buckling 
beginning  with  the  critical  configuration  and  ending  with  the  collapse 
configuration.  The  collapse  configuration  corresponds  to  a unit  axial 
shortening  of  unity  and  is  defined  by  eqn.  2. 

K = 1 

. n 

tan  -r— 
inCr 

An  examination  of  the  critical  configuration  shows  that,  at  the 
vertices,  an  infinite  curvature  in  the  circumferential  direction  exists 
while  all  other  locations  along  the  cross  section  of  the  buckled  surface 
have  zero  curvature  (see  Figure  14).  This  applies  to  the  idealized 
inextensional  surface  in  which  the  sides  of  the  triangles  are  sharp 
folds  formed  by  the  intersections  of  adjacent  plane  triangles.  In  an 
actual  cylinder,  that  is,  one  having  a non-zero  wall  thickness,  the 
initially  buckled  surface  (see  Figure  14)  consists  of  alternating 
convex  A and  concave  B surfaces  (with  respect  to  the  initially 
circular  cross  section).  The  concave  and  convex  surfaces  correspond 
to  the  plane  triangles  of  the  ideal  inextensional  surface.  The  curvature 
in  the  circumferential  direction  of  the  convex  surfaces  is  greater  than 
that  of  the  concave  surface.  Also,  by  considering  the  ideal  inextensional 
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form,  it  may  be  seen  that  the  displacement  iQ  of  the  vertex  from  the 
initial  cross  section  (outward  in  direction)  is  smaller  than  the  displace- 
ment fli  of  the  midpoint  of  the  side  of  the  polygon  (inward).  The 
ratio  6^  / iQ  of  these  displacements  is  given  by 

6 

i sin  ff/n  - JT/n  cos  >T/n  ^ 

iQ  IT/ n - sin  7T/n 

and  varies  from  a maximum  value  of  2.  75  (n  = 2)  to  a minimum  value 
of  1 (n  qo  ).  The  generators  of  the  cylinder,  therefore,  are  more 
bent  in  the  vicinity  of  the  plane  surfaces  corresponding  to  the  concave 
surfaces  of  the  real  shell  than  in  the  vicinity  of  the  vertices.  Because 
of  these  properties,  the  axial  rigidity  varies  around  the  cross  section 
of  the  critical  surface  in  such  a way  that  greater  axial  loading  is 
concentrated  in  the  region  of  the  convex  surfaces  than  near  the  concave 
surfaces.  Thus,  there  is^a  preference  to  maintain  the  circumferential 
wave  number  of  the  critical  configuration  ncr,  throughout  the  postbuck- 
ling  range. 


The  critical  configuration  must  change  in  order  to  accommodate 
the  further  motion  of  the  impacting  mass  of  velocity  V.  Assuming 
that  the  shell  maintains  inextensional  configurations  having  ncr 
circumferential  waves  throughout  the  postbuckling  range,  it  may  be 
observed  from  Equation  7 that  it  is  necessary  for  the  aspect  ratio  K 
to  increase  continually  since  ncr  is  fixed  and  t depends  on  the 
displacement  of  the  mass.  The  aspect  ratio  varies  according  to 


K = 


V 2 € 

tan  * 
4nCr 


(10) 


Since  K = — and  Z - ---  remain  constant,  Z„,  the  axial 
x y 2ncr  x 

half-wave  length  of  the  buckling  region,  must  decrease  as  € 

increases.  K can  be  related  to  the  axial  displacement  of  the  mass  by 


K = 
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(ID 


1 + ( 


) 


tan 


TK. 


cr 


which  is  plotted  in  Figure  15.  Referring  to  Figure  15,  K rises 
rapidly  and  with  decreasing  rate  as  i increases.  The  initial  rate 
of  increase  of  K is  greater  the  higher  the  number  of  circumferential 
waves  in  the  critical  configuration.  The  reduction  of  is 


produced  by  the  axial  displacement  of  the  vertices  of  the  inextensional 
configuration  (initially  located  at  a distance  ^cj>  from  the  end  at  which 
buckling  takes  place.  ) This  behavior  is  illustrated  in  Figure  16.  The 
configuration  corresponding  to  € = . 001  in/in  may  be  considered  as 
the  critical  configuration  and  those  corresponding  to  € = .01,  . 1, 
and  1 representing  various  stages  of  postbucklin-.  These  constructions 
result  from  Equation  10.  It  is  interesting  to  note  how  the  boundary 
between  the  buckling  region  and  the  remainder  of  the  cylinder,  a 
regular  polygon  of  ncr  sides,  approaches  the  end  as  greater_axial 
shortening  is  imposed  on  the  buckling  region.  The  velocity  Vr  at 
which  this  boundary  approaches  the  particular  boundary  adjacent  to 
which  buckling  takes  place  is  related  to  the  impact  velocity  V by 
the  relation 

— r 1 "i 

6 


V = 2 } +{X)2_  ’ 


«cr 

~Tf 


(12) 


This  applies  to  buckling  at  either  the  impacted  end,  where  the  end  of 
the  cylinder  is  displaced  at  velocity  V,  or  at  the  opposite  end  which  is 
stationary.  Equation  1 2 is  plotted  in  Figure  17.  This  relative  approach 
velocity,  which  is  the  velocity  of  axial  contraction  of  the  buckling  sur- 

face,  is  much  greater  than  V for  small  values  of  -f-  and  becomes 


equal  to 

V 


V when  y-  =1.  In  terms  of  the  unit  axial  shortening,  the 
* f 


ratio 


_r 

V 


is  given  by 


^r 
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and, 

is 


€ 

specifically  for  £ = €cr  - Y,  (N  + 1),  the  approach  velocity 
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■ cr 


N + 1 


d)  Secondary  Buckling 


(12) 


When  the  axial  displacement 

*, 


to  the  collapse  length  „ where 


6 of  the  striking  mass  is  equal 


(r  ■ 


7T  D 

2n 


cr 


7T 

tan  — 
2n 


the  axial  length  of  the  buckled  region  is  zero  (see  Figure  16,  € = 

Wher.  the  axial  length  equals  the  collapse  length,  the  cylinder  has 
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shortened  by  an  amount  X £ and  the  previously  moving  vertices  of  the 
inextensional  surface  are  coincident  with  the  rigid  boundaryjLdjacent 
to  which  the  instability  took  place.  The  approach  velocity  Vr  at  the 
instant  when  i =Xf  is  V.  Thus,  independent  of  the  end  at  which  the 
buckling  has  taken  place,  a new  impact  of  the  longitudinally  rigid 
boundary  at  velocity  V against  the  new  end  of  the  cylinder  takes  place. 
This  new  end  is,  of  course,  a regular  polygon  having  ncr  sides.  The 
secondary  impact,  therefore,  is  against  a cylinder  whose  impacted  end 
has  the  form  of  a regular  polygon  in  contrast  to  the  initial  impact  against 
a circular  end.  The  geometry  of  the  surface  adjacent  to  the  end  is  the 
same  as  that  described  under  the  previous  section,  that  is,  the  surface 
has  varying  axial  rigidity  around  the  cross  section.  Since  the  axial 
rigidity  is  higher  near  the  vertices  of  the  polygon  than  elsewhere,  the 
major  axial  loading  due  to  the  new  impact  is  introduced  into  the  shell 
at  the  vertices.  This  latter  set  of  vertices  is  displaced  circumferentially 
from  the  corresponding  vertices  of  the  critical  configuration  by  one- 
half  circumferential  wave  length.  Thus,  there  is  a strong  tendency  for 
the  same  number  of  circumferential  waves,  and  hence  the  overall 
geometry,  as  the  previously  developed  buckled  surface  to  form  in  all 
subsequent  stages  of  buckling.  Each  stage  of  buckling  contributes 
another  row  of  triangular  planes  to  the  fully  collapsed  pattern  formed 
in  the  preceding  stages.  Due  to  the  aforementioned  circumferential 
displacement  of  the  vertices  with  each  new  stage  of  buckling,  the  over- 
all collapse  pattern  has  the  appearance  of  regular  parallelograms  folded 
along  their  major  diagonal.  These  diagonals  form  the  sides  of  the 
regular  polygon  of  the  cross  section  plane.  This  is  the  familiar 
''diamond11  configuration  common  to  the  buckling  of  thin- cylinder -like 
shells  under  axial  compression. 

Since  each  stage  of  secondary  buckling  is  initiated  by  the  collision 
of  the  impacting  mass  or  the  rigid  base  of  the  opposite  end  against  the 
end  of  the  stable  part  of  the  cylinder,  collapse  progresses  along  the 
cylinder  at  the  velocity  V. 

- Extensions!  Buckling 

Buckling  of  the  symmetrical  or  "ring"  type  is  another  mode  of 
deformation  other  than  axial  strain  which  can  accomodate  the  axial 
displacement.  Indeed,  from  the  viewpoint  of  the  axial  symmetry  of 
geometry,  loading,  and  constraint  (since  in  actual  practice,  a truly 
free  edge  cannot  be  realized),  it  is  to  be  asked  whether  this 
is  not  the  mode  of  buckling  which  should  occur  initially  over  a wide 


576 


range  of  shell  geometry  and  impact  velocity.  Even  for  the  free  edge 
condition,  which  implies  no  friction  present  between  the  edge  of  the 
shell  and  the  impacting  mass,  there  is  an  axially  symmetric  lateral 
displacement  of  the  shell  wall  of  the  amount  pr-^r-  present  at  the 
front  of  the  compression  wave.  This  displacement  can  be  a significant 
fraction  of  the  shell  wall,  and  not  only  introduces  bending  of  the  wall 
but  also  an  axially  symmetric  circumferential  compression  strain  in 
the  region  of  the  wave  front.  Both  these  factors  can  induce  buckling. 

If  lateral  constraint  of  the  shell  wall  is  present  as  well,  another  axially 
bent  and  circumferentially  strained  (compression)  region  exists  in  the 
shell  wall  adjacent  to  the  edge.  The  smaller  the  impact  velocity,  the 
smaller  are  all  these  effects,  so  it  is  to  be  expected  that  the  symmetrical 
buckling  mode  is  more  likely  (at  least  initially)  for  higher  impact 
velocities. 


e)  Effect  of  Internal  Pressure 


It  has  long  been  apparent  that  the  random  nature  of  the  initial 
imperfections  of  a cylindrical  shell  and  the  strong  dependence  of  the 
axial  rigidity  on  the  cylindrical  form  produce  large  scatter  and  poor 
reproducibility  in  the  experimental  behavior  of  thin  cylindrical  shells 
subject  to  axial  compression.  Since  the  buckling  behavior  described 
herein  is  affected  not  only  by  the  initial  imperfections  but  also  by  their 
subsequent  variation  and  magnification  throughout  the  postbuckling 
range,  a degree  of  disorder  (although  less  than  in  static  tests)  is  to 
be  expected  in  experimental  behavior.  This  is  especially  true  for 
shells  having  large  ratios  of  radius  to  thickness.  In  the  experimentation, 
therefore,  it  has  been  necessary  to  allow  a certain  amount  of  internal 
pressure  differential  to  be  produced  by  the  collapse  of  the  internal 
volume  of  the  buckling  cylinder  in  order  to  reduce  the  effect  of  these 
random  influences.  This  has  been  found  to  be  of  decreasing  import- 
ance for  thicker  shells  (i.  e.  , those  having  relatively  lower  ratios  of 
radius  thickness). 


EXPERIMENTAL  TESTING 
OF  PREDICTIONS 

Predictions  from  the  Theory 

Several  predictions  follow  from  the  mechanism  described  above. 
These  are  stated  as  follows: 
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1.  The  initial  axial  strain  due  to  the  impact  rapidly  rises  to  a value 
given  by  € = X* 

2.  If  the  velocity  is  sufficiently  high  this  strain,  after  being  sustained 
for  a time,  t < j/c,  will  rapidly  decrease  to  a value  which  is  small  com- 
pared to  the  initial  value,  thereby  indicating  buckling.  This  buckling  will 
occur  at  the  impacted  end. 

3.  If  the  velocity  is  smaller  than  the  above  value,  but  the  momentum 
of  the  impacting  sufficient,  then  the  strain  will  rise  in  jumps  due  to  re- 
flections from  the  boundaries  to  a magnitude  given  by 

« = — (N  + 1) 
c 

until  buckling,  indicated  by  the  first  substantial  reduction  in  strain,  occurs. 

The  time  between  discrete  jumps  in  strain  will  be  t =— — » for  odd  N and 

2Jt  C 

t = — - for  even  N,  where  and  A are  the  distances  from  the  strain 

measurement  point  to  the  impacted  end  and  the  opposite  end  respective  iy* 

4.  If  the  velocity  is  insufficient  to  cause  buckling  on  the  first  pas- 
sage of  the  compression  wave,  it  is  possible  for  buckling  to  occur  at 
the  end  opposite  the  impacted  end. 

5.  The  critical  buckling  pattern,  if  it  is  of  the  inextensional  form 
will  be  in  the  form  of  a row  of  triangular  buckles  whose  aspect  ratio  is 
given  approximately  by  eqn.  (10).  This  is  provided  that  the  edge  at  which 
buckling  occurs  is  free  to  move  laterally. 

6.  During  post  buckling,  the  buckle  size  shortens  axially  from  its 
initial  form  until  the  aspect  ratio  is  as  given  by  eqn.  (2).  The  rate  of 
shortening  of  the  buckle  pattern  is  initially  much  higher  than  the  impact 
velocity  and  rapidly  decreases  as  the  collapse  configuration  is  attained. 


Experiments  were  conducted  to  test  the  hypothesis  according  to 
the  above  predictions. 

Apparatus 

The  experimental  apparatus  used  was  the  Precision  Drop  Tester, 
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located  at  the  General  Electric  Company  Space  Sciences  Laboratory 
(See  Figure  18).  This  device  consists  of  a hardened  steel  shaft  40  feet 
in  length  which  is  attached  under  tension  between  two  vertically  aligned 
points.  A carriage  situated  concentrically  with  the  shaft  by  means  of  two 
two  ball  bushings  rides  along  the  shaft.  The  impact  head,  a hardened 
and  ground  steel  disc,  10  inches  in  diameter  is  mounted  to  the  carriage. 

The  carriage  assembly  (drop  head)  is  hoisted  to  the  drop  height  by  means 
of  an  electric  winch  which  is  attached  to  the  carriage  by  an  electro- 
magnet. A hardened  and  ground  steel  base,  8 inches  thick  and  20  inches 
in  diameter  is  mounted  at  the  bottom  end  of  the  shaft  and  situated  con- 
centrically with  it.  The  base  is  mounted  on  three  adjustable  screws  for  the 
the  accurate  positioning  of  the  base  in  the  horizontal  plane.  The  carriage 
can  also  be  adjusted  with  respect  to  the  shaft  so  that  the  final  alignment 
of  the  head  with  the  impact  end  of  the  shell  specimen  can  be  accurately 
accomplished. 

The  drop  head  assembly  contains  ports  for  venting  the  air  rapidly 
from  the  cylinder  as  it  is  collapsing.  By  means  of  this  venting  system, 
the  buildup  of  internal  pressure  is  prevented.  The  vent  area  can  be 
decreased  or  completely  closed  according  to  specific  requirements. 

The  specimen  and  its  retainer  are  mounted  on  the  base  concentrically 
with  the  shaft.  In  order  to  do  this  the  shaft  must  be  raised  clear  of  the 
base.  This  is  accomplished  by  a manually  operated  winch. 

Specimens 

The  specimens  used  in  the  experiments  were  cylindrical  shells 
having  the  following  dimensions:  5.  70  in.  inner  diameter,  22.  8 in. 

length  and  wall  thicknesses  of  . 004,  . 008,  . 016  and  . 019  inches.  These 
correspond  to  a length  to  diameter  ratio  ( Z/D)  of  4 and  diameter  to 
thickness  ratios  of  1425,  712,  356  and  300.  The  materials  used  were 
the  aluminum  alloys  2024  F,  2024  T3,  and  5052  H-38  and  301  stain- 
less steel.  ^ 

The  specimens  were  fabricated  from  flat  sheet  by  simply  rolling 
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the  sheet  into  a cylinder  and  making  a longitudinal  joint.  Both  rubber 
based  and  epoxy  adhesives  were  used  as  bonding  agents  for  the  joints 
and  both  lap  and  double  butt  strap  configurations  were  employed. 

The  specimens  were  simply  cylindrical,  containing  no  stiffeners. 
In  most  cases,  the  shells  were  mounted  on  a rigid  circular  base.  The 
impacted  end  was  initially  free  of  support  and  was  unconstrained  from 
radial  displacement  during  the  impact  except  by  friction  forces  at  the 
impact  interface. 


Experimental  Results 


Initial  Strain 

Cylindrical  shells  of  2024  H-19  Aluminum  alloy  (D  = 5.  700  in.  , 
h = . 008,  1 = 22.  8 in. ) were  impacted  at  velocities  of  11.  5,  25,  and 
46  ft/ sec.  Strain  gages  were  mounted  to  the  cylinders  in  a back-to 
back  manner  (except  where  noted)  at  several  circumferential  locations 
and  two  axial  stations,  one  at  an  inch  behind  the  impacted  end  and  the 
other  at  two  inches  from  the  opposite  end.  Tektronix  oscilloscopes, 
triggered  simultaneously  by  a common  source,  were  used  wUh  Poloroid 
cameras  to  record  the  strain. 

Typical  strain  records  are  reproduced  in  Figures  19,  20  and  21. 
These  show  the  resultant  compression  strain  near  (one  inch  behind)  the 
impacted  end.  The  impact  velocities  are  46,  11.5,  and  25  ft/ sec.  for 
Figures  19,  20  and  21  respectively.  Figure  19,  the  short  time  record, 
has  time  and  compression  strain  along  the  horizontal  and  positive  verticle 
axes  respectively.  The  time  scale  is  10  microseconds  per  unit  grid 
spacing  and  the  strain  scale  is  .00196  in/in  per  unit  spacing.  A zero 
strain  base  is  established  (at  the  extreme  left)  by  triggering  the  trace 
immediately  prior  to  impact.  It  is  seen  that  the  strain  rises  within 
10  microseconds  to  a peak  strain  of  .00214  in/in  and  is  sustained  there- 
after at  an  average  level  of  .00194  in/ in  for  40  microseconds  after 
initiation  of  the  pulse  (+85  fl  sec.  after  impact)  the  strain  has  decreased 
to  zero.  The  time  required  for  the  initial  elastic  stress  wave  to  return 
to  the  forward  gage  position  is  216  ft  sec.  It  is  apparent  from  this  that 
buckling  has  been  initiated  during  the  first  passage  of  the  stress  wave. 

Tte  axial  compression  strain  produced  by  an  impact  at  a velocity 
of  11.  5 ft/ sec.  is  shown  in  fig.  20.  The  pertinent  scales  are  50  fi  sec. 
per  grid  spacing  (horizontal  axis)  and  .000783  in/in  strain  per  unit 
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spacing  (vertical  axis).  As  before,  the  trace  begins  at  the  extreme 
left.  The  strain  rises  within  20  fi  seconds  to  a value  of  .000802  in/in 
and  after  remaining  at  an  average  level  of  about  . 000622  in/in  rises 
to  a peak  strain  of  approximately  twice  the  initial  peak.  Thereafter, 
it  decreases  steadily  and  becomes  equal  to  zero  at  345  fi  sec.  after 
impact.  It  is  interesting  to  note  that  the  time  at  which  the  strain  begins 
to  rise  to  attain  twice  the  initial  value  is  slightly  greater  than  200  fi 
sec.  after  initiation  of  the  signal.  According  to  the  loading  mechanism 
in  the  theory  a rapid  rise  in  strain  to  twice  the  initial  value  is  expected 
at  216  fi  sec.  when  the  compression  wave  reflected  forward  from  the 
rear  end  arrives  at  the  forward  gage  position. 

The  strain  recorded  for  the  test  at  a velocity  of  25  ft/ sec,  shown 
in  fig.  21  initially  rises  rapidly  to  a value  of  . 00146  in/ in.  Thereafter 
the  strain  fluctuates  about  a similar  mean  value  and  then  drops  off 
rapidly.  Only  the  initial  portion  of  the  trace,  however,  is  offered  as 
evidence  since  the  measurement  is  due  to  a single  axial  gage.  Bending 
strain  components,  therefore,  may  be  present  in  the  later  portions  of 
the  trace. 


Table  1 


Impact  Velocity 

Measured  Strain 

Predicted  Strain 

Error 

ft/ sec. 

in/ in 

in/in 

% 

46 

. 00214 

.00274 

-22% 

25 

. 00146 

. 00149 

-2% 

11.5 

.000802 

.000622* 

.000684 

+17% 

-9% 

^Average  Strain  during  first  passage  of  compression  wave. 


After  buckling  has  been  initiated,  as  indicated  by  the  first  reduction 
of  axial  strain,  relatively  small  strains  were  measured  during  the  entire 
long  time  trace.  This  was  expected  as  previously  discussed.  In  addition 
to  the  low  total  compression  strain  during  this  interval  the  measurements 
showed  a considerable  amount  of  bending  of  the  shell  wall.  This  is 
shown  in  Figures  22a  and  22b  which  pertain  to  the  test  conducted  at 
11.5  ft/sec.  These  traces  are  from  a pair  of  axial  strain  gages  mounted 
back-to-back  and  wired  to  read  separately.  The  time  scale  (horizontal 
axis)  is  500  fi  sec.  per  grid  spacing  and  the  strain  scales  (vertical)  are 
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.000785  in/in  (Fig.  22a)  and  . 000783  in/in  (Fig.  22b).  After  impact 
begins  (at  the  extreme  left)  both  traces  show  the  compression  strain 
pulse  which  is  associated  with  the  initiation  of  buckling.  At  about 
400  fl  sec.  the  traces  run  opposite  each  other,  one  reading  tension  and 
the  other  compression,  thereby  demonstrating  axial  bending  of  the  wall. 

The  bending  strains  run  off  the  scale  but  the  magnitude  appears  to  be 
about  .002  in/in  or  2.5  times  the  maximum  compression  strain  in  the 
initial  pulse.  A composite  plot  of  Figures  22a  and  22b  is  shown  in 
Figure  23,  which  reveals  that  the  total  compression  strain  present 
simultaneously  with  the  bending  strains  is  relatively  low  during  the 
entire  time  trace. 

The  results  described  above  appear  to  be  in  substantial  agree- 
ment with  predictions  1,  2,  and  3 stated  previously. 

Buckling  away  from  Impacted  End 

Buckling  was  obtained  near  the  end  opposite  the  impacted  end  with 
no  buckling  deformations  present  at  the  impacted  end.  This  resulted 
from  an  impact  at  a velocity  of  1.  8 ft/sec.  ona^H  301  stainless  steel 
cylinder  (D  = 2.  50  in. , h = . 010  in. , 2 = 10  in. ).  This  test  was  quali- 
tative in  nature  and  no  measurements  of  strain  were  made.  The  buckle 
pattern  that  was  present  in  the  speciment  after  the  test  was  very  well 
formed  and  consisted  of  eight  circumferential  waves.  The  pattern  went 
around  the  entire  circumference  and  exhibited  three  rows  of  triangular 
^ buckles  having  an  aspect  ratio  of  about  one.  Other  experiments  of  a 
more  quantitative  nature  must  be  conducted  to  study  the  response  of 
shells  to  impacts  at  such  low  velocity  in  more  detail,  but  the  test  described 
seerrts  to  bear  out  prediction  no.  4 to  some  degree. 

Initial  Buckling  Configuration 

High  speed  motion  pictures  were  examined  to  study  the  initial 
buckling  configuration.  It  was  found  that  the  initial  deformation,  which 
occurred  almost  immediately  after  impact,  was  rather  axially  sym- 
metric over  a very  small  axial  length.  Examination  of  the  shell  (r/h  = 356) 
impacted  at  46  ft/sec.  (discussed  previously)  after  the  test  showed  that 
about  .080  in.  of  the  shell  at  the  impacted  end  had  bent  through  an  angle 
of  90°  into  the  cross  section  plane.  This  was  followed  by  buckling  in  the 
triangular  form.  Another  example  in  which  the  initial  buckling  mode  was 
symmetrical  is  given  in  the  sequence  of  photographs  in  fig.  24.  The 
photographs  show  the  behavior  of  a stainless  steel  cylinder  (D  = 5.70  in.  , 
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h = . 019  in. , l = 22.  8 in. ) impacted  at  23  ft/sec.  The  pictures  begin 
shortly  after  impact  and  show  buckling  initiating  in  the  symmetrical 
form  (plate  1).  This  buckle  progresses  through  full  collpase  in  one  wave 
length.  As  full  collapse  is  almost  complete,  the  circular  cross  section 
at  the  rear  end  of  the  buckle  changes  into  a polygon  (plate  2).  The  probable 
reason  for  this  is  that  a state  of  circumferential  compression  exists  at 
the  rear  of  the  buckle  due  to  radial  inward  displacement  of  the  shell  wall. 

As  the  inward  radial  displacement  increases  and  with  it  the  magnitude 
of  circumferential  compression,  the  circular  section  snaps  into  the  shape  \ 
of  a polygon;  thereby  generating  deformations  of  the  quasi-inextensional 
form.  Thereafter  the  triangular  planes  continue  to  rotate  inward  (plate 
3)  until  they  are  almost  in  the  cross  section  plane,  at  which  time  another 
row  of  triangular  buckles  are  formed  (plates  4,  5).  The  process  continues 
as  these  latter  buckles  rotate  into  the  cross  section  plane  (plate  6). 

It  has  been  observed  that  formation  of  the  initial  symmetrical 
buckling  is  more  pronounced  for  high  velocities  and  lower  friction 
coefficients  at  the  impact  interface. 

Symmetrical  deformation  appears  to  be  the  initial  form  of  response 
of  a cylindrical  shell  to  an  axial  impact,  especially  when  the  impacted 
edge  is  held  circular  and  the  velocity  is  high.  When  the  shell  is  sufficiently 
thick,  as,  for  example,  fig.  24,  the  symmetrical  buckling  deformation 
serves  as  a transition  between  the  circular  constraint  and  a quasi- 
inextensional  mode  which  dominates  the  further  history  of  buckling  and 
collapse.  If  the  shell  is  quite  thick,  symmetrical  buckling  is  the  dominating 
mode  for  the  entire  history. 

If  the  shell  is  thin,  the  symmetrical  mode,  although  it  is  initiated 
quickly  gives  way  to  a quasi-inextensional  mode  that  serves  as  a transi- 
tion to  the  other  (but  lower)  quasi-inextensional  mode.  Once  this  latter 
mode  is  produced,  it  dominates  the  further  history  of  buckling  and 
collapse. 

From  experiments  on  thin  shells  (r/h  = 356  - 718),  it  appears  that 
the  observed  patterns  in  this  latter  mode  are  similar  to  the  initial  patterns 
anticipated  by  the  theory  described  herein.  The  patterns  have  the  very 
low  aspect  ratios  which  the  theory  predicts  for  the  given  strain  level  and 
the  observed  number  of  circumferential  waves.  In  addition  these  patterns 
exhibit  the  large  and  initially  rapid  shortening  effect  predicted  the  theory. 

This  will  be  discussed  later. 
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Due  to  the  presence  of  friction  at  the  impact  interface,  the  experi- 
ments have  imposed  a constraint  of  possible  lateral  displacements  of  the  shell 
wall,  even  though  the  shell  is  initially  unsupported*  The  theory  on  the 
other  hand  considers  an  edge  which  is  totally  unrestrained  in  the  lateral 
direction.  Due  to  this  difference,  comparison  of  initial  patterns  between 
experiment  and  theory  are  not  possible. 

On  the  other  hand,  the  fact  that  the  patterns  that  dominate  the  longer 
history  of  post  buckling  are  similar  to  the  prediction  of  the  theory  and 
that  these  patterns  occur  when  buckling  has  progressed  sufficiently  away 
from  the  edge,  suggests  that  these  patterns  may  be  those  which  would  be 
generated  initially  if  the  edge  were  unrestrained  in  the  experiments. 

Axial  Shortening  of  Postbuckling  Pattern 

This  phenomenon  has  been  observed  in  high  speed  motion  pictures. 

An  example  of  this  is  given  in  fig.  25  which  shows  a cylindrical  shell 
(D  = 4.  50  in. , h = • 004  in. ) after  its  bottom  end  has  impacted  on  a flat 
rigid  surface  at  a velocity  of  about  18  ft/ sec.  The  grid  lines  are  one 
inch  apart.  In  plate  A,  the  triangular  buckle  which  is  very  elongated 
in  the  axial  direction  is  seen.  In  subsequent  plates  the  buckle  shortens 
axially  by  virtue  of  the  downward  motion  (toward  the  impacted  end)  of 
the  upper  vertex.  At  the  same  time,  the  relatively  small  downward 
motion  of  the  cylinder  against  the  impacted  surface  is  evident.  Considerably 
superior  photographic  results  have  been  obtained  from  a recent  experi- 
ment with  a thin  conical  shell  having  a semi-vertex  angle  of  5°.  These 
photographs,  which  are  presently  not  available  in  published  form, 
demonstrate  clearly  the  shortening  phenomenon.  The  initial  rate  of 
shortening  of  the  buckle  pattern  has  been  measured  to  be  greater  than 
1000  ft/ sec  for  an  impact  velocity  of  only  25  ft/ sec. 

For  thicker  shells,  like  that  shown  in  fig.  24,  the  axial  shortening 
of  triangular  patterns  is  much  less  than  that  described  above.  This  is 
to  be  expected  since  the  greater  flexural  rigidity  interferes  with  the 
formation  of  highly  elongated  buckles  in  axial  direction.  It  also  is 
instrumental  in  maintaining  substantial  axial  strength  of  the  shell  even 
in  the  late  stages  of  postbuckling.  As  a result  the  buckling  and  collapse 
of  thicker  shells  is  accompanied  by  significant  extensional  strains. 
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CONSTRUCTION 


Figure  5.-  Comparison  of  ideal  inextensional  and  actual  collapse 

patterns  (n  - 7). 
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Figure  6.-  Impact  on  a cylindrical  shell • 
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Figure  7*-  Increase  of  stress  due  to  reflections. 
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X,  AXIAL  POSITION  FROM  IMPACTED  END 

Figure  8.-  Motion  of  the  stress  wave. 
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Figure  10.-  Buckling  resulting  froei  reflections. 
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Figure  11.-  Inextenslonal  buckling  configurations 
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Figure  15. - Change  of  aspect  ratio,  K,  during  postbuckllng. 
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Figure  16.-  Change  of  buckle  pattern  during  postbuckllng  (n  = 7). 
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Figure  20 
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Figure  21.-  Initial  strain  after  impact  f VQ 
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Figure  23.-  Strain  after  impact  f VQ  * 11. 5 ft /sec 
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Figure  25*-  Axial  contraction  of  the  buckled  surface  (from  Fastax  motion 

pictures) . 
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A SURVEY  OF  BUCKLING  THEORY  AND  EXPERIMENT  FOR 
CIRCULAR  CONICAL  SHELLS  OF  CONSTANT  THICKNESS 
By  Paul  Seide 
Aerospace  Corporation 


SUMMARY 


A survey  of  the  state-of-the-art  for  the  stability  of  thin-walled, 
conical  shells  is  presented.  Known  theoretical  results  are  summarized 
and  compared  with  experiment.  The  shortcomings  of  present  knowledge 
and  recommended  work  for  the  future  are  discussed. 


INTRODUCTION 


Only  four  years  ago,  in  1958,  the  state  of  knowledge  of  the 
elastic  stability  of  conical  shells  was  described  (ref.  7)  as  being 
"quite  unsatisfactory  at  the  present  time".  In  the  ensuing  period, 
however,  a considerable  amount  of  work  has  been  done  so  that  although 
not  all  of  the  desired  information  is  available,  conical  shells  can  be 
designed  somewhat  more  intelligently  to  withstand  many  of  the  loading 
conditions  of  interest.  The  purpose  of  the  present  paper  is  to  review, 
as  concisely  as  possible,  the  available  theoretical  and  experimental 
knowledge,  to  indicate  the  gaps  in  the  present  state-of-the-art,  and 
to  suggest  additional  problems  that  should  be  studied. 

A reasonably  complete  bibliography  of  papers  on  the  stability  of 
circular  conical  shells  is  included.  The  entries  consist  of  those  in 
"Bibliography  on  Shells  and  Shell-Like  Structures"  and  the  195*+- 56 
Supplement  (both  by  William  A.  Nash*),  "Structural  Mechanics  in  the 
U.S.S.R. , 1917-1957"  (edited  by  I.  M.  Rabinovich  ) and  ref.  25,  and  of 
other  papers  that  have  come  to  the  author's  attention. 


* David  W.  Taylor  Model  Basin  Report  863,  Nov.  195^,  and  Dept,  of  Eng. 
Mechanics  University  of  Florida,  Report  for  Office  of  Ordnance  Re- 
search (Contract  DA-01-009-0RD-404 ) , respectively. 

+ Translation  published  by  Pergamon  Press,  i960. 


SYMBOLS 


Bending  stiffness  of  cone  wall 


Eta 


Ll2(l-v3 ) J 


Young 1 s modulus  of  cone  material 

axial  and  slant  length  of  cone,  respectively 

bending  moment 

applied  and  critical  axial  compressive  forces,  respec- 
tively. 


theoretical  critical  axial  compressive  force 

2TT  _ f \2I 

E (t  cos  o)  ; 


■6(l-u2) 

. — i 

axial  compressive  collapse  force 

applied  and  critical  external  uniform  hydrostatic  pressure, 
respectively;  internal  uniform  hydrostatic  pressure 

theoretical  critical  external  uniform  hydrostatic  pressure 

theoretical  critical  external  uniform  hydrostatic  pressure 
for  "equivalent"  cylinder 

*1 


internal  pressure  parameter 

radius  of  small  and  large  cone  cross  sections, 
respectively 


-I 


critical  torque 
cone  wall  thickness 
semi-vertex  angle  of_cone 
geometry  parameter 
Poisson* s ratio  of  cone  material 


v/£2(l-ua)  cot2 

Y ' t cos  a 


L 


403 


P 


1" 


ay 


T 

max 


cone  radius  of  curvature  at  small  end  and  center  of  cone 
gene r at o r , respectively 


VAN 

2 cos  a ! 


ratio  of  net  compressive  stress  due  to  bending  and  critical 
axial  compressive  stress 

2tt  E(t  cos  a)a  it  E R^(t 
maxi  mum  critical  torsional  stress  [Tcr/(2TT  R^t)| 


xM 


cos 


a)'1 


\ 

- i p*j 


SMALL  DEFLECTION  THEORY 


The  only  load  conditions  for  which  theoretical  small  deflection 
solutions  are  reasonably  well  established  are  some  of  those  for  which 
the  stress  distribution  prior  to  buckling  is  independent  of  position 
around  the  circumference  of  the  conical  shell.  The  problem  of  the 
buckling  of  conical  shells  under  axial  compression  has  been  studied 
in  refs.  40  and  49.  Both  investigations  are  of  the  axi symmetric  form 
of  buckling  and  indicate  that  the  critical  axial  compression  load  for 
a simply  supported  conical  shell  is  given  approximately  by  the  simple 
formula: 


P = — ■ = E (t  cos  a)2  (l) 

cr  /3(l-ua) 


a value  which  should  be  relatively  good  for  cones  with  clamped  edges 
as  well.  Investigation  of  the  axi  symmetric  state  of  buckling  is  ex- 
tended to  the  combined  case  of  axial  compression  and  internal  pressure 
in  ref.  4 5.  The  results  are  not  given  by  any  simple  expression,  but 
can  be  represented  by  a series  of  curves  for  the  variation  of  an  axial 
load  parameter  as  a function  of  a pressure  parameter  for  various  values 
of  a geometry  parameter  for  the  small  end  of  the  cone.  The  results  are 
not  very  dependent  on  cone  length,  but  do  depend  strongly  on  the  bound- 
ary conditions  at  the  small  end  of  the  conical  shell.  Values  for  a 
particular  kind  of  simply  supported  edge  and  a particular  kind  of 
clamped  edge  are  shown  in  Fig.  1. 
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For  other  types  of  loading,  more  general  modes  of  deformation  have 
to  be  taken  into  account.  Many  sets  of  equations  have  been  derived  for 
this  task,  with  the  rigorous  theory  of  ref.  28  at  one  end  of  the  spectrum 
and  the  Donnell-type  theory  of  refs.  23,  4l  and  53  at  the  other.  Success 
in  obtaining  reasonably  accurate,  but  simple,  solutions  appears  to  depend, 
however,  on  the  use  of  a high  speed  digital  computer  and  a combination 
of  luck  and  educated  guesswork  to  correlate  the  resulting  mass  of  data 
depending  on  at  least  three  independent  parameters.  The  correlation 
process  has  been  carried  out  for  simply  supported  conical  frustums  under 
external  hydrostatic  pressure  in  ref.  43  where  the  critical  pressure  is 
shown  to  be  given  approximately  by  the  expression 


pcr  *,p  f(l  - W (2) 

where  p is  the  critical  pressure  of  the  "equivalent"  cylinder  having  a 
length  equal  to  the  slant  length  of  the  cone,  a radius  equal  to  the 
average  radius  of  curvature  of  the  cone,  and  the  same  thickness,  and 

f(l  - ®l/iu)  is  given  by  the  solid  curve  of  Fig.  2.  The  pressure  p can 
itself  be  approximated  by 


P «= 


(3) 


The  same  problem  has  been  studied  in  numerous  other  papers  (refs.  3,  3, 
9,  11,  14,  26,  27,  28,  30,  31,  32,  35,  38,  50,  55,  56  and  59)  which  give 
similar  results.  Some  results  for  external  pressure  which  varies  along 
the  generator  but  is  uniform  around  the  circumference  are  given  in  ref. 
50  and  for  thermal  buckling  of  conical  shells  under  axi symmetric  temper- 
ature distributions  in  ref.  52. 


Investigations  have  also  been  carried  out  for  simply  supported 
cones  under  torsion  (refs.  29  and  44)  and  combined  external  hydrostatic 
pressure  and  axial  load  (refs.  26  and  46).  For  the  latter  loading 
conditions,  the  interaction  curves  appear  to  be  a function  of  the  taper 
ratio  1 - ®l/i^  and  are  shown  in  ref.  46  to  lie  between  the  limiting 
curves  shown  in  Fig.  3*  For  the  former  loading  condition,  an  approxi- 
mate expression  for  the  critical  torque  is  given  in  ref..  44  ty 


16.2 


<!>' 


cos  a : 


! 5/4 

> 


(4) 


t 
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It  is  obvious  that  much  work  remains  to  be  done  to  complete  small 
deformation  investigations  of  only  the  loading  conditions  which  yield 
axisymmetric  stress  distributions,  let  alone  such  asymmetric  cases  as 
pure  bending.  In  all  of  the  investigations,  membrane  theory  has  been 
used  to  define  the  stress  state  prior  to  buckling.  For  those  cases  in- 
volving internal  pressure,  it  would  be  desireable  to  know  if  consideration 
of  bending  effects  changes  the  results  to  any  great  extent,  since  buck- 
ling iS  confined  to  the  immediate  vicinity  of  the  small  end  of  the  cone 
where  the  pre-buckling  stress  distribution  may  differ  considerably  from 
the  membrane  state.  Large  deformation  investigations  are  known  to  be 
necessary  and  have  been  attempted  in  refs.  10,  3T,  and  39*  Present 
knowledge  of  both  small  deflection  results  and  test  buckle  patterns 
indicate,  however,  that  these  analyses  are  probably  quite  inaccurate, 
so  that  this  area  of  stability  theory  remains  to  be  explored. 


COMPARISON  OF  THEORY  AMD  EXPERIMENT 


Axial  Compression  and  Internal  Pressure 

As  is  usual  for  the  stability  of  thin  shells,  experimental  results 
are  in  qualitative,  but  not  quantitative,  agreement  with  theoretical 
results.  In  Fig.  4,  the  available  experimental  load  coefficients  (refs. 
19  and  47)  for  conical  shells  in  axial  compression  are  shown  as  a 
function  of  the  small  radius  of  curvature-thickness  ratio,  together  with 
a lower  bound  curve  for  cylinders.  The  agreement  between  theory  and 
experiment  appears  to  be  about  the  same  as  for  cylinders,  possibly  a 
little  better.  It  would  appear  that  the  usual  empirical  cylinder 
formulas,  with  the  substitution  of  the  small  radius  of  curvature  of  the 
cone  for  the  cylinder  radius,  can  be  used  to  design  conical  shells  under 
art  a 1 compression.  More  test  data  is  needed,  however,  to  establish  the 
effect  of  cone  length  and  to  verify  the  conjecture  that  no  other  para- 
meters are  important. 

When  internal  pressure  is  added  to  cones  under  axial  compression, 
the  critical  compressive  loads  tend  to  approach  those  predicted  theor- 
etically. The  results  of  refs.  4,  20,  and  47  for  clamped  cones  (see 
Figs.  5(a)  to  5(e))  indicate,  however,  that  discrepancies  may  exist 
between  theory  and  experiment  at  all  pressure  levels.  For  low  values 
of  internal  pressure  these  discrepancies  are  most  likely  due  to  the 
decreasing  effects  of  initial  imperfections  as  for  cylindrical  shells 
and  parameters  other  than  those  shown  should  be  investigated.  For  large 
values  of  internal  pressure,  the  discrepancy  between  theory  and  ex- 
periment is  suspected  to  be  due  to  plastic  yielding  at  the  small  clamped 
edge  which  makes  the  results  fall  closer  to  those  for  cones  with  simply 
supported  edges.  Thus,  more  test  data  is  needed  to  establish  design 
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curves  for  cones  of  various  materials  as  well  as  for  those  of  various 
geometries  and  end  conditions. 

External  Pressure 

Considerable  test  data  is  available  in  refs.  12,  13,  15,  l6,  22, 

47,  48,  5^  and  57  for  cones  subjected  to  uniform  external  hydro- 
static pressure.  While  it  is  almost  gospel  that  theory  and  experiment 
compare  favorably  for  this  loading  condition,  the  comparison  shown  in 
Fig.  6 indicates  that  such  is  actually  not  the  case  for  either  cylinders 
or  cones  since  the  scatter  is  considerable,  with  experimental  values 
ranging  from  60#  to  l4o$  of  the  values  predicted  for  simply  supported 
ends.  Some  of  the  scatter  is  due  to  the  fact  that  the  end  conditions 
are  not  the  same  for  all  of  the  test  specimens,  a good  many  being 
clamped  rather  than  simply  supported.  Since  it  is  known  that  clamping 
theoretically  increases  the  critical  pressure  of  a cylinder  by  40 it 
may  be  presumed  that  clamped  cones  will,  on  the  average,  have  higher 
critical  pressures  than  simply  supported  cones.  Initial  imperfections 
sure  very  likely  another  cause  of  scatter  since  they  undoubtedly  differ 
from  specimen  to  specimen.  Still  another  cause  of  scatter  is  the 
difficulty  of  determining  the  so-called  buckling  load.  Buckling  under 
external  pressure  is  not  a collapse  phenomenon  defined  by  a maximum 
load,  as  is  the  case  for  axial  compression,  but  a phenomenon  usually 
defined  by  the  visual  perception  of  large  skin  deformations  and  as  such, 
depends  on  the  variable  Judgement  of  the  observer.  It  is  obvious, 
therefore,  that  further  investigation  of  the  problem  of  buckling  under 
external  pressure  is  required. 

Axial  Compression  and  External  Pressure 

For  cones  under  combined  external  pressure  and  axial  compression, 
some  data  is  available  in  ref.  47.  If  the  results  are  plotted  as  ratios 
of  applied  external  pressure  to  critical  external  pressure  and  critical 
axial  compression  to  critical  axial  compression  in  the  absence  of 
pressure,  as  in  Fig.  7(a)  and  7(b),  the  various  interaction  curves  are 
seen  to  closely  agree  with  the  theoretical  curves.  Such  behavior  in- 
dicates that  the  ratio  of  experimental  to  theoretical  critical  compressive 
loads  is  relatively  independent  of  pressure,  a result  which  differs 
from  that  obtained  for  cylinders  under  combined  axial  compression  and 
external  pressure.  Cones  also  exhibit  an  elastic  phenomenon  which 
does  not  appear  to  be  obtainable  for  cylinders,  the  non-coincidence  of 
axial  buckling  and  collapse  loads  for  external  pressures  near  the 
critical  value.  As  indicated  in  Fig.  7>  cones  can  withstand  additional 
axial  load  after  buckles  appear  in  the  shell  wall  and  continue  to  do 
so  at  external  pressures  considerably  larger  than  the  critical  value. 

The  behavior  seems  to  depend  on  the  semi-vertex  angle  of  the  cone. 

Since  the  axial  load  carrying  capacity  of  a buckled  cone  can  be  signi- 
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ficant,  about  40#  of  the  critical  compressive  load  for  a 60°  cone  buckled 
at  the  critical  external  pressure,  this  aspect  should  be  investigated 
further. 


Torsion 

Experiments  on  conical  shells  .in  torsion  are  reported  in  refs.  21 
and  47.  While  the  cone  of  ref.  21  did  not  differ  enough  from  a cylinder 
to  test  the  theory  of  ref.  44,  the  results  of  ref.  47  (see  Table  l) 
indicate  that  the  agreement  between  theory  and  experiment  for  cones  in 
torsion  is  about  as  good  as  for  cylinders  in  torsion.  On  the  average 
the  10  clamped  shell  specimens  buckled  at  about  95#  of  the  torque  pre- 
dicted by  the  theory  for  simply  supported  conical  shells,  with  indivi- 
dual specimens  buckling  at  torques  ranging  from  68#  to  122#  of  the 
theoretical  velues.  Thus  it  would  appear  that  eq.  (4),  multiplied  by 
the  same  reduction  factor  as  for  cylinders,  may  be  used  to  determine 
critical  torques  of  cones  with  the  same  degree  of  confidence  as  for 
cylinders. 


ADDITIONAL  EXPERIMENTAL  RESULTS 


Some  additional  load  conditions,  for  which  no  theoretical  results 
are  available,  have  been  investigated  experimentally  in  ref.  47.  Al- 
though the  number  of  tests  is  small,  enough  Is  available  to  allow  some 
tentative  conclusions  to  be  drawn. 

Pure  Bending 

The  results  for  clamped  conical  shells  in  pure  bending  are  ex- 
pressed in  terms  of  a moment  coefficient  M 

tt  ER^  (t  cos  a)a 

and  the  ratio  of  the  small  radius  of  curvature  to  the  wall  thickness, 

P 

. The  moment  parameter  is  a constant  times  the  ratio  of  the  maximum 
membrane  compressive  stresses  due  to  bending  and  to  axial  compression, 
the  reasoning  being  that  a theoretical  solution  for  the  problem  would  very 
likely  yield  the  same  result  as  for  cylinders,  that  buckling  occurs  when 
the  maximum  compressive  stress  due  to  bending  is  equal  to  the  critical 
axial  compressive  stress.  When  corresponding  values  of  the  parameters 
sire  plotted  (Fig.  8),  the  resulting  chart  is  similar  to  that  for  cylindri- 
cal shells  in  bending,  for  which  a suggested  lower  bound  curve  is  also 
shown. 


Despite  the  success  in  correlating  the  data,  it  is  entirely  possible 
that  additional  parameters,  such  as  semi-vertex  angle  and  length,  may  be 
important.  In  addition,  the  effect  of  the  type  of  edge  restraint  should 
be  significant.  The  data  available  is  insufficient  or  lacking,  however, 
to  permit  any  decision  to  be  made  concerning  these  questions. 

Bending  and  Internal  Pressure 

The  addition  of  internal  pressure  to  conical  shells  causes  the 
bending  moment  carrying  capacity  to  increase  by  a very  significant  a- 
mount,  a6  is  the  case  for  cylinders.  The  data  is  given  in  terms  of  a 
net  membrane  compressive  stress  parameter  c, /ct_  which  is  plotted  in 
Fig.  9 as  a function  of  a pressure  parameter  p*.  Elsewhere  in  the 
present  compilation+,  collapse  of  pressurized  cylindrical  shells  in  bending 
is  explained  in  terms  of  collapse  of  cylindrical  membranes  and  the  test 
results  are  shown  to  fall  between  the  limits,  expressed  in  the  notation 
of  the  present  paper, 

2 + i p*  >t~  > i p*  (5) 

c 

where  the  lover  limit  corresponds  to  the  theoretical  membrane  collapse 
load  and  the  upper  limit  to  a modified  membrane  collapse  load.  The 
same  upper  and  lower  bound  lines  are  plotted  in  Fig.  9 and  are  seen  to 
bound  the  data  for  cones  as  well.  Thus,  at  high  pressures  the  bending 
collapse  of  conical  shells  can  very  likely  also  be  explained  in  terms 
of  a membrane  collapse  theory. 

For  cylinders,  a good  lower  bound  to  the  available  data  is  shown 
in  the  cited  paper  to  be  given  for  the  entire  pressure  range,  by 


This  does  not,  however,  appear  to  suffice  for  conical  shells  since  re- 
sults for  some  of  the  specimens  lie  below  this  bound,  closer  to  the  mem- 
brane collapse  moment.  For  pressurized  cones  in  the  intermediate  range 
of  pressure  values,  therefore,  additional  testing  is  needed  to  establish 
important  parameters  and  values  of  collapse  moments  suitable  for  design 
purposes. 


+ 


Me  Comb,  Harvey,  G. , Jr,  Zender,  George  W.,  and  Mikulas,  Martin  M. , Jr.: 
The  Membrane  Approach  to  Bending  Instability  of  Pressurized  Cylindrical 
Shells. 
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Bending,  Axial  Compression,  and  Internal  Pressure 

The  final  set  of  data  is  for  a single  30°  conical  shell  subjected 
to  combined  bending,  axial  compression,  and  internal  pressure.  The  re- 
sults, are  shown  in  Fig.  10  in  the  form  of  combined  values  of  the  moment 
divided  by  the  critical  moment  for  no  net  axial  force  at  the  small  end 
and  the  net  axial  force  at  the  small  end  divided  by  the  critical  net 
axial  force  for  no  moment.  The  data  for  zero  internal  pressure  and  two 
other  values  of  pressure  indicate  that  there  is  a single  interaction 
relation  between  three  loads  which  is  very  similar  in  appearance  to  that 
obtained  theoretically  for  combined  axial  compression  and  uniform  ex- 
ternal hydrostatic  pressure.  When  the  net  axial  force  is  compressive, 
this  relation  may  be  approximated  by 


M f P-np^ 

M(P-np  . 0)  (P  - up  1^)^ 


= l 


(7) 


More  data  is  needed,  of  course,  to  firmly  establish  this  relationship 
and  to  indicate  other  parameters  that  may  be  significant  for  other  cone 
geometries. 


CONCLUDING  REMARKS 

Although  a good  deal  of  territory  has  been  covered  in  trying  to 
establish  design  and  analysis  criteria  for  the  buckling  of  conical  shells, 
the  number  of  unanswered  and  bypassed  questions  is  still  considerable. 

Many  elastic  small  deflection  problems  remain  to  be  investigated  as  well 
as  large  deformation  and  plastic  stability  problems  which  appear  to  be 
necessary  for  our  understanding  of  the  experimental  results  for  several 
loading  conditions.  The  large  number  of  parameters  in  all  of  the  prob- 
lems makes  it  necessary  for  theory  and  experiment  to  proceed  together. 

Thus  far  the  theory  has  been  necessary  to  provide  correlation  para- 
meters for  the  experimental  data.  In  many  of  the  problems  that  should 
be  considered,  however,  the  theoretician  will  need  experimental  data 
to  guide  him  in  making  his  analyses. 
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Table  1.  Comparison  of  Theory  and  Experiment  for  Steel  Cylinders  and 

Cones  in  Torsion  (Ref.  47). 
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Figure  1.-  Theoretical  variation  of  axial  load  parameter  with  internal 
pressure  parameter  for  conical  shells  with  clamped  or  simply  supported 
edges  ( v = 0.3) . 
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Figure  5.-  Theoretical  interaction  curves  for  cones  under  combined 
axial  load  and  external  uniform  hydrostatic  pressure. 


lt-20 


I 


g . 

CJ  Q. 


s 


Figure  4.-  Comparison  of  axial  compression  coefficients  for  conical  shells  with  lower  bound 

curve  for  cylinders. 
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Figure  5.-  Comparison  of  theory  and  experiment  for  pressurized  conical 

shells  under  axial  compression. 
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M 5000  < t < 10,000 


Figure  5.-  Continued 
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Figure  5*-  Concluded. 


Figure  6.-  Comparison  of  theory  and  experiment  for  conical  shells  under 

external  hydrostatic  pressure. 


Figure  7*~  Interaction  curveB  for  cones  under  axial  compression  and 
external  uniform  hydrostatic  pressure. 
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Figure  8.-  Comparison  of  bending  moment  coefficients  for  conical  shells  with  lower  bound  curve 

for  cylinders  (data  from  ref,  47)  • 


Figure  9.-  Variation  with  internal  pressure  parameter  of  net  bending 
stress  ratios  for  30°  and  60°  cones  under  uniform  hydrostatic 
pressure . 


Figure  10.-  Interaction  curve  for  a pressurized  cone  under  bending  and 
axial  compression  L - 30°,  = 670V 
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ELASTIC  INSTABILITY  OF  CONICAL  SHELLS  UNDER 
COMBINED  LOADING 
by  P.  P.  Radkowski 

Avco  Research  and  Advanced  Development  Division 


SUMMARY 


1.  Criteria  are  presented  for  the  elastic  instability  of  thin  single 
and  multilayer  conical  and  cylindrical  shells  under  combined  axial 
load  and  external  pressure.  These  criteria,used  in  design  analysis, 
are  based  on  theoretical  results  and  the  correlation  of  these  results 
with  readily  available  experimental  data. 

2.  A summary  is  included  of  the  studies  at  Avco  RAD  of  shells 
under  static  or  dynamic  loads. 

INTRODUCTION 

In  designing  vehicles  for  space  and/or  re-entry  environments, 
many  interrelated  parameters  must  be  considered.  Overall  optimiza- 
tion of  a design  can  best  be  achieved  by  studies  showing  the  tradeoff 
between  the  various  parameters  which  are  chosen.  One  of  the  most 
critical  problems  in  achieving  this  optimization  is  to  obtain  more 
reliable  information  on  the  instability  of  conical  shells  under  combined 
lateral  pressure  and  axial  loading. 

The  analytical  results  of  reference  1 have  been  extended  and  cor- 
related with  readily  available  experimental  data;  a relatively  simple 
formula  may  now  be  used  for  an  elastic  instability  analysis  of  conical 
and  cylindrical  shells.  This  report  shows  that  further  analysis  is 
required  for  correlation  and  interpretation  of  analytical  and  experi- 
mental results  for  design  purposes. 


SYMBOLS 


effective  extensional  modulus, 
effective  bending  modulus. 

Young fs  modulus, 

a -v2)!^ 

ir2k2D(k1  - l)4  ’ 

total  axial  load  (positive  in  compression), 

Ljl 

2ir2k  D(kj  - l)2  *in2a 

l2*hPc< 

^DCkj-l) 

largest  base  radius, 
thickness  of  shell, 

g *(1  -ft/2) 
isin  « 

fill  ~»/3)ft) 

2(1  — /3/2)2 

kl 

nB  ’ 


slant  length. 


critical  lateral  pressure. 
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a 

P 

v 


= base  angle 
= (Ji/a)  eoa  « . 


_ a(l  - ff/2)  _ average  ra<iius  of  curvature,  and 

sin  a 

= Poisson's  ratio. 

DISCUSSION 

Theoretical  Buckling  Criteria 
The  equation,  derived  in  reference  2, 


P 


pint 


2_ 

13 


+ 1 


(1) 


is  a relation  approximating  the  theoretical  buckling  criteria  for  single 
and  multilayer  conical  and  cylindrical  shells  subjected  to  axial  load 
and  lateral  pressure.  This  relation  is  a reasonable  approximation  to 
the  theoretical  relation  for  10<VTT  < 10,000.  Here, 

|5|Jt  - IS*  -4  lPiJT  .f[i.(3«l/4]  (2 

are  the  theoretical  intercepts  of  the  curve  with  the  M and  P axes 
respectively.  For  design  purposes,  these  intercept  relations  will  be 
replaced  by  relations  based  upon  theoretical  and  experimental  results. 

Experimental  results  and  correlation  with  theoretical  results. 

The  experimental  results  are  divided  into  two  categories,  i.  e. , hydro- 
static and  lateral  pressure,  and  axial  load.  The  data  is  then  correlated 
with  theoretical  results  for  an  interaction  curve  for  combined  loading. 
Many  test  results  exist  for  either  axial  load  or  hydrostatic  loading  of 
cylinders,  but  only  a limited  number  of  test  results  exist  for  combined 
loading. 

Hydrostatic  loading.  - Figure  1 shows  only  a small  portion  of  the 
available  experimental  data  and  the  scatter  is  considerable.  Several 
years  ago  a systematic  evaluation  of  the  available  data  was  initiated. 
Some  of  the  conclusions  are  shown  in  figure  2;  a more  extensive  set  of 


results  with  the  tabulation  of  readily  available  experimental  data  are 
given  in  reference  3.  Here,  we  consider  the  base  angle  a = 30  degrees 
and  plot  10^ /E  versus  J!/afor  various  values  of  h/a.  A plot  of 
/E  versus  a is  given  in  figure  3 for  a fixed  value  of  h/a  and  4/a. 

It  is  extremely  difficult  to  evaluate  all  of  the  experimental  results, 
because  some  of  the  experimenters  chose  the  buckling  pressure  when 
the  first  buckle  or  lobe  appeared,  while  others  chose  the  pressure 
when  all  the  lobes  appeared.  The  ideal  case,  as  assumed,  would  be 
when  all  lobes  appeared  simultaneously  at  one  pressure.  Some  of  the 
tests  observed  and  listed  in  reference  3 showed  that  when  the  first 
lobe  appeared,  e.  g. , at  pressure  pj  the  pressure  dropped,  and  as  the 
pressure  was  increased  again  the  remaining  lobes  appeared  but  at  a 
pressure  less  than  pj.  However,  in  other  tests  listed  in  reference  4 
the  reverse  was  the  case,  i.  e.  , after  the  first  lobe  appeared  the 
pressure  dropped,  and  as  the  pressure  was  increased  again  the  re- 
maining lobes  appeared  but  at  a pressure  greater  thanpj.  Probably, 
the  appearance  of  the  first  lobe  distorted  the  remaining  structure  so 
as  to  render  the  resulting  configuration  weaker  in  one  case  and  stronger 
in  the  other.  Except  for  reference  4,  all  of  the  data  reported  used  the 
pressure  when  the  first  lobe  appeared  as  the  critical  pressure.  The 
experimental  data  reveals  some  scatter  as  expected.  This  scatter  is 
probably  due  to  test  techniques,  physical  properties  of  the  material, 
imperfection  and  variation  in  geometry,  different  edge  restraints,  and 
possible  nonuniform  edge  restraints. 

To  determine  the  data  used  in  plotting  the  banks  of  curves,  the 
theoretical  curves  were  used  as  a basis  of  study  and  then  modified  to 
conform  to  the  experimental  results  listed  in  reference  3.  The  modifi- 
cations were  accomplished  in  the  horizontal  portion  of  the  typical  curve 
given  in  figure  2.  In  almost  every  case  the  horizontal  portion  remained 
horizontal  for  h/a  of  the  order  of  10~3,  and  as  h/a  increased  towards  10 -2 
the  slope  increased  negatively.  Where  the  curve  is  nearly  horizontal  the 
theoretical  and  the  limited  experimental  results  agreed  remarkably  well. 
However , in  the  region  where  the  horizontal  portion  of  the  curve  was  modified 
and  h/ a was  of  the  order  of  10  - 2 9 the  difference  between  the  experiments  and 
the  predicted  theoretical  values  could  be  as  high  as  a factor  of  two  for  a nontrun- 
cated  cone,  e.  g.  , when  a = 70  degrees  andh/a=  10. 6 x 10*3.  Although,  in 
general,  relatively  good  correlation  exists  between  the  limited  number 
of  experimental  and  theoretical  results,  the  designer  should  use  his 
own  discretion. 
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In  figure  3,  p^,  pressure  versus  a is  plotted.  A maximum  appears 
for  a base  angle  between  60  to  70  degrees.  Only  18  experimental  data 
points  for  a less  than  30  degrees  and  various  Xl  a and  h/ a were  available 
at  this  time  and  the  curve  for  this  range  might  have  to  be  modified. 

To  summarize  the  hydrostatic  loading  analysis,  very  little  ex- 
perimental data  exists  for  (1)  «<30  degrees,  (2)  J?/ a<l  for  all  angles, 

(3)  h/a  of  the  order  5 x 10-3,  and  (4)  multilayer  cones.  Interestingly, 
the  critical  buckling  pressure  could  vary  by  a factor  of  2 or  more  for 
a variation  of  a within  10  degrees. 

Axial  load.  - The  data  for  axial  load,  shown  in  figure  4,  is  some- 
what  scattered  as  it  was  for  the  lateral  pressure  case;  this  scattering 
could  be  due  to  the  factors  similar  to  those  for  the  hydrostatic  case. 

Data  from  reference  4 is  somewhat  higher  than  the  other  results  shown 
in  figure  4, from  references  5 and  6.  Probably,  this  is  due  to  the  fact 
^ that  the  load  which  gave  the  first  buckle  was  considered  the  critical 

load  in  most  experiments,  while  reference  4 gives  the  load  which  gave 
all  the  buckles  as  the  critical  load.  From  a design  viewpoint  the  criti- 
cal load  which  gives  all  of  the  buckles  may  be  considered,  i.  e. , where 
the  buckles  do  not  affect  the  load  carrying  capacity  of  the  structure. 
However,  in  re-entry  vehicles  a single  buckle,  or  lobe,  may  cause  the 
thermal  protection  system  to  fail  and  then  the  whole  system  fails. 
Consequently,  the  curve  beneath  all  of  the  experimental  data  would  nor- 
mally be  used  for  design  studies  of  re-entry  vehicles. 

The  experimental  data  for  axial  loading  should  be  analyzed  to  de- 
termine the  effect  of  angle,  length,  thickness,  radius,  and  materials 
(among  other  factors)  on  the  critical  load  applied  to  conical  and  cylindri- 
cal shells.  Studies  of  this  type  have  been  initiated  and  results  should 
be  published  as  soon  as  they  are  available. 

A criterion  for  combined  loading.  - In  certain  cases  of  designing 
conical  shells,  equation  1 is  not  sufficient.  In  general,  equation  1 is 
an  upper  bound  for  the  combined  loading  case;  a lower  bound  should  be 
used.  Several  methods  of  determining  a lower  bound  suggest  them- 
selves. To  determine  a lower  bound  for  (lateral  pressure  only), 
refer  to  figure  1.  Curve  C is  plotted  through  the  two  lowest  experi- 
mental curves,  and  for  most  purposes,  is  a reasonable  value  for  the 
lower  bound.  The  equation  for  curve  C can  be  written  as. 


P4  - K 


(3) 


kj2 


Consequently,  the  new  p-mt  for  equation  1 can  be 

Piat  - 4 yx  (4) 

As  an  alternative,  the  results  of  reference  3 may  be  used,  typified  by 
figure  2,  for  determining  a more  refined  P;„f . 

For  the  lower  bound  of  (axial  load  only),  one  proceeds  as  in 
determining  Pint,  which  is  given  in  equation  4.  Here, 

iMioel  - ! vHT,  £ < 450  , 

l5iatl  **  J 450  < < 600  , 

I Mint  I m K , 600  < $>00 

| M-  . | - K2/5  , 900  < — < 2000 
h 

I Hint  I “ ~ r1/3  2000  < Y i 3000  (5) 

The  expressions  in  equation  5 are  comparable  to  those  of  reference  6. 

Figure  5 illustrates  the  use  of  equation  3.  Experimental  Avco  RAD* 
combined  loading  data  are  plotted,  and  their  relationship  to  the  curve 
of  equation  1 is  shown.  The  choice  of  u.  and  p.  _ will  depend  upon 

» « « j . me  lot  ^ * • 

geometrical  considerations  (in  this  case,  see  equations  for  M^.and  reference 
3 for  P^,  It  is  apparent  that  further  refinements  are  necessary  for  5^flt 

Summary  of  studies  on  instability  due  to  static  loading.  - The  in- 
stability of  isotropic  shells  of  revolution  has  been  completed  and  will 
be  presented  in  a forthcoming  report,  reference  7.  This  report  gives 
a simplified  energy  relation  based  on  Donnell- type  assumptions.  A set 


* These  experiments  were  conducted  by  R.  H.  Homewood  and  are  as 

yet  unpublished 
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of  displacement  functions  are  used  which  are  slightly  more  general 
than  those  used  for  noncylindrical  shells.  The  instability  of  toroidal 
shells  subject  to  internal  or  external  loading  is  presented  as  a rela- 
tively simple  formula;  an  energy  solution  for  a truncated  spherical 
shell  subject  to  compressive  loading  is  also  presented.  Very 
few  experimental  or  analytical  results  are  available  for  shells  other 
than  the  cone,  cylinder  and  shallow  sphere. 

Very*  little  experimental  data  appear  to  be  available  for  any  type 
of  multilayer  shell  of  revolution  subject  to  compressive  loading. 

Several  experiments  are  being  carried  out  at  Avco  RAD  for  a pres- 
sure distribution  varying  linearly  over  the  slant  length  of  a conical  shell. 

Summary  of  studies  on  instability  due  to  a pressure  pulse.  - For 
several  years  studies  have  been  made  of  the  dynamic  response  of 
shell  structures  and  materials  subjected  to  a pressure  pulse.  This 
problem  could  be  characterized  (1)  by  shell-fluid  interaction,  such  as 
water  entry  of  a shell-like  structure,  and  (2)  by  applying  a sheet  ex- 
plosive over  a portion  of  a cylinder  with  results  as  illustrated  in 
figures  6 and  7.  This  application  of  a sheet  explosive  over  a portion 
of  a cylinder  is  characterized  by  very  high  pressures  for  very  short 
times,  which  presents  a dynamic  boundary  condition  not  often  treated 
in  recently  published  literature.  The  problem  of  the  behavior  of  cylindri- 
cal and  spherical  shells  under  such  conditions  have  been  approached 
from  two  extremes;  ideal  elastic  buckling  and  ideal  rigid-plastic  col- 
lapse (reference  8).  The  work  on  elastic  buckling  of  cylinder  and 
sphere  is  for  a pressure  time  history.  The  analysis  of  a shallow  sphere 
is  presented  at  this  symposium  by  Professor  B.  Budiansky. 

As  in  the  case  of  buckling  of  shells  under  static  loading,  consid- 
erably more  analytical  and  experimental  work  is  necessary  for  a truly 
definitive  understanding  of  the  problem  of  dynamic  response  of  shell- 
like structures.  Experimental  and  analytical  investigations  have  been 
undertaken  at  several  universities  and  by  private  industry.  These 
efforts  should  help  to  provide  the  means  of  corroborating  the  present 
theoretical  understanding  and  the  basis  for  additional  analytical  and 
experimental  work. 
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Figure  1.-  Critical  pressure  curves  for  thin  single-  and  multi-layer 

conical  and  cylindrical  shells. 
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Figure  2.  - Instability  of  conical  shells  subjected  to 
hydrostatic  pressure. 


Figure  5.  - Combined  loading  design  curve  for  thin  single-  and 
multi-layer  conical  and  cylindrical  shells. 
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Figure  6*-  Final  configuration  of  magnesium  cylinder  series 

(courtesy  S.R.I.) . 
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Figure  7.-  Final  configuration  of  cylinders  with  stiff  outer  layer  after 

explosive  test  (courtesy  S.R.I.)* 
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SUMMARY 


It  is  shown  that  the  initial  and  the  buckled  shapes  of  a certain 
element  of  a conical  shell  can  be  considered  as  similar  to  those  of 
an  element  of  a cylindrical  shell  of  which  the  radius  and  length  are 
conservatively  determined.  It  is  concluded  that  therefore  the  buck- 
ling pressure  of  the  conical  shell  is  equal  to  that  of  the  comparable 
cylindrical  shell.  A simple  method  for  finding  the  buckling  pressure 
if  it  varies  along  a generatrix  is  also  given. 


INTRODUCTION 


The  buckling  pressure  of  simply  supported  conical  shells  has  been 
the  subject  of  several  recent  papers  on  theoretical  as  well  as  experi- 
mental investigations.  Several  of  these  papers  (refs.  1 through  6) 
refer  to  an  unpublished  company  report  of  1953  (ref.  7)  in  which  the 
present  author  conservatively  derived  the  buckling  pressure  of  com- 
plete or  truncated  conical  shells  under  uniform  or  non-uniform  exter- 
nal pressure.  The  background  of  this  derivation  will  be  more  elabor- 
ately explained  here. 


BUCKLING  UNDER  UNIFORM  EXTERNAL  PRESSURE 


For  design  purposes  a reliable  estimate  of  the  buckling  pressure 
of  simply  supported  conical  shells  was  required.  At  that  time  (1952) 
insufficient  information  was  available.  The  problem  had  been  dealt 
with  in  references  8 and  $,  both  assuming  uniform  pressure  and  using 
small  deflection  theory.  However,  also  within  the  limitations  of  this 
theory  the  results  obtained  in  these  references  were  open  to  question. 
The  differential  equation  derived  in  reference  8 could  be  solved  only 
by  assuming  radial  deflection 

w = C rm  cos  n©  (l) 


and  at  the  same  time  assuming  the  thickness  t to  be  proportional  to 


the  radii  r of  latitudinal  cross  sections  (Figs.  1 and  2).  The 
angle  0 is  measured  in  the  circumferential  direction.  For  a minimum 
buckling  load  m has  to  he  equal  to  2.  It  is  evident  that  at  edges 
where  r differs  from  zero,  w from  equation  (l)  is  not  zero,  so  that  it 
does  not  satisfy  the  geometric  boundary  conditions  of  simple  support. 
From  this  relaxation  of  restraints,  reference  8 will  underestimate  the 
buckling  stresses  for  simply  supported  shells. 

In  reference  9 an  energy  method  was  used,  assuming  radial  dis- 
placements 

w = C sinXx  cos  n©  (2) 

where  X = Trj Ji , so  that  w is  assumed  to  vary  as  a half  sine  wave  in 
the  direction  of  a generatrix.  Obviously,  for  a complete  conical 
shell  this  is  far  from  reality,  since  for  that  case  at  the  apex  equa- 
tion (l)  satisfies  the  geometrical  boundary  condition  w = 0 for  a 
simply  supported  edge,  so  that  the  deflection  of  a generatrix  near  the 
apex  actually  approximates  that  of  a clamped  beam.  Hence  assumption 
of  a deflection  as  in  equation  (2),  that  differs  substantially  from 
the  real  one,  will  lead  to  a too  high  buckling  pressure.  Apart  from 
that,  several  approximations  were  made  in  reference  9 of  which  the 
effect  was  difficult  to  assess. 


In  order  to  find  a more  reliable  solution  it  was  reasoned  as 
follows:  One  can  Imagine  that  for  a cylindrical  shell,  where  for  free 

edges  w is  constant  with  varying  axial  coordinate  x,  the  simply  sup- 
ported buckling  mode,  as  given  by  equation  (2),  is  obtained  by  multi- 
plication of  this  constant  deflection  with  sinXx.  Hence,  for  a coni- 
cal shell,  of  which  for  free  edges  the  buckling  mode  is  given  by 
equation  (l),  with  m = 2,  that  for  simply  supported  edges  can  be  ap- 
proximately obtained  by  multiplying  w from  equation  (l)  with  sinXx, 
whence 


w 


C r 


sinXx  cos  n9. 


(3) 


Ibis  deflection  is  shown  by  the  solid  curves  in  Figs,  lb  and  2b.  It 
may  be  pointed  out  that  equation  (l)  and  therefore  equation  (3)  actu- 
ally applies  for  a shell  of  which  the  wall  thickness  t is  proportional 
to  r.  Therefore,  for  uniform  wall  thickness,  as  considered  here,  the 
deflection  w for  smaller  r values  will  be  relatively  somewhat  smaller 
than  would  follow  from  equations  (l)  or  (3).  As  explained  later  on, 
this  will  make  the  results  obtained  by  using  equation  (3)  somewhat 
conservative . 

Using  the  energy  method,  equation  (3)  and  accessory  displacements 
in  the  other  two  directions,  could  be  expected  to  yield  lower  buckling 


pressures  than  equation  (2),  since  the  former  may  he  expected  to  ap- 
proximate the  actual  buckling  mode  better.  However,  since  equation  (3) 
could  noc  be  expected  to  be  the  real  mode,  it  would  overestimate  the 
real  buckling  pressure  by  an  unknown  amount,  which  was  undesirable. 
Therefore,  since  no  time  was  available  for  other  lengthy  methods,  a 
simple  reasoning  was  used,  which  led  more  directly  and  much  quicker  to 
a result  and  also  afforded  an  opportunity  to  remain  sufficiently  at 
the  safe  side  to  account  for  the  lowering  of  the  buckling  stress  due 
to  snap- through^  which  was  estimated  at  not  more  than  25$  (see  ref. 

10).  This  method  will  now  be  described. 


If  an  equivalent  cylindrical  shell  can  be  found  for  which,  at  a 
given  point,  the  initial  shape  and  loading  and  also  the  deflection 
function  and  its  derivatives  are  the  same  as  those  at  a point  of  the 
conical  shell,  it  is  evident  that  for  elements  at  these  corresponding 
points  the  same  equilibrium  equations  apply.  Therefore  the  critical 
pressures  for  these  corresponding  elements  and  hence  for  the  entire 
shells  will  be  equal. 


From  Fig.  lb,  an  element  near  the  lower  edge  of  the  conical  shell 
will  have  the  same  initial  shape  and  loading  as  an  element  of  a cylin- 
drical shell  with  equal  thickness  t and  with  radius  p = r2/sina.  In- 
deed, with  the  same  all  sided  pressure  p,  at  the  lower  edge  also  the 
compressive  membrane  stresses  gq  and  a„  = a$/ 2 are  equal . The  simply 
supported  length  of  the  equivalent  cylindrical  shell,  buckling  in  a 
half  sine  wave  along  a generatrix,  can  be  chosen  such  that  near  the 
lower  edge  this  half  sine  wave  coincides  with  the  buckling  deflection 
of  the  conical  shell.  From  Fig.  lb,  where  r^i^  = 0,  this  simply 
supported  length  is 


{t  ) i . = (0.5  to  0.55 )JL  W 

eq'r-/r2  = 0 ' ^ 

Hence,  for  both  shells  the  buckling  pressure  will  be  the  same  function 
of  the  number  of  lobes.  For  a frustrum  of  a conical  shell,  where 
r./r  = 0.5  (Pig.  2),  the  length  of  the  equivalent  cylinder  is,  from 
Fig.  2b, 


<Wrj/r2  = 0.5  * <0-75  to  (5) 

Conservatively,  using  the  higher  values  in  equations  (k)  and  (5),  this 
leads  to  an  equivalent  cylindrical  shell  with  length 


JKj+l  .2r2 
2.2r-  ■ 


(6) 


and  radius  p = 1*2/ sina,  with,  of  course,  the  same  thickness  t as  the 


conical  shell.  It  should,  he  pointed  out  that  by  assuming  the  radius 
of  the  equivalent  cylindrical  shell  as  r2/sina  again  some  conservatism 
is  introduced.  Actually  the  point  where  the  buckling  modes  will  coin- 
cide will  be  above  the  lower  edge,  since  equation  (3l  only  satisfies 
the  geometric  boundary  condition  that  w = 0 for  x = jt,  but  not  the 
natural  one  that  the  second  derivative  with  respect  to  x is  zero,  which 
the  half  sine  wave  does.  Hence  the  radius  p of  the  equivalent  cylinder 
is  actually  smaller  than  r2/sina.  Moreover,  as  stated  in  the  foregoing, 
the  actual  buckling  deflection  of  the  conical  shell  for  smaller  values 
of  x will  be  relatively  somewhat  smaller  as  compared  with  that  for 
larger  values  of  x.  Prom  Figs,  lb  and  2b  this  would  slightly  decrease 
^eq,  so  that  also  the  assumed  buckling  mode  tends  to  lead  to  conserva- 
tive results  if  this  method  is  used,  although  it  would  be  unconserva- 
tive if  using  the  energy  method,  since  it  need  not  be  the  real  buckling 
mode.  In  connection  with  all  this  built-in  conservatism  it  was  Judged 
that  the  actual  buckling  pressure,  if  equated  to  that  of  a cylindrical 
shell  with  length  and  radius  p = r2/ sina,  could  be  considered  to 
include  the  influence  of  snap -through  and  thus  would  be  reliable  for 
design  purposes.  Hence,  using  a formula  given  in  reference  11,  the 
buckling  pressure  is 

(7) 

(leq/o)(p/t)V  -0.636 

As  derived  in  reference  12  the  same  formula  applies  for  a damped 
cylindrical  shell  of  length  ^ and  radius  p,  with  J t - (2/3 )JL. 

“*i 

BUCKLING  UNDER  NON-UNIFORM  EXTERNAL  PRESSURE 


To  find  the  effect  of  non-uniform  external  pressure,  it  is  ob- 
served that  the  curvature  changes  of  the  conical  shell  depend  mainly 
on  the  radial  deflection  v and  can  be  expressed  as 

(v/r^)  sin^a  + and  ^ (8) 

The  radial  deflecting  forces  dD  acting  upon  an  element  r d0  dx  exert 
an  amount  of  work  upon  a ring  of  the  conical  shell  of  length  dx  that 
can  be  expressed  as 


v*x)wrde 


(9) 


Neglecting  the  relatively  small  influence  of  ax<L,  with  uniform  exter- 
nal pressure  p,  where  ta@  = pr/sina,  using  equations  (3)  and  (8)  in 


(10) 


(9)  yields 

2 

dV  = ? p (-2 — - sina)  C2 r^sin2  X x dx  » CL  r^  sin2  X x dx 
2 slna  ± 


where  CL  is  proportional  to  p and  independent  of  x.  Presenting  this 
graphically  for  ratios  r-,/r2  of  0 and  0.5,  it  is  observed  that  if  p 
varies  linearly  with  x,  from  pj  at  the  upper  edge  (r  = r-^)  to  pg  at 
the  lower  edge  (r  = r2),  where  2 > pg/p.  > 0.5  as  happened  to  be  the 
case,  the  deflection  surfaces  will  not  differ  appreciably  from  that  of 
equation  (3).  For  example,  for  a simply  supported  long  plate,  sub- 
jected to  compressive  stresses  in  its  plane  that  vary  from  ox  at  one 
edge  to  <j2  = 2ax  at  the  other  edge,  from  page  173  of  reference  13  the 
buckling  stress  coefficient  k for  a2  is  5*32,  while,  assuming  the  same 
buckling  mode  as  for  constant  compressive  stress,  one  would  find  k = 4 
for  the  average  stress  and  hence,  k = 5*33  for  a2,  so  practically  no 
difference.  Hence,  from  equation  (10)  , where  is  proportional  to 
p,  the  work  done  by  the  variable  pressure  p is  found  by  multiplying 
the  ordinates  of  the  curves  presenting  dV  from  equation  (10)  by  a con- 


stant times  p.  From  a simple  calculation  it  followed  that  the  result 
can  be  approximated  very  well  by  assuming  that  the  varying  pressure  is 
equivalent  to  a constant  pressure  p^  equal  to  the  pressure  p at  the 
center  of  the  length  <e(1  of  the  equivalent  half  sine  wave,  so  thfct 

peq  = p2  + (pl  ' P2}  (ll) 


CONCLUDING  REMARKS 


When  these  results  were  reported  in  reference  7 no  tests  were 
available  to  check  them.  In  the  meantime,  however,  several  experimen- 
tal results  were  published.  These  were  compiled  for  complete  conical 
shells  in  reference  2,  from  which  Fig.  3 has  been  copied.  It  shows 
that  the  method  of  reference  7 as  reviewed  here  leads  indeed  to  a re- 
liable design  formula,  since  it  forms  the  lower  bound  to  the  test 
results.  Fig.  4 was  copied  from  Fig.  11  of  reference  4,  adding  the 
curve  according  to  reference  7 and  the  present  note,  and  gives  the 
results  for  truncated  shells,  where  pjj  is  the  buckling  pressure  from 
reference  9.  Figs.  3 and  4 also  present  several  theoretical  results. 
For  low  taper  ratios  (nearly  cylinders)  where  equation  (7)  was  not 
meant  for,  the  conservatism  in  determining  -c  and  p vanishes,  so  that 
it  is  understandable  that  there  in  Fig.  4 some  test  results  are  below 
the  line  according  to  reference  7.  As  stated  in  the  foregoing, equation 
(2),  used  in  reference  9,  could  be  expected  to  overestimate  the  buck- 
ling pressure.  Assuming  that  reference  2 gave  the  correct  buckling 
pressure  from  1 deflection  theory  this  is  not  revealed  in  Fig.  3« 
Apparently  the  lower  buckling  stress  found  in  reference  9 is  due  to 


additional  approximations.  Reference  6 also  uses  equation  (2)  and  in- 
deed gives  higher  values  than  reference  2.  It  is  interesting  that,  as 
mentioned  in  reference  2,  reference  lb  later  used  the  same  mode,  ac- 
cording to  equation  (3),  as  reference  7*  From  Fig.  3 its  results  are 
lower  than  those  from  reference  6,  so  that  indeed  equation  (3)  gives  a 
better  approximation  than  equation  (2).  It  also  shows  that  the  method 
of  reference  7 using  the  same  equation  (3),  although  very  simple, 
served  better  for  attaining  its  aim,  which  was  not  a formal  computation, 
but  a reliable  design  formula.  Using  the  energy  method  would  have  led, 
with  much  more  effort,  to  the  unconservative  results  of  reference  lb. 

After  reference  7 was  distributed  the  author  was  informed  about 
an  earlier  paper  that  compares  a conical  shell  to  an  equivalent  cylin- 
drical one  (reference  15).  From  a partial  translation  only  the  case 
of  a complete  conical  shell  is  considered  there.  Strips  along  a gen- 
eratrix are  considered  as  beams,  clamped  at  the  apex  and  simply  sup- 
ported at  the  base,  so  that  their  maximum  deflection  occurs  at  about 

0.6-t  from  the  top.  Therefore  the  radius  of  the  equivalent  shell  was 
assumed  as  the  radius  of  curvature  of  the  conical  shell  at  0.6  c from 
■the  top,  that  is,  in  the  present  notation,  equal  to  0.6  tJ/ sina,with  a 
length  equal  to  the  total  slant  length  -l  of  the  cone.  This  leads  to 
smaller  buckling  stresses  than  the  present  method  and  is  not  based  on 
the  same  principles. 

It  should  be  realized  that  for  many  problems,  that  require  ex- 
tremely elaborate  computations  for  exact  or  even  approximate  solutions, 
often  good  results  can  be  obtained  by  a simple  reasoning.  In  several 
cases  this  will  even  yield  exact  solutions  (see  for  example  refs.  12, 

16,  17,  and  18). 

The  author  wishes  to  thank  Bell  Aero systems  Company  for  permission 
to  publish  these  results  and  Messrs.  Arthur  Schnitt  and  R.  E.  Wong, 
formerly  with  Bell  Aircraft  Corporation,  for  their  helpful  discussions. 
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(a)  Complete  conical  shell.  (b)  Buckling  mode  of  shell 

according  to  eq.  (3). 


Figure  1, 


(a)  Frustrum  of  conical  shell. 


Figure  2. 


(b)  Buckling  mode  of  frustrum 
according  to  eq.  (3)- 
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Figure  5 • - Comparison  of  theoretical  buckling  pressures  ( curves  and 
crosses)  of  complete  conical  shells  with  experiments  (from  2nd 
ref.  2). 
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Figure  1*.-  Comparison  of  theoretical  buckling  pressures  (curves)  of 
truncated  conical  shells  with  experiments  (from  ref.  4). 
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AXISYMMETRIC  SNAP  BUCKLING  OF  CONICAL  SHELLS 
By  Malcolm  Newman  and  Edward  L.  Reiss* 
Republic  Aviation  Corporation  and  New  York  University 


SUMMARY 

The  authors  give  a brief  account  of  some  of  their  recent  analytical  and 
numerical  studies  of  cone  buckling,  limiting  the  discussion  to  axisymmetric 
deformations. 

Pertinent  numerical  results  for  the  relaxation  buckling  of  full  cones  sub- 
jected to  uniform  external  pressure  and  Belleville  springs  deformed  by  axial 
edge  loads  are  presented.  In  addition,  bifurcation  buckling  problems  are  dis- 
cussed. For  a specific  case,  the  existence  of  Friedrichs'  intermediate  buckling 
load,  Pm,  as  applied  to  cones,  is  established.  Upper  and  lower  bounds  for 
its  value  are  given. 

■» 

INTRODUCTION 

The  buckling  of  conical  shells  is,  in  many  cases,  characterized  by  a 
snapping  phenomenon.  Thus,  at  some  critical  load  value,  the  shell  suddenly 
jumps  from  a slightly  deformed  equilibrium  state  into  a non-adjacent  one  with 
relatively  large  deformations.  If  the  cone  is  initially  shallow  it  may  buckle 
axisymmetrically,  as  in  spherical  cap  snapping.  However,  for  slender  cones 
experimentally  observed  buckling  modes  are  asymmetrical  and  appear  to  be 
related  to  those  of  cylinder  buckling. 

The  principal  unresolved  buckling  problem  for  conical  shells,  as  well  as 
for  cylindrical  and  spherical  shells,  is  to  determine  the  mechanism  which 
"triggers"  the  sudden  snapping  and  to  estimate  the  load  at  which  it  occurs. 

Some  investigators t have  sought  to  determine  this  "critical"  load  by  using 
classical  linearized  buckling  theory  or  variants  thereof.  However,  to  obtain  a 
deeper  insight  into  the  buckling  phenomenon  it  is  essential  to  employ  a non- 
linear theory. 

hi  this  paper  we  briefly  describe  some  of  our  recent  analytical  and  nu- 
merical investigations  of  axisymmetric  cone  buckling.  $ We  first  present  the 


♦The  work  of  the  second  author  was  supported  by  a grant  from  the  U.  S.  Army 
Research  Office  (Durham)  to  the  Courant  Institute  of  Mathematical  Sciences, 
New  York  University. 

tSee  the  review  articles  of  refs.  1-2  and  ref.  3 for  detailed  accounts  of  pre- 
vious work. 

±The  authors  are  currently  preparing  a paper  which  describes  this  work  in 
greater  detail. 
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results  of  a numerical  study  pertaining  to  the  buckling  of  simply  supported  full 
cones  subjected  to  uniform  external  pressure.  We  also  indicate  some  numerical 
results  obtained  for  the  buckling  of  fallow  truncated  cones,  sometimes  called 
Belleville  springs,  deformed  by  axial  edge  loads.  In  both  of  these  problems  the 
shell  undergoes  small  deformations  from  its  initial  conical  shape  immediately 
upon  application  of  load.  With  increasing  load,  compressive  membrane  stresses 
are  developed  which  essentially  reduce  the  "stiffness"  of  the  shell.  Thus  the 
shell  "softens"  with  increasing  load.  After  snapping,  the  membrane  stresses 
tend  to  become  tensile  thereby  increasing  the  "stiffness. " Hence  a "hardening" 
effect  is  observed  yielding,  at  least  for  a limited  range  of  parameters,  defor- 
mations which  increase  with  load  at  a decreasing  rate  (see  fig.  1).  In  analogy 
to  the  discussion  in  reference  4 for  spherical  caps,  we  call  the  buckling  phe- 
nomenon associated  with  this  behavior  relaxation  buckling. 

In  our  final  example,  a full  cone  subjected  to  external  pressure  is  again 
considered.  However,  the  pressure  is  no  longer  uniform.  Instead,  the  pres- 
sure boundary  conditions  are  prescribed  such  that  a membrane  state  of 
uniform  compression  is  a solution  (unbuckled)  of  the  nonlinear  problem.  We 
then  conjecture  that  bifurcation  buckling  will  occur  by  branching  from  the  un- 
buckled solution,  yielding  a load  deflection  characteristic  similar  to  that  shown 
in  figure  2.  For  this  problem,  analytical  studies  are  facilitated  by  our  precise 
knowledge  of  the  unbuckled  solution.  We  are  thus  able  to  prove  the  existence  of 
Friedrichs ' intermediate  buckling  load,  Pm  (ref.  5),  for  which  the  potential 
energies  of  the  buckled  and  unbuckled  states  are  equal;  we  also  establish  upper 
and  lower  bounds  on  its  value. 

1.  RELAXATION  BUCKLING  OF  A COMPLETE  CONE 
Formulation  of  the  Boundary  Value  Problem 

We  consider  a complete  conical  shell  of  thickness  t,  base  angle  6 and 
slant  length  Sj  (fig.  3)  subjected  to  a uniform  external  pressure  p which  is 
counted  positive  when  directed  inward.  Assuming  that  the  shell  deforms  axi- 
symmetrically,  the  non-vanishing  middle  surface  displacements  u and  w 
(see  fig.  3)  are  functions  of  s only.  Here  s is  the  distance  along  a generator 
of  the  conical  middle  surface  measured  from  the  apex.  The  base  of  the  cone  is 
rigidly  pinned,  i.e.,  the  meridional  bending  moment  and  horizontal  displace- 
ment vanish  at  s * s^. 

We  assume  that  the  shell  is  constructed  of  a homogeneous,  isotropic, 
elastic  material  for  which  Hooke’s  law  is  valid.  Employing  the  usual  assump- 
tions of  thin  shell  theory,  we  have  derived  the  following  nonlinear  boundary 
value  problem  which  describes  the  small  finite  deformations  of  the  cone: 

Ly(x)  - Kz(x)  [y(x)  + l]  = Px2 
Lz(x)  = - * [y2(x)  + 2y(x)j 


(la) 

(lb) 
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y(0)  = z(0)  * o 

♦ „y<l)  = Sgl  - M<1)  = 0. 

The  differential  operator  L in  (1)  Is  defined  by 


L 


ALA 

dx  x dx 


(2a) 

(2b) 


and  the  following  dimensionless  variables  are  employed: 


x a y<x> E cot0  -as 


dw(s) 


6(1-^)s  3 r 2 i s 

' * ' K ' “l“6- 


Here  E is  Young's  modulus  and  u is  Poisson' s ratio  which  we  henceforth  take 
as  v m .30.  The  stress  function  z(x)  is  defined  in  terms  of  the  membrane  (or 
middle  surface)  stresses  <Xq(s)  and  cr^(s)  by  the  relations 


(W-i/2)] 
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Et  tan  8 


Z(x) 

X ’ 


Et  tan  0 


= dz(x) 
dx 


Equations  (1),  in  which  we  refer  to  K as  the  geometric  parameter  and  P as 
the  loading  parameter,  can  also  be  obtained  by  specializing  the  work  of  pre- 
vious authors  (references  6-8).  In  addition,  a special  case  of  equations  (1) 
has  previously  been  given  by  Grigoliuk  (reference  9)  in  connection  with  his 
work  on  shallow  cones. 


The  conditions  (2a)  are  obtained  from  the  assumption  of  regularity  at  the 
apex.  However,  in  a sufficiently  small  neighborhood  of  the  apex  the  shell  is 
not  "thin"  and  hence  equations  (1)  may  be  invalid  in  this  neighborhood.  To 
circumvent  this  difficulty  we  define  our  boundary  value  problem  for  the  com- 
plete cone  as  the  limit  of  a sequence  of  boundary  value  problems  for  truncated 
cones  (with  the  same  values  of  K and  P)  as  the  slant  length  approaches  that 
of  the  complete  cone. 


Presentation  and  Analysis  of  Numerical  Results 


We  suppose  that  for  a limited  range  of  parameters  the  relation  between  P 

and  deflection  is  similar  to  that  shown  in  figure  1.  The  indicated  curve  implies 

that  for  P < Py  and  P > Py  only  one  equilibrium  state  is  possible.  In  the 

former  case  the  equilibrium  state  is  represented  by  a point  on  the  unbuckled 

branch  IOU,  while  in  the  latter  case  the  equilibrium  state  corresponds  to  a 

point  on  the  buckled  branch  LN.  For  P in  the  range  Py  •*'  P " Py  there 

are  three  equilibrium  states,  represented  by  points  on  the  unbuckled  and  buckled 

branches  and  the  unstable  branch  UL.  Friedrichs'  energy  buckling  criterion 

(reference  5)  as  applied  to  cones  implies  the  existence  of  an  intermediate  load 

P,p  in  the  range  P.  < P < P„.  For  P < Pm  the  potential  energy  of  the 

unbuckled  state  is  less  than  that  of  the  buckled  state  and  conversely  for  P > P . 

m 


We  have  obtained,  for  a range  of  K and  P,  numerical  solutions*  of  the 
nonlinear  boundary  value  problem  defined  by  eqs.  (1)  and  (2).  The  numerical 
method  employed  consists  in  solving,  by  iteration,  a finite  difference  approxi- 
mation of  the  boundary  value  problem.  Essentially,  the  technique  is  similar  to 
that  previously  employed  in  studies  of  the  nonlinear  bending  and  buckling  of 
circular  plates  (references  11  -13)  and  spherical  caps  (reference  10).  Details 
of  the  method  and  extensive  results  will  appear  in  a subsequent  paper. 


hi  the  present  paper,  we  give  some  of  the  numerical  results  directly  con- 
cerned with  the  evaluation  of  Py,  Pm,  and  Py.  Figure  4 shows  the  variation 
of  dimensionless  base  slope  y(l)  vs.  load  for  several  values  of  K.  We  note 
that  for  K - 2 and  3. 5 the  cones  are  nonbuckling  since  the  base  slopes  are 
single  valued  functions  of  load.  Buckled  branches  are  first  discernible  at  K = 4. 
Thus,  the  transition  between  nonbuckling  and  buckling  cones  occurs  in  the  in- 
terval 3.5  < K < 4. 


In  figure  5,  the  variations  of  PU-  pm*  and  Py  with  K are  shown.  We 
note  that  when  K >7.5,  then  Py  < 0.  This  indicates  the  existence  of  buckled 
equilibrium  states  for  P £ 0,  i.e. , for  unpressurized  or  internally  pressurized 
cones.  The  numerical  results,  however,  indicate  that  for  these  pressures  the 
buckled  states  possess  greater  potential  energy  than  the  unbuckled  states . For 
P = 0 this  can  be  proven  analytically.  Thus,  in  this  sense,  the  buckled  solu- 
tions for  P £ 0 are  unstable. 

The  dashed  curve  in  figure  5 is  obtained  from  a linearized  approximation. 
The  "critical"  load  value,  P = Pn,  thus  determined,  gives  an  exceptionally 
close  approximation  to  Pm  for  tne  range  of  K considered. 


•All  computations  were  performed  on  the  IBM  7090  computer  at  the  Republic 
Aviation  Corporation.  The  authors  are  indebted  to  B.  Sackaroff  and  M. 
Gershinsky  of  the  Applied  Math.  Section,  Digital  Computing  Division  for  their 
aid  in  programming  and  running  the  computer  code. 


1^55 


2.  THE  BELLEVILLE  SPRING 

Belleville  springs  are  shallow  truncated  conical  shells  for  which 
Xj  s x s 1,  where  Xq  is  the  dimensionless  distance  from  the  imagined  apex 
to  the  plane  of  truncation. 

We  have  applied  our  numerical  procedure  to  a specific  problem  wherein 
the  edges  are  subjected  to  compressive  axisymmetric  axial  loads  F . The 
edges  are  free  to  rotate  and  move  radially.  The  differential  equations  describ- 
ing the  axisymmetric  deformations  are  the  same  as  equations  (1)  if  the  right 
side  of  equation  (la)  is  replaced  by  R,  where 


’ 12(l-^)Sll 

R * 3 

_ ffEt  sin20j 

The  boundary  conditions  are 


<ty(x0) 

dx 


y(x0) 


dx 


+ Vy(l)  = 0, 


(3a) 


2 

z(xQ)  = z(l)  * - R.  (3b) 

In  figures  6 and  7,  some  results  of  the  numerical  computations  are  given 
for  two  buckling  cone  configurations.  These  are  compared  with  the  experimental 
results  of  Almen  and  Laszlo  (ref.  14).  The  graphs  show  fair  agreement  between 
the  calculated  and  measured  axial  shortening.  However,  Almen  and  Laszlo  do 
not  give  a description  of  their  testing  technique  and  boundary  conditions. 

Stresses  deflections  for  several  other  cone  configurations  have  been 
calculated.  These  have  been  compared  with  the  results  of  approximate  for- 
mulas and  computer  calculations  given  by  Wempner  (refs.  15  -16),  and  Schmidt 
and  Wempner  (ref.  17).  The  agreement  of  results  for  the  cases  considered  was 
found  to  be  good. 


3.  BIFURCATION  BUCKLING 

We  now  consider  a full  cone  subjected  to  an  external  pressure  distribution 
which  varies  inversely  with  x.  The  appropriate  differential  equations  are  the 
same  as  equations  (1)  if  Px^  is  replaced  by  Px  in  equation  (la).  The  edge 
x 3 1 is  assumed  to  be  restrained  against  rotation  but  free  to  expand  or  con- 
tract horizontally.  It  is  then  easy  to  show  that 

y(x)  * 0,  z(x)  = - ^ x 


(4) 


Is  a solution  (unbuckled)  of  the  nonlinear  boundary  value  problem  for  all  K and 
P.  We  conjecture*  that  additional  solutions  (buckled)  will  appear  by  branching 
from  equation  (4)  at  an  infinite  number  of  discrete  values  P = Pj,  i = 1, 2,  • ■ • . 
The  P{  are  the  eigenvalues  of  the  linearized  shell  buckling  theory  obtained  by 
omitting  nonlinear  terms  in  the  differential  equations.  The  load  deflection 
curves  are  then  similar  to  those  shown  in  figure  2. 

It  is  assumed  that  for  each  K and  P the  potential  energy  functional 
possesses  a minimum.  We  can  then  prove  the  existence  of  an  intermediate 
buckling  load  Pm.  Furthermore,  we  have  obtained  upper  and  lower  bounds  for 

Pm  Siven  by> 

w2  s Pm  < F(K)  , 

where  u>  is  the  first  zero  of  the  Bessel  function  J^(x)  and  P(K)  = g. l.b.  P«. 
The  quantity  is  also  the  dimensionless  buckling  load,  HR* /I)  of  a radially 
compressed  clamped  circular  plate,  where  H,  R,  and  D are  the  critical  edge 
thrust,  plate  radius  and  flexural  rigidity,  respectively.  As  in  the  case  of 
spherical  caps  (ref.  4)  we  refer  to  this  as  the  "equivalent"  flat  plate  problem. 

Upper  bounds  for  Pm  which  are  lower  than  P have  also  been  obtained 
by  a minimization  procedure. 

CONCLUDING  REMARKS 

We  are  currently  extending  our  numerical  calculations  for  the  relaxation 
buckling  problems  discussed  in  Sections  1 and  2 to  include  a larger  range  of 
parameter  values.  In  addition,  numerical  solutions  for  other  cone  problems  are 
being  considered.  In  particular,  we  plan  to  obtain  accurate  numerical  approxi- 
mations of  Pm  for  the  bifurcation  problem  discussed  in  the  previous  section. 

It  appears  likely  that  some  of  the  analysis  briefly  outlined  in  Section  3 can 
be  extended,  with  suitable  modification,  to  unsymmetric  bifurcation  buckling  of 
cones. 

There  are,  to  the  authors'  knowledge,  no  experimental  results  available 
for  the  problems  and  ranges  of  parameters  considered  in  Sections  1 and  3. 
Carefully  performed  experiments  for  these  cases  may  give  valuable  insight  into 
the  buckling  mechanism. 


•Similar  conjectures  have  been  proved  for  circular  plates  (ref.  18)  and  spherical 
caps  (ref.  4) 
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SUMMARY 

Donnell  type  stability  equations  for  thin  circular  orthotropic 
conical  shells  are  presented  and  solved  for  external  pressure,  axial 
compression  and  combined  loading.  The  solution  is  likewise  applied 
to  stiffened  conical  shells.  Correlation  with  equivalent  cylindrical 
shells  yields  a simple  approximate  stability  analysis  for  orthotropic 
or  ring-stiffened  conical  shells  under  hydrostatic  pressure.  The 
general  instability  of  stiffened  conical  shells  under  hydrostatic 
pressure  is  also  analysed  by  a more  accurate  approach.  Preliminary 
experimental  results  for  buckling  of  ring- stiffened  conical  shells 
under  hydrostatic  pressure  are  presented  and  discussed, 

INTRODUCTION 

Most  aerospace  shell  structures  are  orthotropic  or  stiffened  shells. 
The  increasing  use  of  new  constructional  materials,  such  as  reinforced 
plastics,  fiber  reinforced  materials  etc.,  which  have  orthotropic  elastic 
properties,  has  focussed  attention  on  orthotropic  shell  theory  and  the 
corresponding  stability  analysis.  Buckling  of  orthotropic  cylinders  has 
been  subject  to  extensive  investigations  (See  refs.  1 - 4),  and  the 
general  instability  of  stiffened  cylindrical  shells  has  likewise  been 
analysed  by  consideration  of  an  equivalent  orthotropic  shell  (refs. 5 - 6), 
as  well  as  by  other  approaches  (See,  for  example,  ref.  7)#  In  this 
report,  the  investigations  are  extended  to  orthotropic  and  stiffened 
conical  shells. 

The  method  developed  in  reference  8 for  isotropic  conical  shells 
is  applied  to  the  solution  of  Donnell  type  stability  equations  for 
orthotropic  conical  shells,  derived  in  reference  9f  for  external 
pressure  loading.  The  solution  is  then  used  to  analyse  the  general 
instability  of  ring -stiffened  conical  shells  under  external  pressure 
by  consideration  of  an  equivalent  orthotropic  shell.  typical  cases  of 
orthotropic  and  ring  stiffened  conical  shells  are  computed  and  correlated 
with  equivalent  cylindrical  shells.  The  comparison  brings  out  again  the 
taper  ratio  as  the  most  significant  factor  representing  the  conicity  in 

*This  work  was  supported  in  part  by  the  U«S.  Air  Force  under  Grant 
No.  AF-EOAR-62-61  and  monitored  by  the  European  Office,  Office  of  Aero- 
space Research. 


the  case  of  buckling  under  uniform  external  pressure,  as  shown  for 
isotropic  shells  by  Seide  (ref.  11 ) and  reconfiraed  by  the  author  for 
slightly  different  boundary  conditions  (ref.  8).  A relatively  simple 
approximate  analysis  for  the.  buckling  of  any  orthotropic  or  ring  - 
stiffened  conical  shell  under  uniform  external  pressure  is  obtained 
from  the  correlation. 

As  for  isotropic  conical  shells  (ref.  12),  the  same  linear  analysis 
is  extended  to  the  case  of  axial  compression  and  combined  axial  compression 
and  external  or  internal  pressure.  On  the  basis  of  results  fpr  cylindrical 
shells  (ref.  l),  the  linear  orthotropic  theory  may  be  expected  also  to  yield 
fairly  realistic  buckling  loads  for  conical  shells  with  closely  spaced 
stiffeners. 

The  more  accurate  method  of  separate  "distributed  stiffness  of 
rings  stringers  is  then  employed  to  diow  the  effect  of  eccentricity 
of  stiffeners  on  the  general  instability  of  stiffened  conical  shells 
voider  external  pressure. 

Preliminary  experimental  results  for  3 machined  ring- stiffened 
conical  shells  verify  in  general  the  theoretical  analysis  for  buckling 
under  hydrostatic  pressure. 

Tbs  analysis  referred  to  is  written  in  non-dimensional  fom,  and 
the  coordinates  aid  displacements  are  non-dimensionalized  through 
division  by  a,  the  distance  along  a generator  of  the  top  of  a truncated 
cone  from  the  vertex.  (See  fig.  l). 


SYMBOLS 


3 S E,E  2- 
x,  9,  1,  2 


0 

h 

P 

P 

P 

t 


= [Sh3/l2  (l  - v2)],  in.  lb. 

S moduli  of  elasticity  of  orthotropic  shell,  and  of 
stiffened  shell  and  its  stringers  and  rings 
respectively,  psi 

= shear  modulus,  psi 

= thickness  of  shell,  in. 

= 12  m( aA)2 

- hydrostatic  pressure  or  critical  hydrostatic  pressure,  psi 

= critical  hydrostatic  pressure  or  equivalent 
cylindrical  shell,  psi 

= axial  compressive  load,  lb. 

= number  of  circumferential  waves 


»4  ro  H O On 


465 


U 


v (h  \/») 

v (h  y*> 

<*5=  G h 


xp*  V<px*  w 


V T 


*P 


= (u  /a)  = non-dimensional  displacement  of  shell 
middle  surface  along  a generator 

« (v  /a)  = non-dimensional  circumferential  displacement 
of  shell  middle  surface 

= (w  / a)  = non-dimensional  radial  displacement  of  shell 
middle  surface 

= (x  /a)  = non-dimensional  axial  coordinate,  along  a 
generator  * 

= ratio  of  distance  of  the  bottom  of  a truncated  cone 
from  the  vertex  to  that  of  the  top, 

= cone  angle 

, lb. /in, 

, lb. /in. 

, lb. /in. 

» (l-  v )/2  for  orthotropic,  or  (t-  v)/2  for  isotropic 
she  ll?x 

si-  V V 

xq>  q>x 

« Poisson* s ratios  for  orthotropic  and  isotropic  shells 
s membrane  stresses  of  prebuckling  state,  psi 
= circumferential  coordinate 


v 

5 

9 

Subscripts  following  a comma  indicate  differentiation. 


ORTHOTROPIC  THEORY 

Buckling  of  Orthotropic  Conical  Shells 
Under  External  Pressure 

The  stability  equations  for  thin  circular  orthotropic  conical  shells 
employed  in  the  analysis  are  presented  (in  non-dimensional  form)  in 
Appendix  A.  Uiese  equations  are  derived  in  reference  9 and  reduce  to 
Se ide * s equations  (ref. 10)  for  the  case  of  isotropic  shells  or  to 
Bodnerfs  equations  for  orthotropic  cylindrical  shells  (ref .5)  when  the 
cone  angle  approaches  zero.  The  third  equation,  in  the  radial  direction, 
is  however  a Batdorf  type  modified  equation,  instead  of  the  usual  eighth 
order  equation,  to  facilitate  its  solution  by  the  Galerkin  method.  It 
reduces  therefore  to  the  modified  equation  of  reference  8 for  the  case  of 
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isotropic  shells,  instead  of  the  corresponding  eduction  of  reference  10. 

The  problem  is  solved  for  a cone  supported  in  a manner  approximating 
convention?!,  simple  supports.  Hie  conditions  for  the  radial  displacement 
are  therefore 


w = 0 at  x = 1,  Xg 

w,xx  + = 0 at  x = 1,x2  (2) 

The  circumferential  and  axial  displacements  (along  the  generators)  are 
assumed  to  be  resisted  by  elastic  supports  instead  of  the  usual  require- 
ments that  y m 0 and  u is  unrestrained.  Ihese  elastic  supports,  how- 
ever, approximate  the  usual  conditions  fairly  closely  as  in  the  case  of 
isotropic  shells  (ref.  8). 

Now,  since  an  orthotropic  shell  may  be  expected  to  buckle  in  a mode 
similar  to  that  of  an  isotropic  one,  the  same  solution  is  arsumek  for 
the  displa cement  functions 

-SSL 

u = Im  \ An  X s^"n  ^ 
n=1 


v = Im  ^ x5  cos  t<p  (3) 

n=1 

wo 

w = Im  \ C xS  sin  tcp 
l_  n 
n=1 

where  C and  t are  real  (t  is  the  number  of  circumferential  vraves  of  the 
buckling  deformations),  s is  the  complex  number 


a - y + in  /3  (O 

n is  an  integer  and  the  symbol  Im  indicates  the  imaginary  part  of  the 
solution. 

The  detailed  analysis  is  carried  out  in  reference  13,  and  only  the 
salient  features  are  given  here.  Substitution  of  the  complex  functions 
of  equations  (3)  into  the  first  two  stability  equations  (eqs.  (Al)  and 


(A 2)  of  Appendix  A)  yields  A and  B in  terns  of  C and  thence  the 

n n n, 

spring  constants  representing  the  elastic  restraints.  Since  these 
restraints  arise  from  the  non-compliance  of  the  assumed  solutions  with 
the  u and  v boundary  conditions,  their  effect  may  be  expected  to  be  of  the 
same  order  of  magnitude  for  isotropic  and  orthotropic  conical  shells, 
and  this  is  confirmed  by  calculations  for  a typical  shell  (ref.  13). 

Hence  the  effect  of  the  elastic  restraints  is  very  small  ond  may  be 
neglected  (see  refs.  14  and  8)#  The  boundary  conditions  on  w,  equations 
(l)  and  (2),  are  enforced  rigorously,  and  hence  j3  and  y are  determined  as 


and 


? = Vlg0  x2 

v = (1-  %x)/2 


(5) 

(6) 


With  the  assumption  that  the  membrane  stresses  represent  the 
prebuckling  stress  state  satisfactorily,  the  third  stability  equation, 
e<l.  (A3),  is  then  solved  by  the  Galerkin  method,  as  in  reference  8. 
The  critical  pressure  is  obtained  from  the  resulting  set  of  linear 
equations,  which  are  for  uniform  hydrostatic  pressure 


00 

) Cnj^-1)  x2^  “ 13G1(n,m)  + )cos2a[  (-1  )m+nx^  -i  ] &2(n,m) 


n=1 


.+  KZ*{(-l)m+n  x22/+1  -l]G  (n,m)(p/Ex)(a/h)  tan  ct]=  0 (7) 


where  the  symbols  G (n,m)  denote  values  of  the  G functions  (algebraic 
expressions  given  in  ref.  13)  for  the  particular  n and  m . 

The  critical  pressures,  for  the  case  of  uniform  hydrostatic  pressure 
loading , were  computed  for  some  typical  orthotropic  shells,  and  compared 
with  those  for  similar  isotropic  shells  (see  table  l).  The  results 
confirm  Hess's  conclusions  (ref.  2),  about  the  desirability  of 
(Sy/0  < 1 and  the  general  weight  saving  potential  in  the  use  of 
orthotropic  material,  also  for  conical  shells. 

The  analysis  can  readily  be  applied  to  the  case  of  external  pressure 
varying  in  the  axial  direction.  Since  the  orthotropy  does  not  affect  the 
load  terms  (the  G-,  terms  of  equations  (7)  are  identical  to  those  of  ref .8), 
one  has  only  to  replace  them  by  the  corresponding  terms  for  axially  varying 
external  pressure  derived  for  isotropic  shells  (ref.  8)  and  proceed  as 
before. 
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General  Instability  of  Stiffened  Conical 
Shells  Under  External  Pressure 

The  above  analysis  is  now  applied  to  the  investigation  of  the 
general  instability  of  stiffened  conical  shells  under  external  pressure 
by  consideration  of  an  equivalent  orthotropic  shell.  Though  the  method 
nay  be  used  far  longitudinal  stiffening  (stringers)  as  well  as  for 
circumferential  stiffening  (lings  or  frames),  the  former  is  omitted  on 
account  of  the  marked  inferiority  of  stringers  as  stiffeners  against 
general  instability  under  external  pressure,  and  since  the  orthotropic 
approach  would  be  limited  only  to  stringers  which  increase  in  area,  or 
nunher,  in  accordance  with  the  cone  diameter. 

Tte  ring- stiffened  conical  shell  is  correlated  to  an  equivalent 
orthotropic  one  in  the  marine  r proposed  by  Bodner  for  cylindrical  shells 
(ref.  5).  Essentially,  the  equivalent  orthotropic  shell  is  an  isotropic 
one  with  a larger  effective  thickness  in  the  circumferential  direction 
to  account  for  the  contribution  of  the  rings  to  the  circumferential 
extensional  rigidity,  and  having  also  a larger  bending  rigidity  in  the 
circumferential  direction  due  to  the  marked  increase  in  the  effective 
moment  of  inertia  of  the  ring  and  shell  combination.  The  increase  in 
extensional  rigidity  is  represented  by  the  parameter 

k * 1 + (Ag/a^  **) 

where  A_  is  the  cross  sectional  area  of  the  ring,  and  a its  spacing; 
aid.  ti»2increase  in  bending  rigidity  is  represented  by  a second 
parameter 

f « yu  h3/i2  (1-v2)  ] (9) 

where  I is  the  effective  moment  of  inertia  on  the  ring  and  shell 
9 

combi  nati  on, 

V X22  + V®2  “ *2^  + ta0h3/l2(l^2)]  + Uoh  z2  /(in,2)]  (10) 

•where  is  the  moment  of  inertia  of  the  ring  cross  section  about  its 
centroid  and  the  other  geometrical  quantities  are  shown  in  fig.  1 • 

Once  the  equivalent  orthotropic  shell  has  been  defined,  the  orthotropic 
theoiy  can  be  applied  (see  ref.  13).  It  should  be  noted  that  Bodner' s 
approximation  of  unity  for  k (ref.  5)  Is  verified,  with  an  error  01  much 
less  than  one  percent,  also  by  calculations  for  conical  shells.  In  Table 
1,  the  critical  pressures  for  typical  ring-stiffened  conical  shells  are 
again  compared  with  those  for  corresponding  isotropic  shells. 
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Correlation  with  Equivalent  Cylindrical  Shells 


> 

) 

) 


For  isotropic  conical  shells  under  hydrostatic  pressure,  Seide 
(ref.  11)  showed  that  the  critical  pressures  can  he  correlated  to  those 
of  equivalent  cylindrical  shells,  bringing  out  the  taper  ratio, 

(p  - 1 - (R  /EL),  as  the  significant  parameter  of  conicity.  The  equivalent 
cylindrical  2 shell  is  taken  on  the  basis  of  Niordson^  results  (ref.  15) 
as  one  having  a length  equal  to  the  slant  length  of  the  cone,  1,  a radius 
eaual  to  its  average  radius  of  curvature,  p and  the  same  thickness  h, 
wlire  av’ 


1 = a (^  - l) 

Pav  = [a(l  + x2)  tan  a/2]  = (R^+  ^)/2  cos  a 

<!>  - i - 0A2)  = 1 “ 

The  correlation  yielded  an  approximate  curve  for  the  ratio  of  the 
critical  pressure  of  conical  shells  to  that  of  their  equivalent  cylindrical 
shells  versus  the  taper  ratio 

(p/p)  = g(0)  02) 

(fig.  2 of  ref.  11).  A very  similar  curve  r as  obtained  in  reference  8 
for  conventional  simple  supports  (which  differ  slightly  from  Seide fs 
boundary  conditions)  verifying  the  signif icance  of  the  taper  ratio  as  the 
main  geometrical  parameter  of  the  conicity  in  the  case  of  external  pressure 
loading. 

It  is  therefore  reasonable  to  expect  that  also  for  the  case  of 
orthotropic  and  ring-stiffened  conical  shells  under  external  pressure  the 
taper  ratio  will  be  the  significant  parameter  of  conicity.  The  ortho tropy 
and  ring-stiffening  will  probably  affect  cylindrical  and  conical  shells 
in  the  sane  manner  and  hence  the  ratio  of  (p/p)  should  be  very  nearly  the 
same  as  for  isotropic  shells. 

In  order  to  investigate  this  hypothesis,  the  critical  pressures  for 
the  equivalent  cylindrical  shells  were  computed  by  Bodner's  method 
(ref.  5)  for  all  the  typical  conical  shells  given  in  Table  1,  which 
include  orthotropic  shells  of  fiberglass  reinforced  epoxy  and  plywood, 
and  ring  stiffened  shells  of  steel.  The  ratios  (p/p)  are  plotted  in 
fig.  2 and  compared  with  the  curve  g(tp)  taken  from  reference  8,  since 
the  present  analysis  is  for  the  same  simple  suiports  assumed  there. 

The  comparison  in  fig.  2 verifies  the  hypothesis  and  yields  a very 
convenient  approximate  method  far  the  determination  of  the  critical 
uniform  external  pressure  of  any  orthotropic,  or  ring-stiffened,  conical 


shell 


The  procedure  involves:  (a)  calculation  of  the  dimensions  of  the 
equivalent  cylindrical  shell,  using  equations  (ll);  (b)  computation  ofthe 
critical  pressure  p for  this  equivalent  shell  by  Bodner's  method  (ref.  5)» 
and  (c)  reading  the  correct_g  from  fig.  2.  Finally  p for  the  conical 
shell  is  obtained  from  p = p g.  u 

Buckling  Under  Axial  Compression  and  Under  Combined 
Axial  Load  and  External  or  Internal  Pressure 

In  reference  12,  the  solution  of  reference  8,  is  applied  to  a linear 
analysis  of  the  asymmetrical  buckling  of  thin  isotropic  conical  shells 
under  uniform  axial  compression,  after  the  effect  of  axial  constraint  has 
been  shown  to  be  small  also  for  this  type  of  loading  (ref.  16).  Calculations 
for  a -typical  isotropic  conical  shell  yielded  a slightly  lower  buckling 
load  than  by  thB  corresponding  linear  axisymmetrical  analysis  (ref.  17). 

The  analysis  is  now  extended  to  orthotropic  shells,  and  can  then  be  applied 
directly  to  stiffened  shells  by  consideration  of  an  equivalent  orthotropic 
shell. 

The  final  set  of  linear  e quations  of  the  stability  analysis  eqs.  (7) 
have  separate  load  terms  rtiich  are  not  affected  by  the  orthotropy  and  are 
hence  identical  to  those  for  isotropic  shells.  Provided  the  same  form  of 
buckling  displacenent  is  po  sible,  only  -this  load  term  has  to  be  changed, 
if  instability  under  a different  type  of  loading  has^  to  be  investigated. 

For  uniform  axial  compression  the  third  term  of  equations  (7)  is  therefore 
replaced,  as  for  isotropic  conical  shells,  by 

lft(- 1)®*®  xf-  ^ 1]&4  (n,o)  (P/Bx)  (lAah  sin  2c)  (13) 

where  G^(n,m)  is  an  algebraic  expression  given  in  reference  12. 

It  should  be  noted  that  though  the  same  form  of  deflection  functions 
is  assumed  as  solutions  in  case  of  buckling  under  external  pressure  and 
under  uniform  axial  compression,  the  calculations  differ  sligitly,  since 
the  basic  buckling  mode  has,  instead  of  n = 1,  a number  of  axial  waves  of 
the  same  order  as  t (see  ref.  12). 

As  the  analysis  is  linear,  combinations  of  load  terns  may  be  added, 
subject  to  Ihe  above  mentioned  proviso  of  admissibility  of  displacement 
functions.  Hence  for  combined  axial  compression  and  external  or  internal 
pressure  the  final  simultaneous  equations  would  be  obtained  directly  by 
adding  expression  (13)  to  equation  (7),  changing  the  sign  of  p in  the  case 
of  internal  pressure  or  that  of  P in  the  case  of  a tensile  axial*  load. 

Insofar  as  linear  theory  can  represent  actual  bucliling  shapes,  it  may 
be  expected  from  similar  analyses  for  isotropic  conical  and  cylindrical 
shells,  that  asymmetrical  modes  will  predominate  for  combinations  of 
external  pressure  and  axial  compression,  or  tension,  whereas  in  the 


presence  of  intarral  pressure  symmetrical  modes  will  appear  (ref.  18). 

MORE  ACCURATE  ANALYSIS  FOR  STIFFENED 
CONICAL  SHELLS 


Stress-Strain  Relations 


The  instability  of  ring-  or  stringer-  stiffened  conical  shells  may 
be  analysed  more  accurately  by  conside ration  of  the  separate  distributed 
stiffness  of  the  rings  and  stringers.  The  circumferential  or  longitudinal 
stiffemrs  are  assumed  each  to  be  distributed  evenly  along  one  spacing 
(one  half  spacing  each  side),  the  middle  surface  of  the  shell  being  chosen 
as  refererce  line.  !Hiis  approach  is  valid  far  closely  spaced  stiffeners 
which  need  not  be  necessarily  evenly  spaced  and  equal,  and  permits  detection 
of  differences  in  the  critical  load  caused  by  their  eccentricity. 

The  theory  sets  out  with  the  formulation  of  stress-strain  relations 
of  the  shell  together  with  stiffeners.  The  stiffeners  may  have  different 
elastic  properties,  and  the  strains  are  assumed  to  be  identical  at  the  '» 
contact  surface  of  stiffeners  and  shell. 

For  the  shell  the  stress  end  strain  relations  are 
<rx(z)  = [s/(l-i>2)]  [«x  + - (z/a)(*x  + vK<f)  ] 

o-^z)  = [E/(1-  v2)]  [y  - (z/a)  (y  vkx)  ] 

while  far  the  stiffeners  they  are 
<rx(z)  = Ei  [<x  - (z/a)  ] 

<^(0  = E2  t V (z/aKp  ] 

Hence  the  forces  and  moments  acting  on  an  element  become 


(14) 


(15) 


Nx  = [Eh/(l  - v2)]  [ex(l  + lij  + vy  X1  ] 

= [Eh/(1-  v2  )]  C«9(1  + H2)  + Vfx-  x2  ^ ] 

N = N = [Eh/2  (l+v)]y 
xq>  3cp 

and 

Mx  = - (D/a)  [*x(l  + Ho1)  + vKq  - C1  «x3 

M<p  = - (D/a)  [*9(1  + ho2)  + - C2  «9] 

My  (D/a)  [(1-v)  + ht1 

V=  " (D/a)  C(1_V)  +nt2  ]Kx? 


(16) 


(17) 


where  and  are  the  increases  in  effective  cross  sectional  area  of 
the  shell  due  to  stringers  and  rings  respectively,  and  Xg  are  'the 

changes  in  extensions 1 stiffness  caused  by  the  eccentricities  of 
stringers  and  lings,  v 1»  n 2*  f}±2  are  the  increases  in  bending 

and  twisting  stiffness0 'of  0 ^thexsheli  due  to  stringers  and  lings,  and 

and  81X8  *1®  changes  in  bending  stiffness  caused  hy  the  eccentricities 

of  stringers  and  lings. 

With  the  aid  of  these  relations  the  stability  equations  are  obtained 
in  terms  of  displacements.  These  equations  are  similar  to  those  for 
isotropic  shells,  before  uncoupling,  though  more  complicated. 

Buckling  Under  External  Pressure 

General  instability  under  external  pressure  is  analysed  with  the 
aid  of  the  same  solution  employed  for  isotropic  and  ortho tropic  conical 
shells,  equations  (3).  However,  since  the  more  accurate  stiffened  shell 
equations  are  not  amenable  to  the  direct  solution,  coupled  with  the 
Gelerkin  method  for  the  third  equation,  employed  for  isotropic  and 
orthotropic  shells,  a modified  solution  using  successive  correction 
factors  and  a variational  approach,  that  is  basically  an  extension  of  the 
Galerkin  method,  has  been  applied  by  M.  Baruch  in  his  unpublished 
doctoral  dissertation  under  the  guidance  of  the  author.  Since  the 
successive  correction  factors  converge  rapidly,  tbs  method  is  not  too 
laborious.  The  extended  Galerkin  approach  also  permits  direct  estimates 
and  correction  of  the  error  involved  in  the  partial  compliance  only  with 
the  boundary  conditions  for  u and  v.  7/hen  the  stiffeners  have  no  eccentricity, 
or  the  eccentricity  is  neglected,  the  method  reduces  to  the  orthotropic 
analysis  discussed  above. 

The  Effect  of  Eccentricity  of  Stiffeners 

By  an  analysis  similar  to  that  outlined  above,  Baruch  and  the  author 
investigated  the  effect  of  eccentricity  of  stiffeners  on  the  general 
instability  of  stiffened  cylindrical  shells  under  hydrostatic  pressure. 

For  typical  shells  with  rings  on  the  inside,  the  critical  pressures  were 
found  to  be  11.5  percent  to  13.5.  percent  above  those  obtained  with  the 
identical  rings  on  the  outside.  Far  typical  conical  shells  similar 
magnitudes  are  obtained.  Far  example,  for  two  ring  stiffened  conical 
shells  of  the  following  properties 

o = 30°  a = 57.59  in.  (Ag/ah  ) = 0.1471  (e^)  = 1.653 

v = 0.3  h = 0.1  in  [l2^/(aoh3/l2)]  = 0.7819  (JgA)  = 0.2119 

one  obtains 
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x2  Tftper  Rati°  (p^^/h)  P/Pn0  eccentricity  /^inside  rings  \ 

^~(l/^) tHU>  ' I W Uutslde  rL  J 

1.5  0.333  VI 5 1.021  0.963  l.06i 

9.0  0.800 995  1.058  0,965 1.093 

It  may  be  concluded  that  from  a buckling  point  of  view  the  placing 
of  stiffening  rings  (or  frames)  on  the  inside  of  the  shell  is  advantageous c 
Further  it  should  be  noted  that  the  effect  of  eccentricity  of  stiffening 
rings  is  of  sufficient  magnitude  to  require  care  in  the  interpretation  of 
experimental  results. 

Far  stringers  the  effect  of  eccentricity  is  smaller  and  opposite: 
outside  stringers  yield  higher  instability  pressures  than  inside  ones,  as 
has  also  been  shown  for  cylindrical  shells. 

EXPERIMENTAL  INVESTIGATION 

The  first  phase  of  an  experimental  program  on  the  instability  of 
ortho  tropic  ai stiffened  conical  shells  initiated  at  the  Technion,  is 
concerned  with  the  general  instability  of  ring  stiffened  shells  under 
hydrostatic  pressure.  The  test  rig  (fig«3)  is  similar  to  that  used  in 
previous  investigations  of  isotropic  shells  (ref.  19)*  except  that  it  is 
smaller  and  designed  far  higher  pressures.  The  specimens  (see  fig .4a) 
stb  of  steel,  have  rings  on  the  outside,  and  are  fabricated  by 

careful  machining  (a  tolerance  of  t 0.001  in.  was  obtained  on  thickness 
of  shell  and  rings).  The  specimens  an  clamped  at  the  edges.  As  in 
reference  20,  strain  gages  are  installed  around  the  circumference  and 
opposite  a stiffening  ring  near  Ihe  estimated  position  of  maximum  buckling 
deflection.  On  the  first  test  cone,  an  additional  tow  of  strain  gages  was 
installed  opposite  the  centre  of  the  bay  between  two  stiffening  rings,  to 
detect  early  panel  instability.  No  panel  instability  appeared  before 
failure  by  general  instability,  and  the  fact  that  the  strain  values  of 
the  two  rows  did  not  differ  appreciably  during  the  whole  tast,  seems  to 
justify  the  assumption  of  effectiveness  of  complete  bay  length,  a , 
implied  in  the  theoretical  analyses.  @ 

Three  conical  shells  of  similar  geometry  (R.  = 1.77  in.,  R^3  5*67  in., 
ani  o = 2(f)  were  tested.  All  failed  by  general1  instability.  The  strain 
gage  readings  indicated  clearly  the  embryonic  lobe  formation  discussed  in 
references  19  and  20,  and  the  cones  buckled  ty  & sudden  formation  of  one 
large  general  instability  wave  in  place  of  one  of  those  embryonic  lobes 
(see  fig.ifb).  Since  the  buckling  stress  was  not  far  from  the  yield  stress 
of  the  material,  the  elastic  buckling  transformed  immediately  into  plastic 
deformation.  Attempts  to  raise  the  pressure  again  resulted  in  grcwth  of 
the  wave  (and  appearance  of  one  further  wave  in  two  tests)  with  additional 
small  plastic  panel  buckles. 

Theoretical  buckling  pressures  which  would  appear  for  perfect  cones 


were  determined  from  strain  gage  readings  of  the  3 tests  by  the  extension 
of  Southwell’s  mettiod  given  in  reference  21.  The  intercept  and  the  slope 
methods,  suggested  there,  yielded  nearly  similar  perfect  cone  buckling 
pressures,  which  were  about  8 percent  higher  than  the  observed  ones, 
as  follows: 


Specimen  no.  1 
Theoretical  buckling  pressure  (psi)  106.1 
Observed  failing  pressure  (psi)  99.2 
Perfect  cone  buckling  pressure  (psi)  106 


2 3 

96.2  95.8 

94.0  84.6 

103  92 


The  ratios  of  observed  failing  pressure  and  perfect  cone  buckling 
pressure  to  the  equivalent  cylinder  buckling  pressure  (p)  are  also  plotted 
in  figure  2.  These  preliminary  results  are  in  good  agreement  with  the 
theory.  It  should  be  noted,  however,  that  the  tost  specimens  were  clamped 
while  the  theory  is  for  simple  supports.  However,  the  effect  of  clamped 
edges  should  be  rather  small  for  ring  stiffened  shells  due  to  their 
relatively  large  circumferential  stiffness  (for  cylindrical  shells  it  is 
usually  neglected  - see  ref.  20). 


FUTURE  RESEARCH 

Both  the  orthotropic  theory  and  the  more  accurate  theory  for  stiffened 
shells  should  be  extended  to  torsion  and  combined  loading  and  verified 
experimental ly . Further  experimental  investigation  of  the  buckling  under 
external  pressure  of  orthotropic  and  ring-stiffened  conical  and  cylindrical 
shells  is  required.  The  tests  should  also  aim  at  verifying  the  effect 
of  eccentricity  of  stiffeners  postulated  by  the  theory.  The  effect  of 
clamped  edges  should  also  be  further  clarified.  Extensive  tests  of 
cylindrical  and  conical  shells  with  closely  spaced  stiffeners  under  axial 
compression  are  needed  to  confirm  the  remarkable  agreement  with  linear 
theory  pointed  out  by  Becker  and  Gerard  (ref.  l)  in  the  case  of  a recent 
test  by  Pugliese.  Research  along  these  lines  is  planned  at  the  Technion. 

APPENDIX  A 

STABILITY  EQUATIONS  FOR  ORTHOTROPIC  CONICAL  SHELLS 

For  orthotropic  conical  shells  the  uncoupled  Donnell  type  stability 
equations  of  reference  9 can  be  written  in  non-dimensional  form  (for 
zero  surface  forces)  as 

L10(u)  = cot  aJ^L5+  l9)Cx  v9X  w>x“(a2/°t1  )w3-(l/ sin  o)(«2/a1)(a2/a3)L7(w  <p)j(Al) 

L10(v)  = (“/a3)c0t  °(“L8[x  v<pxW,x“(o2/,ai)w]+(l/sin  °)CL5+(a2/«1)l'6K^}<p)i(A2) 


and 


hi  lA  H O (T\ 
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(l/x)L1(w)  - yK  (^3/s3C)w>xx+  (^^x)lfa>({^x2sin2  °)  + (lA)w  x ] 

+ SCt/sJC  (w  /x  sin  a)  - (w  /x2  sin  a)  ] { 

* fXp  #<p  J 

+ (l/^Cffg/o^  cot2  a L^1  [(l/x)  (x3  w^)  ^ = 0 (A3) 

where  the  operators^ to  L q are  defined  in  reference  9 or  13*  and.  the 
inverse  operator  L£  1is  defiled  by 

\ [l4_1  (*)]**  (M-) 

It  should  be  noted  "that  the  radial  stability  equation,  eq.  (A3), 
is  not  the  usual  eighth  order  equation,  which  is  a higher  derivative  of 
the  radial  equilibrium  equation,  but  a Batdorf  type  modified  equation 
which  is  more  convenient  for  solution  by  -the  Galerlcin  method,  since  it 
ensures  monotonic  decrease  of  the  approximate  buckling  loads  with  increase 
in  number  cf  terms  of  approximation* 
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TABLE  1 

CRITICAL  pressures  op  typical  orthotropic  and  pjcno-stutened 

CONICAL  SHELLS 

(a)  Orthotropic  Sheila  (Cone  angle  Jid ) 


No 

Material 

Taper 

Ratio 

s 

X 

w<px 

(p^3x)x  10° 

E 

9 

Ortho- 

tropic 

Shell 

Equivalent 

Cylinder 

Iso- 

tropic 

Shell 

1 

Plywood 

0.333 

vi  5 

20.0 

0.022 

0.0U09 

0.0V02 

0.V050 

2 

Fibreglass 

'0.333 

VI 5 

2.59 

0.090 

0.20V1 

0.2003 

0.V050 

3 

Reinforced 

0.500 

V99 

0.386  0.23V 

0.30V8 

0.28V1 

0.1538 

V 

Epo*y(lV3) 

0.600 

582 

2.59 

0.090 

0.0V18 

0.0373 

0.53V0 

5 

0.800 

995 

0.386  0.23V 

0.0307 

0.02V6 

0.0159 

(b)  Ring  Stiffened  Shelia  (Material:  steel: 
Cone  angle:  Noa.  6,7  - 30P  No. 8 - 2<f) 


No 

Taper 

Ratio 

(P&v)  ( A2  } f12  Z22\ 

e2 

(p/E)x 

,0* 

\T~J  \*aV  \7TT“/ 

o a n 

0 

h 

Stiff- 

ened 

Shell 

Equiv- 

alent 

Cylinder 

Iso- 

tropic 

Shell 

"S 

0.333 

VI 5 0.1 V71  0.7819 

1.653 

1.263 

1.23V 

o.voso 

7 

0.800 

995  0.1 V71  0.7819 

1.653 

0.0557 

0.0V50 

0.0159 

8 

0.678 

98 .V  0.152  0.590 

1.325 

3.5V 

3-OU 

1.297 
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Figure  1.-  Notation. 
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U—  • RWG  STIFFENED  

+ EXPERIMENTAL  (RING  STIFFENED) 
x CORRECTED  EXPERIMENTAL  (RMG  STIFFENED) 


Figure  2.-  Ratios  of  the  buckling  pressure  of  orthotropic  and  ring  stiffened 
conical  shells  to  that  of  equivalent  cylindrical  shells. 
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ASYMMETRIC  BUCKLING  OF  CLAMPED  SHALLOW 
SPHERICAL  SHELLS* 

By  Hubertus  J.  Weinitschke 
Hughes  Aircraft  Company,  Ground  Systems  Group 


SUMMARY 


The  problem  of  buckling  of  clamped  shallow  spherical  shells  has 
recently  been  considered  in  several  theoretical  investigations.  Buck- 
ling loads  under  uniform  external  pressure  were  obtained  in  these  in- 
vestigations which  show  a surprisingly  good  agreement  with  each  other, 
but  show  a marked  disagreement  with  available  experimental  values. 

In  all  previous  studies  it  has  been  assumed  that  the  shell  deformations 
are  rotationally  symmetric.  In  this  paper,  the  buckling  problem  is  re- 
examined by  introducing  asymmetric  modes  of  deformation.  The  ap- 
proach is  to  superimpose  small  asymmetric  deflections  on  finite  axisym- 
metric  deflections,  and  to  show  that  the  symmetric  states  of  deforma- 
tion are  unstable  over  certain  ranges  of  load  and  geometry  parameter. 
Numerical  results  are  obtained  by  means  of  a digital  computer  and  are 
compared  with  previous  theoretical  and  experimental  results. 


INTRODUCTION 


Problems  of  elastic  stability  of  thin  shells  that  require  a large 
deflection  analysis  have  been  of  considerable  interest  lately.  In  some 
well-known  examples,  approximate  theoretical  results  are  in  reason- 
ably good  agreement  with  available  experimental  information;  but  the 
author  does  not  know  of  a single  problem  that  has  yielded  to  a mathe- 
matically satisfactory  and  accurate  solution,  which  at  the  same  time 
is  in  good  agreement  with  experiments.  This  unsatisfactory  situation 
holds  true  even  for  the  problem  of  buckling  under  uniform  pressure  of 
a shallow  spherical  shell,  which  is  in  a sense  the  simplest  of  shell 
stability  problems  and  which  is  the  subject  of  this  paper.  A reason  for 
this  situation  may  be  found  in  the  fact  that  the  majority  of  theoretical 
large  deflection  analyses  of  stability  problems  have  been  carried  out 
by  means  of  Rayleigh-Ritz  type  approximations,  whose  accuracy  is  in 

*This  work  was  carried  out  at  the  Massachusetts  Institute  of  Technology, 
supported  by  the  Office  of  Naval  Research.  The  author  is  indebted  to 
Prof.  E.  Reissner  whose  help  and  encouragement  was  of  great  value  to 
him.  The  calculations  were  carried  outatM.I.T.  Computation  Center 


general  difficult  to  assess  in  nonlinear  problems.  Frequently,  shells 
exhibit  deflection  patterns  that  are  difficult  to  represent  in  terms  of 
sudi  approximations.  (For  instance,  using  a one-  or  two-term  Ritz 
approximate  solution  of  the  axisymmetric  buckling  of  a spherical  cap, 
one  finds  increasingly  incorrect  buckling  loads  with  increasing  shell 
heights.  ) It  seems  that  at  the  present  state  of  knowledge,  recourse  to 
numerical  methods  of  well-defined  accuracy  should  be  considered  as  a 
powerful  (if  temporary)  alternate  approach  in  theoretical  studies  of 
shell  instability.  In  view  of  the  complexity  of  large  deflection  equa- 
tions, such  an  approach  may  involve  extensive  calculations  on  a high 
speed  digital  computer;  howe\er,  a more  detailed  understanding  of  the 
buckling  mechanism  which  one  may  gain  from  such  calculations  may 
render  this  approach  worth-while.  The  problem  treated  in  the  present 
paper  is  believed  to  give  some  support  to  this  point  of  view. 


The  buckling  under  uniform  pressure  of  a shallow  spherical  shell, 
clamped  along  its  boundary,  has  generally  been  considered  to  be  of  the 
snapping  type.  On  the  basis  of  a theory  of  finite  axisymmetric  deflec- 
tions, one  obtains  a nonlinear  load  deflection  curve  which  shows  a local 
maximum  of  the  pressure,  except  for  extremely  shallow  shells  which 
do  not  buckle.  This  maximum  pressure  pc  determines  the  critical  load 
at  which  snapping  occurs,  provided  that  the  classical  buckling  criterion 
is  assumed  to  be  valid.  What  is  of  particular  interest  is  the  stability 
curve  that  shows  how  pc  varies  with  the  shell  geometry  parameter  p de- 
fined below.  Several  recent  investigations  have  been  concerned  with 
the  calculation  of  this  stability  curve  (refs.  1 to  4).  The  results  of 
these  studies,  which  were  obtained  by  entirely  different  techniques, 
show  good  agreement  with  each  other.  They  were  all  based  on  a sys- 
tem of  nonlinear  differential  equations  for  finite  axisymmetric  deforma- 
tions. However,  experimental  results  are  generally  in  serious  disa- 
greement with  the  results  of  the  axi symmetrical  buckling  theory.  For 
some  time,  it  has  been  believed  that  these  discrepancies  might  be  due 
to  imperfections  in  geometrical  shape.  Recent  results  of  Budiansky 
(see  ref.  1)  for  certain  types  of  imperfections  of  reasonable  magnitudes 
tend  to  discourage  such  speculations. 


The  present  analysis  is  based  on  the  assumption  that  asymme- 
trical deflection  modes  are  significant  in  the  process  of  buckling.  The 
buckling  of  spherical  caps  appears  then  to  be  a bifurcation  rather  than 
a mapping  phenomenon:  axisymmetric  deformation  takes  place  until  a 
critical  value  is  reached,  at  which  point,  bifurcation  of  solutions  of 
the  basic  equations  occurs.  One  branch  of  solutions  corresponds  to 
axisymmetric  states  of  equilibrium,  other  branches  correspond  to 
asymmetric  states,  which  in  the  vicinity  of  the  bifurcation  point  differ 
from  the  axisymmetric  states  by  infinitesimal  amounts.  The  axisym- 
metric states  are  therefore  unstable  for  pressures  above  the  critical 


1+83 


value,  hereafter  referred  to  as  the  asymmetrical  buckling  load.  The  main  re- 
sult of  this  paper  is  a new  stability  curve,  based  on  asymmetric  deflections  of 
the  form  w = w(r)cosn0.  Two  different  techniques  are  employed;  one  amounts 
to  calculation  of  the  second  variation  of  an  appropriate  potential  energy  func- 
tional, the  other  reduces  the  stability  problem  to  a nonlinear  eigenvalue  problem. 


BASIC  EQUATIONS 


The  basic  equations  for  finite  bending  of  shallow  shells  have  been  derived 
by  Marguerre  (ref.  5)  under  the  traditional  assumptions  of  thin  shell  theory, 
that  is,  neglection  of  transverse  shear  deformability  and  of  tangential  displace- 
ment components  u,  v in  the  nonlinear  terms.  These  equations,  when  written 
in  polar  coordinates  and  specified  to  a spherical  cap,  can  be  put  in  the  form 

A_1  V4F  + 2HV2w  + j K[w,  wj  ; 0 

D74w  - 2H^F  - K[F,  w]  = pb4  (1) 

where  b is  the  base  radius  of  the  shell,  H is  the  shell  " rise"  , p is  the  exter- 
nal pressure,  A and  D are  stretching  and  bending  stiffness  factors  respectively 
and  9^  iS  the  Laplace  operator  in  the  polar  coordinates  r and  0.  Stress  resul- 
tants and  couples  are  related  to  the  stress  function  F and  the  axial  displacement 
w by  the  formulas 

Nr-r'2Rt»+r"lFT  N0  = F’rr  Nrt  = r'2p’e  * ^'re 

Qr  = -D(72w),r  Q0  ■ -Dr'WwJ.Q 

Mf  = -D(w,rr+vTw)  Mq  = -D(Tw  +^w>rr) 

-1  -2 

where  Tw  - r w,  + r w,ftfl,  D = D(1  -y)  and  v is  Poisson’ s ratio.  A comma 
followed  by  subscripts  indicates  8ifferentiation  with  respect  to  the  subscripted 
variable(s).  The  nonlinear  terms  in  Eqs.  (1)  are  expressed  in  terms  of  the  dif- 
ferential operator  K as  follows 

K[F,w]  : j1  F. „(».,+  ?'1»'9e>+  + 2?’2' 

t?"1(F’f9w,e  + F’ ew,fe)  - F>ew-,0  - ?2f’0w9] 

where  q = rb  \ 

The  bounda  ry  conditions  correspo  n ding  to  a clamped  edge  are 
u : v = w = W>r  = 0 at  r = b(^  = 1).  (3) 


In  order  to  express  the  first  two  conditions  in  terms  of  F and  w,  con- 
sider the  stress -strain  relations 

AjF  = Nr  - vNq  * A(u,  r + rw>rR  1 + ^w?f) 

A2F  s Nq  - vNr  = Ar  1(u  + v,0  + -^r 

AgF  ■ 2(l+v)NrQ*  A[v>r  - r 1(v  -u,Q)  + R 1w,0+  r'1w,rw,  0J 


Expressing  Nr,  N9>  and  Nrg  in  terms  of  F as  indicated  by  the  differential 
operators  A^  , A^ . A^  , it  can  be  verified  that  conditions  (3)  are  equivalent  to 

A2F  ; (rA2F)>r  - A^  - (A3F),0  r w ; w>r  =0  at  r : b.  (4) 


The  boundary  value  problem  (1)  and  (4)  constitutes  the  basis  for  the  present 
analysis.  •* 


A convenient  dimensionless  form  of  Eqs.  (1)  is  obtained  by  introducing 
the  functions  g(f.  9);X>'1F  and  h(o,  9)  « mt_1w,  and  the  relevant  geometry 
ang  load  parameters  p2  = 2mHt*l  and  y = pb^m(4Dt)"l  (t  = shell  thickness, 
12(1  - y2)).  With  this,  we  have  the  following  equations  for  g and  h 


m2 


4 

7g  + 


[h, h]  - 0,  ^h  - p2g  - K[g.h]=  4y 


(5) 


For  convenience  of  describing  the  buckling  process,  a dimensionless  deformed  _ 
volume  is  introduced  by  V = ff  h(  y , 6)  yd  y d0,  and  a load  parameter  by  P * yp 


RESULTS  OF  PREVIOUS  WORK 


In  all  previous  theoretical  studies,  the  assumption  was  made  that  defor- 
mations are  rotationally  symmetrical  (except  in  ref.  6).  In  that  case,  Eqs.  (5) 
can  be  simplified  considerably.  With  p : g’  ( y),  q = h’  ( y),  where  the  primes 
denote  differentiation  with  respect  to  y,  it  can  be  shown  that  Eqs.  (5)  reduce  to 
the  following  ordinary  differential  equations: 

(p'  + ^P)'  = P2q  - \ (q’  +5>_1q)’  = p2p+  2Yy+  yW  (6) 

The  corresponding  boundary  conditions  are 

p(0)  z q(0)  - 0,  p(l)  « q’  (1)  - vq(l)  = 0.  (7) 

A great  deal  of  effort  has  been  devoted  to  solving  Eqs.  (6)  and  (7)  and 
calculating  the  resulting  stability  curve  Pc(p).  If  the  curve  P • P(V)  is  plotted 
for  a fixed  shell  geometry,  the  variation  of  P with  increasing  V is  roughly  as 
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follows:  P increases  until  it  reaches  a local  maximum  Pc,  then  decreases  to  a 
local  minimum  P^  (unstable  states  of  equilibrium),  and  then  increases  again 
(stable  post-buckling  states  of  equilibrium). 

In  some  recent  papers,  buckling  criteria  have  been  discussed  that  are 
— - based-on  a finite  - junip~l3ackKng  mechanism  according  to  which  the  minimum 
load  P o is  to  be  considered  as  the  actual  collapse  load  of  the  shell.  The  short- 
comings of  these  criteria,  which  have  no  logical  basis,  have  been  pointed  out, 
e.g. , see  the  comprehensive  review  article  on  shell  instability  by  Fung  and 
Sechler  (ref.  7).  It  has  further  been  shown  (ref.  8)  that  for  simply  supported 
spherical  caps  under  uniform  pressure,  Pg  is  negative  for  certain  shell  geo- 
metries. Similar  difficulties  are  encountered  in  the  application  of  so-called 
energy  buckling  criteria  to  the  spherical  cap  problem  (see  ref.  7).  In  the  fol- 
lowing, the  term  " buckling  load”  is  to  be  understood  in  the  classical  sense. 

The  results  of  the  earlier  studies  of  Eqs.  (6)  and  (7)  which  were  obtained 
by  Ritz-type  approximations,  perturbation  techniques,  and  power  series  methods 
are  generally  in  disagreement  with  each  oilier  (see  refs.  1 and  2 for  a more  com- 
plete discussion  and  additional  references).  The  power  series  approach  proved 
promising;  however,  convergence  difficulties  for  larger  values  of  pz  made  it  im- 
possible to  obtain  solutions  for  values  of  y up  to  the  critical  load  yc  = p Pc- 

The  results  of  the  more  recent  investigations  are  based  on  iterative 
numerical  solution  of  the  above  differential  equations.  A number  of  entirely 
different  techniques  have  been  used  successfully  to  overcome  the  difficulties  in 
the  numerical  solution,  which  are  related  to  the  increasing  waviness  of  the  nor- 
mal deflection  w with  increasing  shell  parameter  p2.  A modified  power  series 
approach,  expanding  the  solutions  of  Eqs.  (6)  in  both  powers  of  and  powers  of 
l-o  was  employed  by  Weinitschke  (ref.  2).  In  the  work  of  Budiansky  (ref.  1), 
the  problem  was  formulated  in  terms  of  two  nonlinear  integral  equations  which 
were  solved  by  means  of  matrix  approximations.  A different  integral  equation 
formulation  was  employed  by  Thurston  (ref.  3),  and  a finite  difference  solution 
of  Eqs.  (6)  and  (7)  was  given  by  Archer  (ref.  4).  The  stability  curves  based  on 
the  results  of  refs.  1 and  4 are  in  almost  perfect  agreement  with  each  other  (see 
curve  S in  Figure  1).  However,  except  for  the  range  p 6 5.5,  the  experimental 
values  shown  in  Figure  1 are  in  serious  disagreement  with  the  axisymmetric 
buckling  theory. 

It  is  interesting  to  note  that  the  range  p i 5. 5 corresponds  to  the  sim- 
ple deflection  mode:  w(o)  has  its  maximum  at  the  apex  ( 9 - 0)  and  is  monotoni- 
cally  decreasing  towards  the  edge.  For  larger  shell  rises,  p ?5.5,  the  shell 
deforms  according  to  axisymmetric  theory  into  a deflection  pattern  of  a higher 
degree  of  waviness  before  it  snaps  through  at  large  values  of  P.  However,  in 
view  of  the  results  discussed  below,  the  more  wavy  axisymmetric  states  become 
unstable  in  the  asymmetric  buckling  theory. 
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THE  BIFURCATION  PROBLEM 


The  results  discussed  in  the  previous  section  lead  to  the  conclusion  that 
the  low  experimental  values  of  Pc  cannot  be  explained  on  the  basis  of  axisym- 
metric  deformations.  The  strong  increase  of  the  ratio  |N0/N  I for  increasing 
P and  for  p s5. 5 observed  in  ref.  2 ind  icates  the  possibility  5f  wrinkling  in  the 
circumferential  direction  of  the  cap.  Furthermore,  there  is  strong  experimen- 
tal evidence  (see  ref.  1)  for  asymmetrical  buckling.  Recently,  buckling  loads 
have  been  calculated  by  Gjelsvik  and  Bodner  (ref.  6)  using  a Rayleigh-Ritz  pro- 
cedure, where  w(r,  0)  is  assumed  to  be  nonsymmetrical  involving  one  free  para- 
meter. The  resulting  numerical  values  of  Pc  are  larger  than  the  values  of  axi  - 
symmetric  theory  (curve  S in  Figure  1);  therefore,  it  is  not  evident  from  their 
work  whether  asymmetric  deflection  theory  is  able  to  explain  the  low  experimen- 
tal values. 

A new  approach  to  the  buckling  problem  will  no  w be  outlined  which  takes 
into  account  asymmetrical  deflection  modes  of  the  type  W(r)cosn0.  It  is  assumed 
that  axisymmetric  deformation  takes  place  until  a critical  value  P*  is  reached  at 
which  point  bifurcation  of  solutions  of  the  basic  equations  (6)  occurs.  The  branch 
of  axisymmetric  solutions  becomes  unstable  for  pressure  parameters  P £P*,  and 
the  shell  deforms  in  an  unsymmetrical  mode.  In  other  words,  the  smallest  load 
for  which  bifurcation  occurs  is  considered  as  the  limit  of  stability,  in  accordance 
with  general  principles  of  elastic  stability  theory.  However,  the  possibility  must 
be  admitted  that  the  loss  of  stability  represented  by  points  of  bifurcation  on  the 
axisymmetric  load  deflection  curve  P = P(V)  may  be  rather  localized.  Further 
investigation  of  the  branches  of  asymmetrical  states  of  equilibrium  is  necessary 
in  order  to  determine  the  complete  behavior*  of  the  shell. 

In  order  to  obtain  the  stability  curve  on  the  basis  of  this  approach,  small 
asymmetrical  deflections  w(r,  0)  must  be  superimposed  on  finite  axisymmetrical 
deflections.  Since  the  latter  are  known,  the  equations  for  w(r,  0)  and  for  the 
stresses  are  linear.  Two  ways  of  formulating  the  present  approach  analytically 
are  described  below  which  are  at  the  same  time  suitable  for  obtaining  numeri- 
cal results. 


VARIATIONAL  METHOD 


The  potential  energy  of  a shallow  shell  subject  to  uniform  pressure  can 
be  written  as  follows 

EiCeik' *1  * i**1  -‘/2>  '1JfOexx+5yy>J‘J<1‘*,<e*xtyv'£xy  ^dxd)’ 

i rr  22  *}  * * * (8) 

+ 2DJJ[(V  w - 2(1  - y)(w,  ^w,  - w.y|  dxdy  + JJpw  dxdy 


where  the  quantities  eiM  denote  the  midsurface  strains  of  the  shell.  Eqs.  (1) 
and  (4)  are  now  equivalent  to  the  variational  problem:  minimize  E,  with  respect 
to  all  (smooth)  functions  u.  v,  w satisfying  u * v r w = w’  =0  along  the  edge 
r = b.  The  above  integrals  are  to  be  taken  over  the  projection  of  die  shell  mid- 
surface on  the  x.  y-plane.  Using  the  stress  strain  relations  as  constraints,  one 
can  transform  this  variational  problem  into  an  equivalent  one  where  u and  v 
are  eliminated.  This  leads  to  a new  functional  E2  [w,  F],  where  E2  is  to  be  min- 
imized with  respect  to  all  functions  w satisfying  w = w’  ; 0.  Here  the  function 
F is  given  in  terms  of  w by  the  first  of  Eqs.  (1)  subject  to  the  boundary  condi- 
tions (4). 

The  details  of  this  transformation  and  of  the  subsequent  solution  of  the 
stability  problem  are  toolengthy  to  be  reproduced  here  and  will  be  given  in  a fu- 
ture paper.  Briefly,  the  procedure  is  as  follows.  Let  F,,(r),  WQ(r)  refer  to  a 
given  axisymmetric  solution  and  define  I,  W by  F = F0  + I,  w : WQ  + w.  In  order 
to  show  that  the  solutions  F0.  WQ  become  unstable  for  values  of  the  pressure  ex- 
ceeding a certain  limit,  one  has  to  calculate  the  second  variation  5 E2[w>  FJ  of 
the  functional  E,  and  show  that  it  can  be  made  negative  for  suitably  chosen  func- 
tions w(r,  9).  The  application  of  this  method  is  thus  reduced  to  numerical  evalu- 
ation of  certain  double  integrals  and_to  solving  a linear  biharmonic  equation  to 
find  the  f corresponding  to  a given  w. 


DIFFERENTIAL  EQUATIONS  METHOD 


Assume  the  dimensionless  stress  g and  displacement  h in  the  form 

g 3 go(f)  + eg^f.ejH-  0(e2),  h = ho<?)  + ehtf.Q)  + OCe2)  (9) 

where  g , ho  denote  the  axisymmetric  solution,  e is  a small  parameter  and 
O(e^)  stands  for  terms  of  order  e^.  Substituting  (9)  into  (5),  noting  that  g0,  h0 
satisfy  Eqs.  (6),  and  collecting  terms  of  order  €,  one  obtains  the  desired  equa- 
tions for  small  asymmetric  deflections.  These  deflections,  represented  by  gj, 
hj^  are 

V4g>  + M2?2*1!  + KCh  -hj]  = 0 

(10) 

- liVgx  - K^.hJ  -K[ho.gl]  = 0 

A similar  process  leads  to  appropriate  boundary  conditions  for  the  functions  gj, 
hi.  These  conditions  together  with  Eqs.  (10)  constitute  the  basic  8th  order  ei- 
genvalue problem  to  be  solved.  Although  Eqs.  (10)  are  linear  in  gi>  h^  the 
problem  is  nonlinear  insofar  as  the  eigenvalue  y enters  via  the  functions  go,  ho, 
which  depend  on  y through  the  nonlinear  equations  (6). 

In  view  of  the  periodicity  in  9,  we  set  g^  r G(f)cosn9,  h^  • H(^)cosn9. 
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This  leads  to  the  following  equations  for  G and  H 


LLG  + m2LH  + M[ho,  H]  r 0 

LLH  - p2LG  - M[gQ,  H]  - M[hQ.  G]  = 0 

where 

L r (...)"  + 9 (..•)’  - nf2(...) 

?M[X.  Y]  « X’  (Y’  - n2^_1Y)  + X'  Y'  ’ ; X « X(y),  Y . Y(f) 

The  boundary  conditions  for  G,  H can  be  written  in  the  form 

H = H*  = G'  ’ - v(G*  - n2G)  * 0 

G"’  + G"  - (l  + 2n2  + vn2)G'  + (3  + j^n^  « 0 
In  addition,  G,  H,  G' , H'  must  be  regular  at  ^ : 0, 


(11) 


(12) 


As  mentioned  above,  the  solution  of  the  axisymmetric  problem  has  been 
obtained  in  ref.  2 in  terms  of  power  series  in  9 and  1 - o ; therefore,  it  is  in- 
dicated to  calculate  the  solutions  G , H also  in  this  form,  that  is, 

C(?)  = Gk  f*.  H(?)  = ,X|Ht  (13) 

and  similar  expansions  with  respect  to  1 - 9 . Substitution  of  (13)  into  (11)  leads 
to  die  fourth  degree  indicial  equation  for  the  roots  A and  to  recurrence  relations 
for  the  coefficients  Gj.,  Hi.  from  which  four  regular  linear  independent  solutions 
can  be  constructed.  Satisfaction  of  the  boundary  conditions  (12)  by  an  appropri- 
ate linear  combination  of  these  solutions  leads  to  the  condition  of  vanishing  of  a 
certain  determinant  I(p,  n;P) , where  P = ym**>  which  determines  a smallest  ei- 
genvalue P*(n)  for  each  n.  For  a fixed  parameter  p,  the  asymmetric  buckling 
load  parameter  Pc  is  therefore  determined  by  the  smallest  of  the  P*(n),  that  is, 
PC(M)  = l^n  P*(n). 


RESULTS  AND  DISCUSSION 


In  the  application  of  the  procedure  outlined  in  the  preceding  section  it  is 
important  to  obtain  sufficiently  accurate  solutions  of  Eqs.  (11)  because  of  the 
loss  of  some  accuracy  in  the  evaluation  of  the  determinant  I(p,  n,  P).  The  roots 
of  I = 0 were  found  by  plotting  I versus  P keeping  p and  n fixed.  The  use  of  a 
digital  computer  (IBM-7090)  was  essential  in  calculating  I for  sufficiently  large 
ranges  of  the  three  parameters  p,  n,  and  P. 

The  results  of  these  calculations  are  shown  in  Fig.  1.  The  critical  loads 
corresponding  to  a fixed  circumferential  wave  number  n are  plotted  versus  p, 
from  which  the  scalloped  asymmetric  stability  curve  Pc(p)  (labeled  A in  Fig.  1) 
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is  obtained  as  the  lower  envelope.  It  is  seen  that  axisymmetric  snap -buckling 
prevails  only  over  the  narrow  range  3.4  £p  5 4.  For  p>4,  there  is  bifurcation 
buckling  caused  by  asymmetric  deflection  modes  showing  an  increasing  number 
of  circumferential  waves  with  increasing  p.  Although  no  attempt  has  been  made 
to  extend  the  stability  curve  beyond  p = 10,  it  is  significant  that  the  calculated 
buckling  loads  are  in  reasonably  good  agreement  with  the  observed  data,  thus 
essentially  closing  the  large  gap  between  theory  and  experiment  that  has  hither- 
to existed. 

In  conclusion,  it  must  be  admitted  that  although  a bifurcation  phenomenon 
seems  to  determine  the  onset  of  buckling,  the  process  of  buckling  at  large  may 
well  appear  as  a snap -through  phenomenon,  that  is,  the  asymmetric  modes  may 
become  unstable  with  increasing  deformation  so  that  the  final  (post-buckled) 
state  is  again  axisymmetrical.  A theoretical  confirmation  would  involve  finite 
asymmetric  post-buckling  deflections  and  would  be  of  great  value  for  a more 
detailed  understanding  of  the  buckling  process. 
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Figure  1.-  Theoretical  buckling  pressures  for  clamped  shallow  spherical 

shells  and  experimental  data. 


ON  THE  INFLUENCE  OF  NON-SYMMETRICAL  MODES  ON  THE 
BUCKLING  OF  SHALLOW  SPHERICAL  SHELLS 
UNDER  UNIFORM  PRESSURE 

By  R.  R.  Parmerter  and  Y.  C.  Fung 
CALIFORNIA  INSTITUTE  OF  TECHNOLOGY 

SUMMARY 

In  view  of  the  wide  discrepancy  between  theoretical  and  experi- 
mental results  that  still  exists,  the  problem  of  buckling  of  shallow 
spherical  shells  under  uniform  external  pressure  is  reexamined 
with  the  introduction  of  non- symmetrical  deflection  modes.  The 
basic  idea  is  that,  for  a symmetrical  shell  under  gradually  increas- 
ing symmetrical  loading,  the  deformation  will  be  symmetrical  up 
to  and  after  buckling,  but  it  is  feasible  that  a non- symmetrical  mode 
participates  in  the  snap-through  process.  Including  this  possibility 
in  the  governing  equations  may  lower  the  theoretical  buckling  load. 
Some  analytical  results  are  presented  and  compared  with  experiment. 


SYMBOLS 

X2  s \/l2(l-|i2)  = geometrical  shell  parameter 

b = radius  of  shallow  spherical  segment 

a = radius  of  sphere 

t = shell  thickness 

p.  s Poisson's  ratio 

p = pressure 


q 


p(f>2 


non-dimensional  pressure 


s = inplane  radial  displacement  (symmetrical) 
z = inplane  radial  displacement  (non- symmetrical) 
y = inplane  tangential  displacement 

w(r,0)  = u(r)  + v(r)  cosnG  « assumed  displacement  perpendicular 

to  shell 


u(r) 


u(r)  = non-dimensional  displacement 


E = Young1  s Modulus 


INTRODUCTION 

The  problem  of  oil -canning  or  snap -through  buckling  of  shal- 
low spherical  shells  is  one  of  considerable  practical  and  theoretical 
interest*  The  initial  investigation  (Ref.  5)  was  undertaken  to  see  if 
the  classical  continuous  deformation  concept  of  buckling  would  work 
if  the  non-linear , rather  than  linear  equations  were  used,  or 
whether  it  is  necessary  to  follow  Tsien1  s suggestion  (Ref.  2)  and 
introduce  an  artificial  n energy  criterion* 1 for  jumping,  or  distin- 
guish and  evaluate  the  11  upper"  and  "lower* * buckling  loads  as  advo- 
cated by  Friedrichs  (Ref.  3)  with  the  concomitant  necessity  of 
assessing  any  real  shell  buckling  load  to  be  somewhere  in  between. 
Several  theoretical  investigations  followed  (Refs.  7-15),  but  the 
theoretical  program  has  not  yet  been  satisfactorily  completed.  Con- 
siderable differences  between  theoretical  predictions  and  experi- 
mental measurements  (Refs.  4,  5,  16,  17)  still  exist  and  remain 
unexplained. 

Taking  a cue  from  the  similar,  but  much  simpler,  problem 
of  shallow  arches  (Ref.  6),  we  propose  to  investigate  the  influence 
of  non- symmetrical  modes  and  non- symmetrical  initial  imperfec- 
tions on  the  snap-through  buckling  of  shallow  spherical  shells.  The 
idea  is  that  for  a symmetrical  shell  under  a symmetrical  loading, 
the  deflection  will  be  symmetrical  before  buckling,  and  symmetrical 
after  buckling;  but  during  the  buckling  process,  or  in  initiating  the 
buckling  process,  a non- symmetrical  mode  may  participate.  In  the 
case  of  arches,  the  participation  of  non -symmetrical  modes  lowers 
the  critical  buckling  load  considerably  when  the  arch-rise  parameter 
X.  is  sufficiently  large.  We  would  like  to  see  if  the  same  is  true  for 
spherical  shells.  Furthermore,  in  arches,  any  small  initial  imper- 
fection of  the  non- symmetrical  type  has  large  effect  toward  lowering 
the  critical  buckling  load;  the  same  might  be  true  for  spherical 
shells  • 

Grigolyuk  (Ref.  18)  has  presented  some  formulas  for  the  non- 
syrometrical  deformation  of  spherical  shells,  but  no  results  with 
respect  to  buckling  were  given.  Recently,  Gjelsvik  and  Bodner 
(Ref.  19)  investigated  the  same  problem  by  a single  term  approxima- 
tion. Although  interesting  features  are  demonstrated,  the  solutions 
are  numerically  unreliable.  The  work  to  be  presented  herein  was 
initiated  in  I960,  and  is  not  yet  completely  finished.  However,  in 
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demonstrating  (see  Fig.  1)  that  for  relatively  small  values  of  X good 
agreement  is  obtained  with  Weinitschke  and  Budiansky1  s theoretical 
results  (Ref*  13)  and  with  the  experimental  deformation  pattern  of 
Kaplan  and  Fung  (Ref.  5),  some  confidence  is  gained  as  to  the  cor- 
rectness of  the  approach;  for  this  reason  it  is  thought  worthwhile 
to  present  this  progress  report.  Only  initially  perfect  spherical 
sheds  will  be  discussed  herein. 


THE  MATHEMATICAL  PROBLEM 

We  consider  a shallow  portion  of  a spherical  shell,  clamped 
along  a circular  boundary,  (Fig.  2),  and  subjected  to  uniform 
pressure  on  its  top.  We  assume  that  the  shell  is  so  shallow  that 
von  Kir  min’  s large  deflection  equations  for  slightly  curved  plates 
are  applicable.  These  equations  are  given  in  Ref*  18  for  cylindri- 
cal coordinates.  We  assume  that  the  shell  is  initially  a perfect 
spherical  cap,  and  that  the  deflection  is  symmetrical  except  during 
buckling.  In  other  words,  as  the  symmetrical  load  deflection  path 
is  traced,  we  look  for  bifurcation  points  involving  non -symmetrical 
states.  If  such  a point  can  be  found,  it  represents  a possible  way 
of  initiating  a non- symmetrical  transition  mode  which  can  carry 
the  shell  into  the  buckled  state.  The  existence  of  these  points  can 
be  discovered  by  considering  small  non-symmetrical  disturbances 
about  the  symmetrical,  large  deflection  solution.  In  other  words, 
the  equations  can  be  linearized  with  respect  to  the  non-symmetrical 
terms. 

We  assume  that  the  deflection  can  be  represented  by  a function 
of  the  form 


w(r,0)  = u(r)  + v(r)  cosn6  (1) 

where  v(r)  « u(r).  When  this  assumption  is  inserted  into  von  K£r- 
mfa's  equations  we  find  that  the  stress  function  F(r,0)  should  be 
represented  in  the  form 

F(r,0)  =G(r)+  H(r)  cosnO  - (2) 


Neglecting  second  order  terms  in  v(r)  and  H(r),  von  K£rm£n's  equa- 
tions reduce  to: 


DV4 u = p + — (G  u+Gu  )+I(G  + — G ) 
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and  u,  G,  H,  v are  functions  of  r only. 


(3c) 


(3d) 


Equations  3a,  3b  are  the  usual  non-linear  symmetric  equations, 
while  3c,  3d  are  the  equations  of  a linearized  non- symmetrical  per- 
turbation on  the  symmetrical  solution.  If  the  boundary  conditions 
are  symmetrical,  equations  3c,  3d  have  the  solution  v = H = 0 , i.e.  , 
the  solution  is  symmetrical.  However,  for  certain  values  of  the 
load  intensity  q,  with  its  corresponding  functions  u(r),  G(r),  Eqs. 

3c,  3d  may  admit  non-trivial  solutions.  We  seek  the  condition  on 
u(r),  G(r)  for  eigensolutions  to  exist.  The  non- symmetrical  buck- 
ling pressure  p can  then  be  determined  from  eq.  3a. 

By  treating  the  problem  in  this  manner  we  have  uncoupled  the 
symmetrical  equations  from  the  non- symmetrical  terms.  Thus  the 
symmetrical  problem  can  be  solved  independently.  We  begin  by 
solving  3a  and  3b.  The  existing  satisfactory  solutions  to  these 
equations  are  all  numerical,  and  have  been  used  only  to  predict 
the  buckling  pressure.  For  our  purpose  we  need  expressions  for 
u(r)  and  G(r)  which  can  be  used  in  the  solution  of  3c  and  3d.  We 
use  Galerkin's  method  to  obtain  these  functions. 


Previous  attempts  to  solve  3a, b by  Galerkin's  method  have 
not  proven  too  successful.  We  have  attempted  to  pick  a two  term 
expression  for  u(r)  which  is  capable  of  reproducing  the  experimental 
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mode  shapes  reported  by  Kaplan  and  Fung*  For  values  of  X < 8 a 
satisfactory  representation  can  be  given  by 

u = Uj  (1  + cos  ^ r)  + u2  (1  - cos  r)  (4) 

The  assumed  form  of  u satisfies  the  clamped  boundary  conditions 
•gH.  = u = 0 at  r = b,  and  the  symmetry  condition  -g—  = 0 at  r = 0. 

Using  Eq.  4 we  can  solve  Eq*  3b  for  G.  Three  constants  of 
integration  arise  which  are  determined  by  the  conditions  of  finite 
stress  at  r s 0 and  zero  radial  displacement  in  the  plane  of  the  edge 
of  the  cap,  at  r * b.  We  now  substitute  G and  u into  Eq*  3a,  which 
will  not  in  general  be  exactly  satisfied,  but  can  be  satisfied  approx- 
imately in  the  Galerkin  sense.  This  leads  to  two  algebraic  equations 
which  determine  u^  and  u^  as  a function  of  q*  The  resultant  equations 
are 

7.  Ill  Uj3  + 8.  191  u12a2+  35.79  Uj  u22  + 10.47 
-7.  217  X2  uj  a2  - 4. 659  X2  Uj2  - 9.  349  X2  u22 
+ (.6984  X4  + 36.38)  Uj  + (1.005  X4  + 32.40)  u 2 
- 1. 189  X4q  = 0 

5.488  Uj3  - 13.09  Uj2  u2  + 17.  11  ^ u22  - 50.63  u23 
+ 3.903  X2  u,  u2  - 2.513  X2  Uj2  + 5.006  X2  u22 
+ (.  1010  X4  + 17.11)  Uj  - (.03610  X4  +235.87)  u£  = 0 
for  p = l/3. 

Beginning  at  = u-  ® 0,  equation  5b  defines  a continuous 
sequence  of  pairs  u, , which  describe  a series  of  neighboring 
equilibrium  positions  for  the  shell,  which  begins  at  the  unloaded 
state.  Equation  5a  is  used  to  calculate  the  value  of  q corresponding 
to  a given  pair.  Tracing  the  uj,U2  curve  from  uj  = u^  « q = 0 we 
find  q increases,  reaches  a maximum,  and  then  decreases.  This 
maximum  value  of  q obviously  defines  the  symmetrical  buckling 
pressure,  as  there  is  no  neighboring  equilibrium  position  corres- 
ponding to  q = q + dq.  Following  the  shell  beyond  q we 
max  max 


(5a) 


(5b) 
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find  a minimum  value  of  q and  then  the  pressure  again  increases. 

This  is  the  post  buckling  regime.  The  ui,u2,q  curves  for  X = 5.5 
and  X = 6 are  shown  in  Figs.  3 and  4.  The  X = 5.5  curve  is  typical 
of  the  curves  for  X <5. 5,  while  the  X = 6 curve  is  typical  of  the 
curves  for  X >6.  The  rapid  transition  between  X = 5.5  and  X = 6 
is  very  striking,  and  in  agreement  with  the  sudden  change  of  mode 
shape  observed  by  Kaplan  and  Fung  in  this  region. 

The  ui  ,u2  curves  can  be  used  in  conjunction  with  Eq.  4 to 
plot  the  mode  shapes  as  a function  of  q.  This  has  been  done  for 
X = 5.5  in  Figure  5.  The  curves  are  in  good  agreement  with  the 
experimental  measurements  of  Kaplan  and  Fung.  The  symmetrical 
buckling  pressures  (Fig.  1)  agree  very  well  with  Budiansky  for 
X <5.  5,  but  diverge  from  his  values  for  X >6.  This  is  probably  due 
to  the  increased  importance  of  the  third  mode,  (1  + cos  r ).  for 
larger  X. 

NON  - S Y MME  TRIC  AL  SOLUTION 

The  solution  of  the  non- symmetrical  equations  is  carried  out 
in  a similar  manner.  The  function  v(r)  is  assumed  in  the  form 

v(r)  = Vjr  (r-b)^  (6) 

This  function  satisfies  the  clamped  condition  dv/dr  = v = 0 at  r = b. 
Substituting  this  along  with  u(r)  and  G(r)  from  the  symmetrical  solu- 
tion, in  the  right  hand  side  of  (3d)  we  can  solve  for  H(r).  The  four 
constants  of  integration  in  H(r)  are  evaluated  from  the  conditions  of 
finite  stress  at  r = 0 and  zero  inplane  displacement,  z = y = 0,  at 
r = b.  H(r),  G(r),  u(r),  v(r)  are  now  substituted  into  Eq.  3c  and  the 
equation  is  satisfied  in  the  mean  according  to  Galerkin' s method. 
Since  the  equations  are  homogeneous,  vj  is  a factor  in  every  term 
of  the  resultant  equation,  so  we  obtain  an  equation  of  the  form 

Vj  [ f(uj,  u2)  ] s 0 (7) 

where  f(uj,u2)  is  a quadratic  in  uj,u2,  whose  coefficients  depend  on 
n.  The  desired  condition  for  the  existence  of  eigensolutions  is  the 
vanishing  of  the  bracket. 

The  coefficients  of  f(ui;u2>  have  been  found  for  n = 1,  and  the 
resultant  solution  curve  plotted  in  the  uj,u2  plane  for  various  X. 
Intersections  of  this  curve  with  the  uj,u2  curve  defined  by  the  sym- 
metrical solution  represent  bifurcation  points  in  the  symmetrical 
solution  involving  a branch  with  a non- symmetrical  component  ap- 
proximated by  v(r)  cose.  We  find  that  no  intersections  occur  between 
q s 0 and  the  symmetrical  buckling  pressure  for  X < 5.5  (Fig.  3). 
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However,  intersections  do  occur  for  6 < X ^ 8 (Fig.  4)  at  a pressure 
of  about  90%  of  our  symmetrical  buckling  pressure*  No  conclusions 
can  be  drawn  for  X > 8 because  of  limitations  on  the  validity  of  the 
solutions  for  large  X. 

Buckling  pressure  vs.  X according  to  our  equations,  and  ac- 
cording to  Budiansky,  are  shown  in  Fig.  1.  Although  our  non- 
symmetrical,  n = 1,  buckling  pressures  fall  below  our  symmetrical 
pressures,  they  are  somewhat  above  the  symmetrical  buckling 
pressures  of  Budiansky.  Improvements  in  both  our  non- symmetri- 
cal and  symmetrical  solutions  will  be  required  before  any  positive 
statements  about  the  magnitude  of  the  non- symmetrical  buckling 
pressure  can  be  made.  However,  the  argument  that  non -symmetri- 
cal modes  may  participate  in  buckling  at  higher  values  of  X has  been 
considerably  strengthened  by  this  work. 

Our  present  efforts  to  improve  our  solutions  are  concentrated 
in  three  areas:  a)  Finding  f(ul,U2)  for  n > 1,  b)  finding  non- sym- 
metrical solutions  for  improved  functions  v(r),  c)  extending  the 
validity  of  our  symmetrical  solution  to  larger  values  of  X. 

CONCLUSIONS 

A two  term  Gal er kin  solution  to  the  symmetrical,  non-linear 
shallow  spherical  shell  equations  has  been  found  which  compares 
very  well  with  experimental  load  deflection  results  and  the  buckling 
loads  of  Budiansky,  for  small  values  of  X.  The  results  break  down 
for  larger  X because  of  the  increased  importance  of  higher  modes 
in  the  deflection  pattern.  The  effect  on  the  buckling  load  of  allowing 
non- symmetrical  deflections  has  been  investigated  and  found  to  be 
important  at  values  of  X > 5. 5.  Work  along  these  lines  is  being 
continued,  with  more  positive  results  expected  in  the  near  future. 
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SOLUTIONS  TO  EQ.  5b  ANO  EQ.7  FOR  X = 5.5 


SYMMETRIC  EQUILIBRIUM 

VS  q (EQS.  5Q,5b) 


NON-DIMENSIONAL  SECOND  MODE  COEFFICIENT  u2 


Figure  3 


SOLUTIONS  TO  EQ.  5b  AND  EQ.7  FOR  X = 6.0 

SYMMETRIC  EQUILIBRIUM 


Figure  L 


DEFLECTION  VS.  PRESSURE  FOR  X • 5.5 


NON-DIMENSIONAL 

DEFLECTION 

u O EXPERIMENT  q ■ 0.64 

O EXPERIMENT  q ■ 0.54 
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SOME  RECENT  RESULTS  ON  THE  BUCKLING  MECHANISM 
OF  SPHERICAL  CAPS* 

By  Herbert  B.  Keller  and  Edward  L.  Reiss 
New  York  University 

1.  INTRODUCTION 


The  curve  of  pressure  versus  deformation  for  a spherical 
cap  subjected  to  external  pressure  Is  frequently  assumed  to 
be  similar  to  that  of  Fig.  1.  Here  P Is  a loading  parameter 
and  D(P)  is  a measure  of  the  deformation  (e.g.  maximum  dis- 
placement). This  curve  implies  that  for  P > P^  and  for 

P ■<  P^  there  is  only  one  equilibrium  state.  For  each  P In 

P^  < P < Py  there  are  three  equilibrium  states  and  the  cap 

must  buckle  at  some  P in  this  interval.  We  call  P^  and  P^, 

respectively,  the  upper  and  lower  buckling  loads.  Points  on 
the  branch  OU  correspond  to  unbuckled  equilibrium  states, 
those  on  the  branch  LN  to  buckled  states  and  those  on  UL  to 
unstable  states. 

The  buckled  and  unbuckled  equilibrium  states  are  not 
"adjacent".  Therefore  when  buckling  occurs  at  some  value 
of  P the  shell  snaps  from  an  unbuckled  state  to  a buckled 
one.  Of  course,  the  buckling  process  is  dynamic  and  a com- 
plete understanding  of  it  requires  a corresponding  analysis. 
However,  we  believe  that  a static  analysis  can  yield  a 
description  of  the  mechanism  which  initiates  or  "triggers" 
the  dynamic  process  and  can  also  yield  the  theoretical  value, 
say  P = PA,  at  which  this  occurs. 

Several  ways  of  defining  PA  are  based  on  the  curve  of 

Figure  1.  First  von  Karman  and  Tsien  [1],  who  proposed  this 
figure,  assumed  that  P should  be  the  buckling  load.  Later 

Li 

Kaplan  and  Fung  [2]  applied  the  classical  buckling  criterion 
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to  conclude  that  P^  might  be  the  appropriate  value.  All 
attempted  calculations  of  Py  and  P^  do  not  in  general  show 
agreement  with  the  experimentally  determined  buckling  loads. 


Two  other  proposals  for  defining  PA  introduce  additional 

considerations.  One  assumes  that  "initial  imperfections"  are 
always  present  in  the  shell  specimen  and  that  they  serve  to 
change  the  corresponding  value  of  P^,  say  to  P^.  Then 

applying  the  classical  criterion  to  such  a shell  yields 
different  values  for  P^.  However,  some  rough  calculations 

[3,4]  with  special  forms  of  initial  imperfection  in  the  unde- 
formed shape  do  not  account  for  the  discrepancy  between  P^ 

and  Pg.  Of  course  imperfection  theory  requires  a more  com- 
plete investigation.  «. 

The  second  proposal  [3]  assumes  the  existence  of  an 
intermediate  load1.,  P^,  in  the  Interval  P^  < P^  < P^  such  that 

for  all  P in  P^  ^ P < P^  the  unbuckled  states  have  less 

potential  energy  than  the  corresponding  buckled  states  and 
conversely  for  P in  P^  < P < P^.  It  is  further  assumed  that 

a shell  will  not  snap  to  a state  of  higher  energy  and  thus 
PM  is  a lower  bound  on  P A.  However,  this  theory  does  not  at 

present  define  a precise  value  for  PA-  Calculations  for 

clamped  caps  [6]  show  that  Pg  is  close  to  P^  for  a specific 

range  of  caps  and  then  they  deviate  sharply. 

Recent  analytical  and  theoretical  results  of  the  authors 
indicate  that  the  curve  of  Figure  1 is  usually  not  correct 
for  clamped  and  other  spherical  shells.  In  fact  a much  more 
complicated  behavior  is  found,  allowing  more  than  three 
equilibrium  states  for  various  loads.  Consequently  the 
previously  described  buckling  criteria  cannot  be  valid  in 
general.  In  the  remainder  of  this  paper  we  shall  present 
modifications  of  these  criteria  and  some  of  our  results  which 
suggest  them. 
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2.  BUCKLING  MECHANISMS 


In  analogy  with  the  usual  precise  mathematical  defini- 
tion of  stability  we  may  say  that  an  equilibrium  state  of  a 
shell  Is  stable  at  a given  load  if  It  depends  continuously 
on  the  load.  Thus  if  D(P)  is  an  appropriate  measure  of  the 
deformation  at  load  P then  no  buckling  is  possible  if  D(P) 
is  a continuous  function  of  P.  We  therefore  define 
"stability- loss"  pressures  as  those  values  of  P at  which  D(P) 
becomes  discontinuous. 

In  all  buckling  problems  known  to  us  the  discontinuities 
occur  by  virtue  of  D(P)  becoming  multivalued.  Thus  the 
stability-loss  pressures  are  those  values  of  P at  which  the 
equilibrium  problem  loses  uniqueness.  In  analogy  with  our 
previous  discussion  we  define  P^»  the  lower  buckling  load, 

as  the  least  such  pressure  (i.e.  there  are  unique  solutions 
for  all  P < P^  but  nonunique  ones  for  P = P^).  Similarly  Py 

Is  defined  as  the  greatest  stability- loss  pressure  (i.e. 
unique  solutions  exist  for  all  P > Pjj  but  not  for  P = P^. 

Both  Pr  and  PTT  need  not  exist  in  all  problems  (In  fact  we 

L U 

know  of  no  case  in  which  both  have  been  proven  to  exist). 

The  sense  of  the  inequalities  Is  arbitrary  in  the  above 
definitions.  We  could  let  Q = -P  in  the  formulation  and  then 
0^  = -PL  and  Qj^  = -Py.  Indeed  this  should  be  the  case  — for 

if  the  load  on  an  elastically  buckled  shell  is  relaxed  it 
will  eventually  unbuckle.  We  do  not  distinguish  this  un- 
buckling phenomenon  from  what  is  usually  called  buckling. 

In  fact  we  shall  later  propose  some  experiments,  based  on 
this  observation,  to  measure  various  critical  pressures. 

(Such  unbuckling  experiments  may  eliminate  some  of  the 
effects  of  initial  imperfections. ) 

In  addition  to  Py  and  PL  we  define  as  critical  pressures 

all  values  of  P at  which  the  multiplicity  of  solutions  of  the 
equilibrium  problem  changes.  The  critical  pressures  thus 
defined  need  not  include  the  load  P^.  That  is,  the  appearance 

of  several  equilibrium  states  at  a given  P does  not  insure 
that  the  shell  will  snap  from  one  such  state  to  another. 
However  by  extending  Friedrichs'  idea  [5]  we  may  define  an 
order  or  preference  of  the  equilibrium  states  for  a fixed  P 
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as  follows.  Let  S^(P),S2(P), • • . ,Sn(P)  denote  the  equilibrium 
states  (note  that  n depends  upon  P)  and  let  E^fP)  denote  the 
potential  energy  of  the  state  S^P).  Then  we  order  these 
states  according  to  the  magnitude  of  E.  Thus  ( P ) is  "pre- 
ferred" to  Sk(P)  or  has  lower  ord«r  if  E^P)  < Ek(P).  We  now 

define  the  "intermediate"  critical  pressures  as  those  P for 
which  E±(P)  = Ek(P)  for  some  i / k.  The  load  (or  loads)  PA 

may  be  "close"  to  one  of  the  intermediate  critical  pressures. 

We  assume  that  it  is  always  possible  for  a shell  to  snap 
from  any  state  to  a preferred  state.  If  the  shell  is  in  Sk(P) 

and  Jumps  to  S^P)  which  is  preferred,  we  must  still  invoke 

some  mechanism  to  initiate  the  Jump.  "Small"  disturbances 
which  are  always  present  could  trigger  the  snapping  provided 
that  Sk ( P ) and  S^(P)  are  reasonably  close  states,  say  nearly 

similar  deformations,  stresses,  etc.  However,  if  there  is 
some  intermediate  state  Sj(P)  preferred  to  Sk(P)  (i.e. 

Ei  < Ej  < Ek)  and  sufficiently  close  to  Sk( P ) then  a small 

disturbance  would  enable  the  shell  to  Jump  or  rather  start  to 
Jump  from  Sk(P)  to  Sj(P).  Once  this  snapping  is  initiated 

the  problem  becomes  dynamic  and  it  is  possible  to  end  in  the 
non-neighboring  lower  state  S^P).  Thus,  roughly  speaking, 

we  may  say  that  the  intermediate  states  such  as  Sj ( P ) furnish 

some  internal  degrees  of  freedom  to  enable  small  disturbances 
to  initiate  a large  snap  through.  Of  course  this  mechanism 
allows  asymmetric  equilibrium  states  to  play  a role  even 
though  the  buckling  may  be  between  symmetric  states.  Thus  if 
these  intermediate  states  actually  exist  the  cap  has 
essentially  a "built-in"  triggering  mechanism. 

The  load  at  which  buckling  occurs  in  the  above  theory 
depends  upon  the  "initial"  state  Sk( P ) and  the  "final"  state 

S1(P).  Thus  if  and  Sk  are  "close"  no  intermediate  state 

may  be  required.  However,  if  these  states  are  no  longer  close 
then  snap  through  becomes  more  difficult.  Furthermore  with 
changing  geometric  parameter  intermediate  states  may  appear 
or  disappear  between  and  Sk  either  enhancing  or  retarding 

the  ability  to  buckle. 
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To  apply  the  above  considerations  we  must  investigate 
the  existence  of  non-unique  equilibrium  states  and  the 
energies  of  these  states.  We  will  indicate  below  several 
results  which  have  been  obtained  for  a variety  of  spherical 
cap  problems.  Only  axi symmetric  deformations  are  considered 
in  these  studies.  - ~ ’ 


3.  BIFURCATION  BUCKLING 


The  radially  symmetric  equilibrium  equations  for  a 
shallow  spherical  cap  have  been  formulated  in  terms  of  a(x), 
a slope  of  the  deformed  midsurface,  and  7(x),  a stress 
function  [6].  These  equations  are 

( 1 ) La  = p ( a7  + Px  ) , L7  = p ( x - a ) , 

where  P Is  the  dimensionless  loading  parameter,  p Is  a 

geometric  parameter  and  L*  = x ^ (^r  ^ x*  ) . Assuming 

regularity  and  symmetry  at  the  center  of  the  cap,  x = 0, 
implies  the  boundary  conditions: 


(2) 


o(0)  = 0 


7(0)  = 0 


At  the  edge  of  the  cap,  x = 1,  we  now  consider  two  types  of 
boundary  conditions  which  are  such  that  the  uniformly  com- 
pressed spherical  cap  (i.e.  a(x)  = x,  7(x)  = -Px)  is  a 
solution  of  the  equilibrium  problem: 


(3) 


A)  a( 1 ) = 1 


B)  a( 1 ) = 1 


7(1)  = -p  ; 

7*  (1) - V7( 1)  = -( 1-v )P 


These  edge  conditions  are  physically  reasonable,  the  first 
in  each  case  implying  no  rotation  and  the  second  implying  no 
transverse  shear  force  and  that  the  meridional  membrane  . 
stress  in  case  A or  the  meridional  displacement  in  case  B is 
proportional  to  the  external  pressure. 

The  precise  knowledge  of  the  unbuckled  state  permits  us, 
in  these  cases,  to  rigorously  establish  certain  properties  of 
the  non- unique  solutions.  (The  mathematical  proofs  and  a 
detailed  discussion  of  these  results  will  be  presented  else- 
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where.  ) We  prove,  using  the  bifurcation  theory  of  Poincare', 
[7]  that  for  each  p and  all  P in  a sufficiently  small 
neighborhood  of  each  eigenvalue  of  an  appropriate  linearized 
problem  there  exists  a solution  of  the  full  nonlinear  problem. 
Furthermore  the  curve  of  D(P)  versus  P for  each  p can  be 
shown  to  have  the  form  of  the  solid  portion  of  the  curve  in 
Figure  2.  Some  of  the  dotted  portions  of  this  figure  are 
determined  by  numerical  calculations.  Assuming  the  potential 
energy  expression  to  have  a minimum  we  can  establish  the 
existence  of  an  Intermediate  buckling  load  PM  (see  Fig.  2) 

at  which  the  unbuckled  and  "first"  buckled  states  have  equal 
energy.  Upper  and  lower  bounds  on  P„  have  been  determined 

00* 


< P(p)  . 


Here  £(p)  is  the  lowest  of  the  eigenvalues  P^ 


+ % of 


the  linearized  problem  and  is  the  k-th  zero  of  the  Bessel 
function  J^(x).  By  using  a minimization  procedure  rigorous 


upper  bounds  have  been  obtained  which  are  considerably  lower 
than  £ and  which  for  a limited  range  of  p,  serve  to  closely 
bracket  Pj^.  In  addition  we  have  extended  our  previously 

employed  finite  difference  method  [6]  to  the  bifurcation 
problems  and  have  determined  accurate  numerical  approxima- 
tions of  PM  and  PL<  These  numerical  results  will  be  reported 

in  detail  elsewhere.  We  have,  as  yet,  been  unsuccessful  in 
establishing  the  existence  of  any  intermediate  buckling  loads 
at  which  the  potential  energies  of  two  buckled  solutions  are 
equal.  It  seems  likely  that  some  of  the  bifurcation  analysis 
can  be  extended  with  suitable  modification  to  the  unsymmetric 
bifurcation  buckling  of  spherical  caps. 


4.  RELAXATION  BUCKLING 


Shallow  spherical  shells  clamped  and  fixed  along  the 
edge  have  been  studied  in  a number  of  recent  papers.  The 
nonlinear  boundary  value  problem  is  the  same  as  in  case  b of 
the  previous  section  if  we  set  P = 0 in  the  y boundary 
condition  (3B). 
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We  have  extended  the  previous  finite  difference  calcula- 
tions [6]  to  obtain  results  for  larger  values  of  p.  The  new 
results  obtained  in  this  way  agree  in  many  respects  with 
those  of  [3,8,9].  However  they  cover  a larger  range  and  we 
do  not  interpret  them  in  the  same  manner. 

Another  set  of  calculations  based  on  initial  value 
problems,  which  are  the  most  extensive  yet  known  to  us,  clari- 
fies many  of  the  previous  results.  This  method  has  also  been 
used  by  Murray  and  Wright  [10]  in  more  limited  calculations. 
Although  these  two  calculations  were  initiated  Independently 
we  have  benefited  from  private  communications  with  Murray 
and  Wright  before  embarking  on  extensive  numerical  work. 

The  details  of  the  techniques  employed  will  be  published 
elsewhere  and  we  shall  summarize  here  only  some  preliminary 
results  relating  to  multiplicity  of  solutions  and  energy 
loads. 

In  Figure  3 we  show  curves,  in  the  P - /p"  plane,  which 
separate  regions  of  different  numbers  of  solutions.  For 
example  consider  the  line  p = p^.  As  P increases  along  this 

line  it  represents  a particular  clamped  cap  subjected  to 
increasing  uniform  external  load.  From  P = 0 to  A^  there  we 

find  a unique,  "unbuckled”,  solution.  At  the  load  cor7’®_ 
sponding  to  point  A^  more  equilibrium  states  are  possible, 

hence  P.  is  apparently  the  lower  buckling  load.  Between  A^ 

A1 

and  B1  only  three  equilibrium  states  were  found  and  only  one 
was  found  above  B^  (up  to  pressures  of  3.6).  If  there  are 
only  unique  solutions  above  B^  then  Pg^  is  an  upper  buckling 

load  and  the  cap  must  snap  between  PA  and  PB^.  Two  of  the 

solutions  in  this  interval  were  found  to  have  equal  energy 
at  point  a , . These  solutions  correspond  to  the  unbuckled 

solution  and  what  we  term  the  "buckled"  solution.  The 
deformation  of  the  buckled  state  is  similar  in  shape  to  that 
of  the  unbuckled  state  but  has  a considerably  larger  ampli- 
tude. The  third  solution  found  here  always  has  more  energy 
than  the  buckled  and  unbuckled  solutions  (we  call  it  an 
"unstable"  state).  Thus  only  one  intermediate  critical 
pressure  can  be  defined  for  this  value  of  p.  This  entire 
situation  was  observed  in  the  approximate  interval  2.0  </p  5. 
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It  was  also  observed  that  In  this  interval  the  experimentally 
determined  buckling  loads  were  quite  close  to  the  equal 
energy  load.  All  of  these  results  have  also  been  obtained 
previously,  by  the  finite  difference  calculations  [6]. 

The  situation  changes  at  about  p = 25.  Consider  the  cap 
P = P2  > 25  of  Figure  3.  Again  we  find  a lower  buckling  load 

at  P.  , three  solutions  above  and  an  intermediate  critical 
a2 

pressure  at  P . However  the  "buckled"  and  "unbuckled"  states 
a2 

are  much  less  similar  than  they  were  previously.  Furthermore 
as  P increases  above  Pp  a new  pair  of  solutions  is  found, 

2 

for  a total  of  five  equilibrium  states.  One  of  these  new 
solutions  has  energy  between  the  "buckled"  and  "unbuckled" 
states  at  load  P.  and  a deformation  closer  to  the  unbuckled 

2 

state.  This  state  could  function  as  the  "trigger  state" 
discussed  in  section  2.  However  the  loads  at  which  these 
solutions  have  been  found  are  considerably  above  P,,.  [Our 

calculations  can  only  Indicate  existence  and  hence,  of 
course,  do  not  preclude  the  existence  of  other  equilibrium 
states  at  lower  pressures.  In  fact  asymmetric  states  have 
not  been  Included  in  our  study  but  even  other  symmetric 
states  could  be  present.  See  also  the  remarks  in  the  next 
section. ] 

Having  found  the  above  solutions  a closer  study  of  the 
results  of  finite  difference  calculations  revealed  that  they 
had  actually  "jumped"  to  one  of  the  intermediate  solutions 
at  some  P > PB  . For  still  higher  pressures  around  P_  the 
2 C2 
solution  Jumped  to  the  final  buckled  state. 

The  calculations  are  being  continued  and  as  many  as 
nine  non-unique  solutions  have  recently  been  determined. 


5-  CONCLUDING  REMARKS 


To  facilitate  a comparison  between  theoretically  and 
experimentally  determined  buckling  loads  extensive  numerical 
results  are  required  for  a variety  of  other  boundary  condi- 
tions . The  experiments  of  Kaplan  and  Fung  and  others  were 
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conducted  for  nominally  clamped  edges.  However  this  condition 
cannot  be  precisely  realized  In  practice.  The  crucial  depend- 
ence of  the  solutions  on  the  boundary  conditions  Is  illustra- 
ted by  the  bifurcation  buckling  problem  discussed  in  section  5* 


The  results  described  in  the  preceding  sections  Indicate 
the  need  for  a series  of  carefully  controlled  experiments  on 
accurately  fabricated  specimens  subject  to  a variety  of 
boundary  conditions.  If  it  is  feasible,  an  experimental 
study  of  bifurcation  buckling  would  be  of  great  interest. 

It  Is  particularly  Important  to  design  experiments  which  will 
explore  the  mechanisms  of  buckling.  For  example,  many  of  the 
effects  of  Initial  imperfections  in  the  specimen  could  be 
eliminated  by  conducting  an  unbuckling  test.  In  such  a test 
the  specimen  is  allowed  to  buckle  elastically  and  the  pressure 
Is  increased  slightly  above  the  buckling  load.  Then  the 
pressure  is  lowered  until  the  shell  snaps  back  to  an  un- 
buckled equilibrium  position.  A comparison  of  the  experi- 
mentally determined  snap  — back  load  with  the  appropriate 
critical  pressures  may  give  an  Indication  of  the  buckling 


mechani sm. 
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Figure  1.-  Load  deformation  curve  proposed  “by  v.  Karman  and  Tsien. 


Figure  2.-  Load  deformation  curve  for  bifurcation  buckling  (sketch) 
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COMPARISON  OF  EXPERIMENTAL  AND 
THEORETICAL  BUCKLING  PRESSURES  FOR 
SPHERICAL  CAPS 
By  Gaylen  A.  Thurston 
General  Electric  Company 

SUMMARY 


Theoretical  buckling  pressures  for  shallow  spherical  caps  are 
compared  with  results  of  various  experimental  investigations.  Classical 
theory  for  shells  with  an  initial  imperfection  gives  good  agreement 
with  experimental  pressures.  The  results  cast  serious  doubt  on  the 
validity  of  the  equal  potential  energy  buckling  criterion  for  "dead- 
weight" loading. 


INTRODUCTION 

The  problem  of  the  buckling  of  a clamped  shallow  spherical  cap 
subject  to  external  pressure  shows  a large  discrepancy  between  the 
pressures  predicted  by  finite-deflection  theory  (refs.  1-4)  and 
experimental  results  (refs.  5-8 ) • Among  other  theoretical  approaches 
to  this  problem  axe  applying  the  energy  criterion  of  buckling 
(refs.  8 and  9),  computing  the  effect  of  initial  axisymmetric 
imperfections  in  the  shell  shape,  and  extending  the  analysis  to 
include  non-axisymmetric  imperfections  and  buckling  modes.  The  first 
two  alternatives  are  considered  here. 

The  numerical  results  were  obtained  from  a digital  computer 
program*  which  solves  Reissner's  finite-deflection  equations 
(ref.  10,  Eqs.  I and  H)  for  any  shell  of  revolution  with  continuous 
second  derivatives  of  the  parametric  equations  of  the  shell  middle 
surface.  The  nonlinear  ordinary  differential  equations  of  the 
finite-deflection  theory  are  solved  by  an  extension  of  Newton's 
method  for  calculating  roots  of  algebraic  equations.  Bellman, 
Juncosa,  and  Kalaba  (ref.  ll)  credit  the  method  to  Chaplygin 
(ref.  12)  and  give  an  extensive  bibliography. 


*Mr.  H.  Rowan  programmed  the  numerical  solution. 
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The  strain  energy  in  the  shell  and  the  potential  energy  of  the 
shell  and  load  system  at  each  equilibrium  state  are  computed  by  numerical 
integration  over  the  shell  surface  using  the  stress  resultants  and 
deflections  from  the  solution  of  the  finite-deflection  equations. 

SYMBOLS 

a radius  of  curvature  of  spherical  cap 

E Young ' s Modulus 

h shell  thickness 

L rise  of  shell  center  above  plane  through  the  edge 

P buckling  pressure  parameter,  <l/<lcr 

Pu,  Py,  Pm,  Pi?  Pk  values  of  P from  classical  theory  for  a perfect 
u shell,  energy  criterion  for  "constant- 

volume"  buckling,  equal  potential  energy 
criterion,  classical  theory  for  an  imperfect 
shell  and  the  lever  buckling  pressure 
from  classical  theory,  respectively 

q external  pressure 

<lcr  classical  buckling  pressure  of  complete  spherical  shell, 

23i8/a8  (3(l-lia))l/8 

rQ,  zq  radial  and  axial  coordinates  of  point  on  shell  mid-surface 
A.  geometrical  parameter,  2 (3  (l-^8  ) (L/h)l^a 

p.  Poisson's  ratio  , 

0n  angle  from  shell  centerline  to  normal  of  the  undeflected 

shell 

3 value  of  0 at  shell  edge 

o o 
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NUMERICAL  RESULTS 

The  numerical  results  are  summarized  by  the  stability  curves 
shown  in  Figs.  1 and  2.  These  curves  show  how  the  buckling  pressures 
from  the  different  theories  vary  with  the  geometrical  shell  parameter 
X . The  computations  were  based  on  the  spherical  cap  with  nominal 
dimensions  of  Specimen  No.  10  of  Kaplan  and  Fung  (ref.  5)>  ^ 

was  varied  by  changing  the  thickness  h while  holding  the  rest  of  the 
dimensions  constant. 

Fig.  1 shows  the  experimental  buckling  pressures  for  air  pressure 
loading  and  oil  loading  reported  by  Kaplan  and  Fung.  The  post-buckled 
pressures  for  oil-loading  are  also  shown.  According  to  the  energy 
criterion  as  defined  by  Tsien  (ref.  8),  there  is  a large  difference 
between  "constant-volume"  buckling  (approximated  experimentally  by 
the  oil  loading)  and  "dead-weight"  loading  (approximated  by  the  air 
pressure  loading. 

In  order  “to  compute  the  buckling  loads  for  the  energy  theory , 
it  is  necessary  to  solve  the  finite-deflection  equations  for  the  three 
separate  equilibrium  states  which  can  exist  at  each  pressure  above 
the  lower  buckling  pressure.  There  is  the  pre-buckled  equilibrium 
state,  the  post-buckled  equilibrium  state  where  the  shell  is  nearly 
inverted  from  its  original  shape  except  near  the  clamped  edges,  and 
there  is  an  intermediate  unstable  equilibrium  position. 


Results  from  Energy  Theory 

The  "constant-volume"  buckling  pressure  is  defined  as  the  pressure 
at  which  the  strain  energy  of  the  pre-buckled  shell  becomes  as  large 
as  the  strain  energy  of  the  unstable  state  at  the  same  volume  displaced 
by  the  pressure.  It  is  assumed  that  the  volume  does  not  change  during 
the  Jump  between  the  two  equilibrium  states.  On  the  other  hand, 
the  assumption  of  "dead-weight"  loading  is  that  the  pressure  is  held 
constant  during  buckling.  The  buckling  pressure  is  the  pressure 
at  which  the  potential  energy  of  the  shell  and  load  system  for  the  pre- 
buckled  state  is  equal  to  the  potential  energy  of  the  post-buckled 
state . 

It  can  be  seen  from  Fig.  1 that  the  "dead-weight"  buckling  curve 
Pm  falls  considerably  below  the  experimental  data  for  air  pressure 

loading.  Also,  the  experimental  buckling  pressures  show  no  marked 
difference  between  the  two  types  of  loading.  Although  it  must  be 
admitted  that  it  is  impossible  to  duplicate  the  two  idealized  loading 
conditions  experimentally,  it  also  seems  clear  that  the  results  of 
Kaplan  and  Pang  contradict  those  of  the  energy  criterion  for  dead-weight 

loading . 
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The  buckling  curve  P for  "constant-volume"  buckling  is  un- 
conservative  for  most  of  ?he  experimental  results  in  Figs.  1 and  2. 
However,  this  criterion  cannot  be  excluded  because  of  the  possibility 
that  unsymmetrical  equilibrium  states  exist  with  lower  levels  of  strain 
energy  than  those  computed  for  the  axisymmetric  case. 

Results  for  an  Imperfect  Shell 

The  stability  curve  from  the  classical  theory  for  an  imperfect 
shell  shape  is  in  relatively  good  agreement  with  the  experimental 
buckling  pressures.  In  this  case,  the  pressure  vs.  volume  curve 
from  the  solution  of  the  finite-deflection  equations  has  a horizontal 
tangent  at  the  buckling  pressure.  The  computer  solution  solves  the 
nonlinear  finite-deflection  equations  as  a sequence  of  nonhamogeneous 
linear  "variational"  equations  (see  ref.  3) • The  numerical  solution 
transforms  these  into  a sequence  of  linear  algebraic  equations. 

At  the  buckling  pressure,  the  determinant  of  these  algebraic  equations 
vanishes.  In  practice,  this  buckling  pressure  must  be  determined 
by  extrapolating  the  curve  of  the  determinant  vs.  pressure  to  zero, 
since  the  numerical  solution  fails  to  converge  at  this  point. 

The  parametric  equations  for  the  middle  surface  of  the  imperfect 
shell  were  taken  as 

r ■ a sin  0 

o^o  „ 

ZQ  « a(l-cos0o)  + (.0458L)e"10(V^o)tf 

L = a (l-cos£  ) 

with  dimensions 

a = 19.7  in. , L = Al  in.,  a sin  * 4.0  in.,  and  h * 6.5639LA2 

This  choice  of  shell  shape  puts  an  inward  dimple  at  the  apex  of 
the  shell.  The  amplitude  of  the  imperfection  of  .0458L  is  in  the 
range  of  values  measured  on  their  specimens  by  Kaplan  and  Fung. 

The  maximum  derivative  of  the  imperfection  with  respect  to  arc 
length  is  roughly  .012  which  is  also  in  the  measured  range. 

Budiansky  (ref.  l)  used  a smoother  imperfection  shape  with  a 
smaller  derivative  and  found  a much  smaller  effect  on  the  calculated 
buckling  pressures. 
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The  good  correlation  between  the  stability  curve  for  the 
imperfect  shell  and  the  experimental  buckling  pressures  of  Kaplan  and 
Fung  is  encouraging  in  view  of  the  fact  that  the  imperfect  shape  is 
consistent  with  the  measured  imperfections.  The  numerical  calculations 
also  agree  with  the  pressure-deflection  curves  of  ref.  5 much  better 
for  the  imperfect  shell  than  for  the  perfect  one. 

For  higher  values  of  \ , the  apparent  correlation  in  Figs.  1 and  2 
between  the  stability  curves  for  the  imperfect  shell  and  the  experimental 
data  is  somewhat  misleading  for  two  reasons.  First,  the  imperfection 
amplitude  becomes  on  the  order  of  magnitude  of  the  shell  thickness  for 
\ > 10  and  there  is  no  assurance  that  the  experimental  specimens 

have  such  large  imperfections.  Second,  many  of  these  shells  buckled 
in  asymmetric  mode  shapes  contrary  to  the  assumption  used  in  the 
computations  reported  here. 

Homewood,  Brine,  and  Johnson  (ref.  6)  report  buckling  modes  with 
an  asymmetric  dimple  near  the  clamped  edge.  A check  of  their  measured 
stresses  before  buckling  for  Specimen  No.  9 reveals  compressive 
circumferential  stresses  near  the  edge  which  are  much  higher  than  the 
calculated  stresses  for  a perfect  cap.  This  indicates  that  any 
analysis  for  asymmetric  buckling  modes  should  also  include  the  effect 
of  initial  imperfections. 


CONCLUDING  REMARKS 

Considering  the  effect  of  initial  axisymmetric  imperfections 
has  done  much  to  explain  the  discrepancy  between  theory  and  experiment 
for  the  buckling  pressures  for  shallow  spherical  caps.  Whether 
extending  the  analysis  to  allow  asymmetric  buckling  modes  and/or 
asymmetric  imperfections  will  further  clarify  this  problem  remains 
to  be  seen. 

The  results  from  the  energy  criterion  of  buckling  do  not  appear 
to  agree  with  experiment.  More  experiments  would  be  desirable  to 
test  the  assumption  of  this  theory  that  there  is  a difference  in 
the  buckling  load  depending  on  whether  the  load  or  the  deflections 
are  held  constant  during  the  buckling  process. 
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LOWER  BOUNDS  FOR  THE  BUCKLING  PRESSURE 
OF  SPHERICAL  SHELLS* 

By  Nicholas  J.  Hoff  and  Tsai-Chen  Soong 
Stanford  University 

SUMMARY 


An  approximate  large-deflection  theory  is  developed  for  the  calcula- 
tion of  the  hydrostatic  pressure  under  which  a thin-walled  spherical 
shell  buckles.  The  theory  is  based  on  the  assumptions  that  the  buckle 
has  the  shape  of  a spherical  cap  and  that  a yield  hinge  develops  along 
the  circumference  of  the  cap.  The  effect  of  the  test  arrangement  on  the 
buckling  pressure  is  taken  into  account.  In  spite  of  the  rough  approxi- 
mate nature  of  the  analysis  reasonable  numerical  values  sore  obtained  for 
the  buckling  pressure. 


INTRODUCTION 


In  a review  of  the  state  of  knowledge  regarding  the  buckling  of 
thin  elastic  shells,  Fung  and  Sechler^  noted  that  "a  complete 
spherical  shell  buckles  in  the  form  of  a small  inward  dimple  of  small 
solid  angle  at  some  point  on  the  surface  of  the  shell;  a fact  entirely 
at  variance  with  the  linear  theory  of  buckling".  The  non-linear  theories 
developed  to  explain  the  discrepancies  have  all  dealt  with  shallow 
spherical  caps  rather  than  with  complete  spheres  and  almost  all  the  ex- 
perimental effort  related  to  spherical  shells  was  made  with  spherical 
caps  supported  along  their  edge.  The  only  known  test  with  a complete 
spherical  shell  was  carried  out  by  Sechler  and  Bollay  and  was  reported 
by  Tsien.2  In  this  test  a brass  shell  buckled  under  approximately  one- 
quarter  the  critical  value  of  the  external  pressure  of  the  linear  theory. 
More  recently,  Thompson^  published  the  results  of  two  experiments  carried 
out  with  polyvinyl  chloride  shells  of  a radius  to  thickness  ratio  of 
approximately  20.  Buckling  occurred  after  about  three-quarters  of  the 
classical  value  of  the  buckling  pressure  was  reached.  The  paper  also 
contains  a large-deflection  strain  energy  analysis  which  yielded  satis- 
factory agreement  with  the  results  of  the  experiments. 

The  work  here  described  was  carried  out  under  NASA  Grant  NsG-93— 60 . 

K j| 

Superscript  numbers  indicate  entries  under  References  at  the  end  of 
the  paper- 
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In  a recent  paper^  the  senior  author  developed  a rough  approximate 
theory  of  the  buckling  of  axially  compressed  thin-walled  circular  cylin- 
drical shells  on  the  basis  of  the  assumption  that  plastic  hinges  form 
along  the  ridges  when  the  shell  snaps  into  the  large-deflected  shape. 
Since  reasonable  agreement  was  found  between  available  experimental  data 
and  the  results  of  the  approximate  theory,  it  appears  worth  while  to 
apply  the  same  method  of  analysis  to  the  spherical  shell.  Hie  absence 
of  noticeable  permanent  deformations  after  the  pressure  is  released  does 
not  prove  that  yielding  had  not  taken  place  in  the  material.  If  a suf- 
ficient amount  of  elastic  energy  is  stored  in  the  buckled  shell,  the 
shell  can  snap  back  into  a shape  that  appears  to  be  the  same  as  the 
initial  one.  Nevertheless  some  damage  is  always  done  because  the  buck- 
ling experiment  cannot  be  repeated  many  times  with  the  same  specimen. 

Since  the  details  of  the  loading  machine  were  found  to  influence 
significantly  the  buckling  load  in  the  case  of  the  cylindrical  shell, 
the  loading  apparatus  to  be  used  with  the  spherical  shells  is  carefully 
defined  in  the  present  paper.  Hie  numerical  values  obtained  for  a 
special  case  and  plotted  in  two  figures  appear  to  be  reasonable.  Never- 
theless no  claim  is  made  for  the  accuracy  of  the  theory  because  it  is 
based  on  rather  far-fetched  assumptions.  It  obviously  cannot  yield  more 
than  approximate  lower  bounds  on  the  buckling  pressure  because  it  con- 
sists of  equating  energy  quantities  before  and  after  buckling.  Hie 
relative  success  of  the  present  approach  may,  however,  indicate  that  the 
yield  stress  is  one  of  the  physical  factors  to  be  taken  into  account  in 
more  rigorous  analyses  of  the  large-deflection  buckling  process.  It 
was  included  in  the  empirical  formula  proposed  by  Donnell^  twenty-eight 
years  ago. 


SYMBOLS 


C correction  factor  for  influence  coefficient  (see  Eq.  23) 

d radial  components  of  displacement 

h wall  thickness  of  specimen 

H wall  thickness  of  container 

E Young' s modulus 

k influence  coefficient  (see  Eqs.  21  and  22) 

K Baker-Cline  multiplier  (see  Eq.  23) 
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moment  resultant 
edge  moment  resultant 
pressure 

radial  component  of  force  resultant 

non-dimensional  quantity  defined  in  Eq*  25 

radius  of  specimen 

radius  of  container 

volume  inside  specimen 

volume  between  spheres 

work 

non-dimensional  quantity  defined  in  Eq*  2k 

semi -vertex  angle  of  bulge 

multiplier  defined  in  Eq.  62 

ratio  of  specific  heats  of  air  (=  l.*0 

lack  of  fit  defined  in  Eq.  20 

curvature 

Poisson*  s ratio 

stress 

rotation 

In  addition,  the  following  subscripts  are  used: 

atmospheric 

adiabatic 

inside  specimen  after  loading;  also  refers  to  cap 
inside  specimen  after  buckling 
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cr  critical  (refers  to  classical  theory) 

edge  refers  to  edge  of  buckle 

el-b  elastic  bending 

f final 

i initial  after  loading  (before  buckling) 

o initial  before  loading 

out  refers  to  work  done  by  outside  atmosphere 

pi  plastic 

r remainder 

y yield 


BUCKLING  ANALYSIS 


Assumptions  Regarding  the  Buckling  Process 

It  is  assumed  that  the  thin-walled  spherical  test  specimen  is  en- 
closed in  a larger  spherical  container  as  shown  in  Fig.  1.  The  space 
between  the  two  spheres  is  filled  with  water  and  at  the  beginning  of 
the  test  the  air  outside  the  container,  the  water  between  the  spheres 
and  the  air  inside  the  test  specimen  are  at  the  same  atmospheric  pres- 
sure pa  . In  the  first  phase  of  the  test  the  pressure  of  the  water  is 
increased  to  pa  + p^  through  the  use  of  a pump  provided  with  a no- 
return valve.  The  increase  in  the  pressure  expands  the  large  sphere 
and  compresses  the  small  sphere;  the  effective  pressure  on  the  test 
specimen  is  therefore  pi  - pc  if  the  notation  of  Fig.  2 is  employed. 
As  the  pressure  in  the  water  should  be  increased  very  slowly,  it  can 
be  assumed  that  the  compression  inside  the  test  specimen  takes  place 
isothermally.  Thus  the  pressure  inside  the  specimen  before  and  after 
the  compression  is  related  to  the  volume  inside  the  specimen  before 
and  after  the  compression  through  the  equation 

paVo  = (pa  + Pc)vi 
if  the  notation  of  Fig.  2b  is  used. 
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Under  the  conditions  just  described;  the  specimen  is  assumed  to  be 
in  a neutral  equilibrium.  It  suddenly  Jumps  over  into  a buckled  shape 
characterized  by  a dimple  of  a semivertex  angle  a (see  Fig.  l).  The 
dimple  is  again  spherical  and  it  has  the  same  radius  as  the  original 
spherical  specimen  would  have  if  it  were  subjected  to  the  prevailing 
pressure  difference.  The  deformations  during  the  buckling  process  con- 
sist therefore  of  a uniform  expansion  corresponding  to  the  change  in  the 
pressure  difference  and  an  inextensional  reversal  of  the  curvature  of 
the  buckled  portion  of  the  median  surface  of  the  spherical  specimen. 

After  buckling  the  water  pressure  is  pa  + pf  (see  Fig.  2c),  the 
pressure  inside  the  specimen  is  pa  + pcc  ; and  the  effective  pressure 
on  the  spherical  specimen  is  p~  - p • Hie  volume  between  the  two 
spheres  does  not  change  during  buckling  as  the  water  Is  incompressible. 
The  change  in  the  pressure  inside  the  specimen  is  governed  by  the 
adiabatic  law 


pa  * pcc  (l i 
Pa  + Pc  "\vf 

where  for  air  the  value  of  y is 

y = 1.4 


(2) 


(2a) 


Strain  Energy  in  Unbuckled  State 

If  the  letters  R and  r denote  the  median  surface  radii  of  the 
outer  and  Inner  shells;  and  the  letters  H and  h the  uniform  wall 
thicknesses  of  the  outer  and  inner  shells,  the  uniform  normal  stresses 
in  the  shell  walls  are 

o * PjR/SH  in  the  outer  shell 

a = (pj.  - pc)r/2h  in  the  inner  shell  (3) 

The  elastic  strain  energy  stored  in  the  outer  shell  is 
U = (a2/2E)kmZE  = (27m2H/E)(pjLIV'2Hf  = (tt/2)p^rVeH 


The  total  energy  stored  initially  in  the  two  shells  is  therefore 


2 k 

tt  _ I £i  R_ 

i ‘ 2 E H 


+ 2 


ir  (Pj  - PC)2 

E h 


(4) 


E 
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Elastic  Membrane  Strain  Energy  after  Rickling 


After  buckling  the  final  pressure  pa  + pf  prevails  between  the 
two  shells.  Even  though  part  of  the  inner  shell  is  now  concave,  the 
absolute  magnitude  of  the  membrane  stress  is  the  same  throughout  the 
inner  shell  as  the  magnitude  of  the  curvature  i6  the  Bame  everywhere. 
The  total  membrane  strain  energy  stored  in  the  system  is 


U, 


pf  (p_  - p 4 

T7~  * f R 7 T v*f  *cc 7 r 

2 E H 2 E h 


(5) 


L 


Elastic  Energy  of  Bending  of  Cap 

After  buckling  the  portion  of  the  shell,  called  the  cap,  that  Jump- 
ed over  into  a position  of  opposite  curvature  , i6  under  the  action  of 
bending  moments.  The  magnitude  of  the  elastic  strain  energy  stored 
because  of  bending  can  be  evaluated  approximately  if  the  energy  necessary 
to  bend  a flat  circular  plate  of  a radius  r sin  a into  a spherical  cap 
of  radius  r is  calculated  and  multiplied  by  . The  curvature  k 

caused  by  uniform  bending  moment  resultants  N distributed  along  the 
entire  circular  edge  of  the  plate  and  acting  perpendicularly  to  the  edge 
is 

k - [12(1  - v)/lh3]H  (6) 

Since  the  curvature  sought  is  l/r  , Eq..  6 can  be  solved  for  N and 
k = l/r  cam  be  substituted  in  the  result  obtained: 


N = 


Eh3/r 
12(1  - V) 


(7) 


Since  the  edge  of  the  plate  must  rotate  through  the  angle  2a  , and 
since  the  work  done  by  the  edge  moment  resultant  2N  is  (i/2)2N2a  per 
unit  length  of  the  circumference,  the  total  work  W done  is 

W =2[12(1  - v)]"1  (Eh3/r )a  27T  r sin  a 

As  the  work  done  is  equal  to  the  energy  stored,  the  following  expression 
is  obtained  for  the  energy — — of-elastic  bending : 


U 


7TE 


el-b  " 3(l  - v) 


3 

h a sin  a 


(8) 


KAH  o UN 
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Plastic  Work  Performed 

In  agreement  with  the  assumptions  the  edge  of  the  buckled  cap  de- 
forms as  a yield  hinge*  When  a yield  hinge  forms  in  a ideally  rigid- 
plastic  material,  half  the  thickness  of  the  sheet  is  subjected  to  the 
tensile  yield  stress,  and  the  other  half  to  the  compressive  yield  stress 
as  Indicated  in  Fig.  3.  If  the  two  yield  stresses  are  equal  numerically, 
the  bending  moment  per  unit  length  is 

M = a (h/2)2  (9) 

pi  y 

This  moment  is  constant  during  the  deformations  because  no  plastic  de- 
formations can  take  place  in  a rigid-plastic  solid  until  the  bending 
moment  reaches  the  value  given  in  Eq.  7-  Hence  the  total  plastic  work 
done  amounts  to 

W „ = M . 23  2ir  r sin  a 

pi  pi 

where  20 £ is  the  total  angle  of  rotation  and  2irr  sin  Ct  is  the  length 
of  the  yield  hinge.  Substitution  yields 

W = T a h^r  a sin  a (10) 

pi  7 


Changes  in  Volume  of  the  Two  Shells 
The  volume  between  the  two  shells  in  their  natural  state  is 

VQ  = (W3)(R3  - r3)  (11) 

After  the  water  between  the  two  shells  is  brought  to  the  pressure 
pa  + } the  outer  shell  elands  and  the  inner  shell  is  compressed 

with  the  result  that  the  volume  increases.  Since  the  strains  in  the 
outer  and  inner  shells  are 

e . (l  - v)(c/E)  * [(1  - v)/2](piR/EH)  in  the  outer  shell 
e = -(1  - v)(a/E)  = -[(l  - v)/2](pi  - pc)(r/lh)  in  the  inner  shell  (12) 


the  volume  of  air  just  before  buckling  is 
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l-v  <Vrc)rf'l 

2 Eh  J / 


(13) 


Hie  volume  Vf  after  buckling  can  be  calculated  in  a similar  manner 
but  in  addition  the  volume  of  the  buckle  itself  must  also  be  taken  into 
account ■ 


Die  volume  of  the  cap  is 


Vc  = (l/3)irr3(cos3  a - 3 cos  a + 2) 


(HO 


Hence  the  volume  Vj>  after  buckling  is 


vf  - £ V 


1 + 


2 EH 


- r 


+ (2r/3)r°(cos^  a - 3 cob  a + *2) 


1 - 


l-v  (Pf"PCc)r| 


Eh 


Bie  volume  of  the  test  sphere  immediately  before  buckling  is 
hw  3 T l-v  [3 

V, 


and  after  buckling 


_3  r,  l-V  (pf-pcc^r”l 

= ~ r l1-- s J 

3 3 

- (2ir/3)r  (cos  a - 3 co6  a + 2) 


(15) 


(16) 


(17) 


Work  Done  by  the  Air 

Hie  air  outside  the  container  remains  at  the  atmospheric  pressure 
during  the  buckling  process.  Hence  the  work  done  by  the  outside  air  is 


W 


out 


kir  _3 

= rE  r, 


Hie  work  necessary  to  compress  adlabatically  the  air  inside  the  test 
specimen  is 
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P 
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Elastic  Strain  Energy  in  Edge  Zone 

It  is  easy  to  see  that  the  deformations  of  the  cap  and  the  remain- 
der in  the  state  of  membrane  stress  existing  after  the  buckle  was  formed 
are  not  compatible.  Hie  remainder  is  in  compression  and  the  cap  is  in 
tension.  The  relative  displacement  A between  cap  and  remainder  can  be 
easily  calculated  with  the  aid  of  Figs.  1 and  2: 

A = (1  - v)(r2/h)  sin  a[(pf  - pcr)/E]  (20) 

In  order  to  reestablish  continuity,  edge  forces  P (perpendicular  to 
the  axis  of  the  cap)  and  edge  moments  M must  develop.  These  can  be 
calculated  with  the  aid  of  formulas  derived  in  Reference  6.  The  dis- 
placement d perpendicular  to  the  axis  of  the  cap  and  the  rotation  X 
of  the  end  tangent  are  given  by 

d - kdM  " * 

x ■ W + V (21) 


w 


ad 


(V*e)vi 

y - 1 


-1  + 


(■ 


a 


+ pcA 

+ pc/ 


Ili-I 

y 


(19) 


with  the  sign  convention  shown  in  Fig.  For  the  cap,  the  influence 
coefficients  can  be  given  as 

kdM  * _kXP  = 2t3(1"v2)^  U/E)(rA2)  sin  a 

k^  = -2[3(l-v2)]1^  (l/E)(r/h)3^2  sin2  a Cu 

k^  = k[3(l-V2)]3A  (l/E)(rl/2/h5/2)C22  (22) 


where  the  factors  C axe  defined  as 


552 


C 


c 


c 


11 

22 

12 


(Kn//2)  li 

(K22/n/2) 


*12 


1 + 2R’ 


+ R*) 
1 + 2R 

+ R*) 
1 + 2R 


1/2 


1/2 


(23) 


The  coeficients  K were  derived  by  Baker  and  Cline?;  they  are  tabulated 
in  the  reference  quoted. 6 it  is  of  interest  to  note  that  they  vary 
little  with  a but  change  more  rapidly  vith  the  quantity 


where 


x — q Of 

q =*/2  [3(1  - V2)]1/4  (a/b)1/2 


W 

(25) 


Ab  the  ratio  h/a  approaches  zero,  the  values  of  Kjj.  , K22  , and.  Kl2 
approach  the  values  v2  , «/2  , and  1 , respectively.  Moreover 


R 


* 


(26) 


vith  the  classical  critical  stress 

°cr  = f3(l  ' v2^”1//2  E(h/a)  (27) 

The  influence  coefficients  for  the  remainder  are  given  by  the  same 
expressions  except  for  the  sign:  In  the  expression  for  k^p  the  right- 

hand  member  is  positive  and  in  the  expression  for  k^*  the  right-hand 
member  is  negative.  Equations  23  remain  unchanged  but  the  values  of  the 
Baker-Cline  coefficients  must  be  taken  from  the  table  established  for  the 
remainder,  and  not  for  the  cap.  The  value  of  R*  also  changes  sign;  it 
is  positive  for  the  cap  where  the  stress  is  tensile  and  negative  for  the 
remainder  where  the  stress  is  compressive. 

With  the  sign  convention  used 

P = P = P M = -M  = -M  (28) 

c r c r 

One  condition  of  compatible  deformations  is  that  the  lack  of  fit  A 
must  be  equal  in  magnitude  to  the  difference  in  the  radial  edge  dis- 
placement d of  the  remainder  and  the  cap: 
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A = d - d 
r c 


(29) 


Finally,  the  sign  convention  for 
that 

X 

c 


the  rotation  of  the  edge  tangent  is  such 

+ X - 0 (30) 

r 


Solution  of  these  equations  yields 


C12c  + C12r 


C08eC  a 2^C22c+C22rnCllc+Cllr',^C12c+C12r)^ 


P = 


[3(1- v2)]"1^  E(h/r)3/2cosec2  a 


C22c  + C22r 


2(C22c+C22r)(Cllc+Cllr)-(C12c+C12rr 


(31) 


Since  the  work  done  by  the  edge  moment  resultants  is  zero  as  the 
relative  rotation  between  the  edges  of  cap  and  remainder  is  zero,  work 
is  done  only  by  the  edge  force  resultants  P . This  work  is 

Wgl  = (l/2)2irr  sin  a P A 


This  work  is  equal  to  the  elastic  energy  stored  in  the  edge  zone.  Sub- 
stitutions yield 


U 


' T [3(l-vS)]1/l1*  E 


ikaX. 


(wr 


r7/2 


sin  a 


'22c 


+ C 


22r 


2(C22c+C22r 


(32) 


It  is  of  interest  to  note  that  the  value  of  the  last  fraction  approaches 
l/2  as  the  final  pressure  pf  - pcc  (and  thus  R*  ) decreases  and  as 
the  ratio  h/r  decreases  and  approaches  zero. 


Buckling  Condition 

Obviously  buckling  cannot  occur  unless  the  energy  stored  in  the 
system  before  buckling  plus  the  potential  of  the  external  loads  is  at 
least  as  large  as  the  energy  stored  in  the  system  after  buckling  plus 
the  work  done  in  an  irreversible  manner  and  transformed  into  heat.  Hence 
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a lower  limit  on  the  buckling  pressure  can  "be  obtained  by  solving  the 
energy  equation 


U,  + W ,-U.  + U..+U.  +W,+W. 

i out  f el*b  edge  pi  ad 


(33) 


In  addition  the  geometric  constraint 


V = V 
f i 


(34) 


must  be  satisfied  and  the  conditions  connecting  the  changes  in  volume  of 
the  air  contained  in  the  test  specimen  with  the  changes  in  pressure 
(Eqs.  1 and  2)  must  he  observed.  The  equations  contain  the  nine  un- 
knowns pi  , Pf  , pc  ) Pec  * vi  > vf  > vi  9 vf  and  a • For  their 
solution  there  are  available  four  equations  of  geometry  (Eqs-  13,  15,  l6, 
and  17);  two  equations  of  change  of  state  of  the  air  (Eqs.  1 and  2),  one 
equation  of  incompressibility  of  the  water  (Eq.  34)  and  one  energy  equa- 
tion (Eq.  33).  If  a value  of  a is  arbitrarily  selected,  the  eight 
equations  suffice  to  determine  all  the  remaining  unknowns-  One  can  plot 
then  pi  as  a function  of  a and  consider  the  minimal  value  of  pi  as 
the  lower  bound  on  the  buckling  pressure. 


Numerical  Values 

The  calculations  outlined  in  the  preceding  sections  were  programmed 
for  the  Burroughs  220  digital  computer  in  order  to  obtain  some  numerical 
results.  For  prescribed  values  of  a , the  semi  vertex  angle  of  the 
buckle,  the  gauge  pressure  Pi  in  the  container  was  calculated  and 
plotted.  Figure  5 contains  six  such  curves  corresponding  to  different 
ratios  of  the  radius  R of  the  container  to  the  radius  r of  the 
specimen.  The  six  values  are  1.1  , 1.2  , 1.3  , . 1.6  , 2.0  , and 

2.2  . The  other  parameters  of  the  problem  are  fixed  in  the  following 
manner : 

E = 15  x 10^  psi  c = 30,000  psi 

y 

h/H  =0.1  r/h  = 500  v = 0.3 

It  is  to  be  expected  that  buckling  will  occur  at  the  minimal  value 
of  the  gauge  pressure.  Hence  the  test  arrangement  corresponding  to 
R/r  = 1.2  yields  a buckling  pressure  which  is  about  26.5  percent 

of  the  classical  value.  This  is  in  good  agreement  with  the  test  results 
obtained  by  Sechler  and  Bollay  with  the  brass  shell  mentioned  in  the 
Introduction.  The  semivertex  angle  is  about  11  degrees  according  to 
Fig.  5- 


►4  rr\H  O On 


555 


As  the  volume  enclosed  between  test  specimen  and  container  is  in- 
creased, the  semivertex  angle  increases  slowly  and  the  pressure  ratio 
decreases  slowly.  For  R/r  * 2.2  the  values  obtained  are  a = 13  degrees 

and.  pi/pcr  = 0.l8  • 

The  effect  of  a change  in  the  material  of  the  specimen  (and  of  the 
container)  is  illustrated  in  Fig.  6.  When  R/r  = 1.2  , the  minimal 
values  of  the  gauge  pressure  at  buckling  amount  to  approximately  25,  26 
and  4l  percent  of  the  classical  values  of  the  critical  pressure  for 
carbon  steel,  brass  and  an  aluminum  alloy,  respectively.  Ihe  correspond- 
ing semi vertex  angles  are  about  11,  11,  and  12.5  degrees. 

To  illustrate  details  of  the  buckling  process,  the  following  data 
are  given: 

Characteristics  of  brass  test  specimen  and  container: 

R/r  =1.2  h/H  =0.1  r/h  = 500 

E = 15  x ic£  psi  o’  = 30,000  psi 

¥ 


Semi  vertex  angle  of  buckle 

Gauge  pressure  before  buckling 

Gauge  pressure  after  buckling 

Gauge  pressure  inside  specimen 
after  buckling 


a = 11  degrees 
Pi  = 19-30  psi 
Pf  * 7.39  psi 

pcc  =0.012  psi 


The  relative  importance  of  the  various  energy  quantities  can  be 
seen  from  the  following  data: 

(l/irr3)^  - Uf)  = 6.392  x 10~3  in.  lb  per  in.3 
(l/7Tr3)Uei.b  = 2.170  x 10-3  in.  lb  per  in. 

(l/irr3)Ued€e  =2.361  x 10-6  in.  ib  per  in.3 
(l/irr3)Wout  = 1.694  x 10-3  in.  lb  per  in.3 
(l/rrr3)Wpi  = 4.320  X 10“3  in.  lb  per  in.3 
(l/irr3)Wad  = 1.676  x IQ"3  in.  lb  per  in.3 


536 


Simplified  Solution 


If  use  is  made  of  the  observation  that  the  changes  in  volume  caused 
by  the  elastic  strains  are  small  compared  to  the  initial  volumes,  and 
that  the  semivertex  angle  (X  of  the  bulge  is  likely  to  be  small,  and 
if  in  addition  the  container  is  assumed  to  be  rigid 


H = • 

the  egressions  presented  simplify  considerably.  In  particular 

cos^  a - 3 cos  a + 2 * (3/4)  0^ 
and  the  volumes  of  interest  become 


4tt  3 r 3(1 

'i  - T r L 


V) 


(pi  - Pc)r 
Bi 


vf  • r r*  (}  - 3(1  i V>  <Pfa  P°c>r]-  | r5  a1* 

vi  ‘ T1  <r3  ' r5>  * 2F<1  * vKpi  - Pc)  5 


f ■ f (B3  - r5)  ♦ Ml  - v)(pf  - pcc)  §;  +|r3  0* 


Prom  Eq.  1 


V*  ' P.  + P„ 


kv  3 
3-r 


(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

(41) 


Equation  2 can  be  re-written  as 


P + P 
a *c 

P + P 
a cc 


and  the  incompressibility  condition  becomes 

pi  - pc  - pf  - pcc  ♦ m * v)  t ^ 


(42) 


(43) 


These  equations  suffice  to  express  all  the  quantities  of  interest  in 
terms  of  the  geometric  and  physical  constants  of  the  problem  and  of  the 
initial  pressure  p^  and  the  angle  0£  . Consideration  of  the  energy 
equation  yields  then  pj_  as  a function  of  a . 
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Hie  energy  terms  become : 


v (Pi  - Pc)2 
Ui  * 2 E 

k 

r 

h 

(44) 

..  T <Pf  - PCC)2 

Uf  * 2 E 

If 

r 

h 

(45) 

5 

L 

TTE  ! 

Uel-b  * 3(i  - v)  h 

(46) 

) 

W , * tto  h2rC£2 
pi  y 

(47) 

(pa  + Pc)vi 
"ad  ” 7 - 1 

" / v 

\TtJ 

(48) 

W = 0 

out 

(49) 

Moreover,  in  a first  approximation,  Uedge  can  be  disregarded.  Two 
immediate  consequences  of  the  incompressibility  condition  and  Eq.  42  are 


vi  = Vf 


P “ P 
*c  cc 


and  it  follows  from  Eq.  48  that 


W , = 0 
ad 


From  Eqs.  44  and  45  it  follows  that 

4 


ui  - Uf  * (TT/2)(r  /3i)(pi  - Pf)(Pi  + Pf  - 2PC) 


(50) 


(51) 


(52) 


But  the  condition 


V,  = V, 


implies 

2ir(rVEh)(1  - v)(Pt  “ Pf)  = (7r/2)r3a^  (53) 

while  the  first  of  Eqs.  50  leads  to  the  same  requirement.  Hence,  Eq.  33 
becomes  simply 
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Ui  - Uf  - Uel-b  + V 


(54) 


or 


7 r r 


Pi  - pc 


- pfxp. 

+ Pf  - 2pc) 

77E 

3 2 

ha  + TT  °y  h 

" 3(l  - v) 

with  Eq. 

53,  can  be 

solved  for 

(Pi  -Pc)‘ 

Mi  - v) 

r * , 

(if + Mi 

a2 

|_3(1  - V)  1 

v J+  m - v) 

2 2 


From  Eqs.  ^1  and  37  one  obtains 


Pa  3 (Pi  - P„)r 

= 1 - - (1  - v)  1 c 

p + p ± 2 ^ y> 

a *c 


Bi 


(57) 


that  is 


1 3 (P<  - P-  ) r 

- 1 - 1 (i  - »)  -Lr- 


or  approximately, 


(Pi  - pc)>- 


a 


that  is 


pc  ■ »*  <58> 


Substitution  in  Eq.  5 6 yields 

0(1  - v)(r/Eh) 
H3/2K1-V)(r/Eh) 


?1  [i 


" (I)  +°y(r)  ] 

E h .4 

+ m - v)  7a 


or 
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Fi|l+(3/2Kl-v;U/Eh 
This  can  also  be  written  as 


a 


(59) 


(60) 


(jn^r  (rf  * “ 

where  £ is  the  expression  in  brackets  multiplying  Pi  in  Eq.  59;  its 
value  is  almost  exactly  equal  to  unity.  To  obtain  Pi^n  set  dpj/da 
equal  to  zero  and  solve  for  Cl  : 


6 16(1  - vr 

m E 

Substitution  in  Eq.  60  yields 


h f E h , _ ” 
7 \Jd-rTf  7 + ay 


Eh 


(61) 


(62) 


pimin  = B (1  -'vjr  “min  (l/P) 

A numerical  example  will  show  the  accuracy  of  the  approximate  formula. 
If  a brass  sphere  is  characterized  by  the  values 

E = 15  x 10^  h/r  = l/500 

Oy  = 30,000  V = 0.3 

one  obtains  from  Eq.  6l 

. cfi  = 46. 2 X 10~6  a = 0.189  = 10°  45* 
and  from  Eq.  6 2 

PA  = 20.2  psi  Pi/Pcr  = ( 20-2  /72. 3)100  = 27-9$ 


SIMPLE  BUCKLING  FORMULAS 


If  the  assumptions  of  the  last  section  are  maintained,  namely  that 
the  container  is  perfectly  rigid,  and  in  addition  v is  taken  as  0.3,  the 
results  of  the  analysis  can  be  presented  in  the  following  simple  formulas: 
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where  o is  the  critical  stress  defined  in  Eq.  27. 
cr 

^he  last  equation  shows  that  for  comparatively  thick  shells  with  a 
low  value  of  the  yield  stress  the  buckling  stress  decreases  more  rapidly 
with  decreasing  h/r  ratio  than  is  predicted  by  the  classical  small- 
deflection  formula,  while  for  comparatively  thin  shells  with  a high 
value  of  the  yield  stress  the  opposite  is  true. 


REFERENCES 

(1)  Fung,  Y.  C.,  and  Sechler,  E.  E.,  Instability  of  Thin  Elastic  Shells, 
Structural  Mechanics,  Proceedings  of  the  First  Symposium  on  Naval 
Structural  Mechanics,  edited  by  J.  N.  Goodier  and  N.  J.  Hoff, 
Pergamon  Press,  Oxford,  England,  p.  115,  i960. 

(2)  Tsien,  Hsue-Shen,  A Theory  for  the  Buckling  of  Thin  Shells,  Journal 
of  the  Aeronautical  Sciences,  Vol.  9,  No.  10,  p.  373,  1942. 

(3)  Thompson,  J.  M.  T. , The  Elastic  Instability  of  a Complete  Spherical 
Shell,  The  Aeronautical  ftiarterly,  Vol.  13,  Part  2,  p.  189,  May  1962. 

(4)  Hoff,  N.  J.,  Buckling  of  Thin  Shells,  Theodore  von  Karman  80th 
Anniversary  Lecture,  SUDAER  No.  114,  Department  of  Aeronautics  and 
Astronautics  of  Stanford  University,  August  1961. 

(5)  Donnell,  L.  H.,  A New  Theory  for  the  Buckling  of  Thin  Cylinders 
under  Axial  Compression  and  Bending,  Transactions  of  the  American 
Society  of  Mechanical  Engineers,  Report  AER-56-12,  Vol.  56,  p.  795, 
1934. 


^ IOHO  ON 


5*1 


(6)  Hoff,  N.  J.,  Elastic  Analysis  of  Motor  Case  Shells,  Lockheed  Missiles 
and  Space  Division  Report  IMSC-3-80-61-7,  August  1,  1961. 

(7)  Baker,  B.  R.,  and  Cline,  G.  B. , Jr-,  Influence  Coefficients  for  Thin 
Smooth  Shells  of  Revolution  Subjected  to  Symmetric  Loads,  Journal 

of  Applied  Mechanics,  Vol.  29,  Series  E,  No.  2,  p.  335,  June  1962. 


FIG.  I.  BUCKLED 
IN 


SPHERICAL  TEST  SPECIMEN 
SPHERICAL  CONTAINER. 


FIG.  Z.  THREE  PHASES  OF  BUCKLING 
TEST 


5^3 
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FIG.  4.  CONVENTION  FOR  EDGE  DISPLACEMENTS 
AND  STRESS  RESULTANTS. 
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INSTABILITY  OF  SPHERICAL  SHELLS  SUBJECTED  TO  EXTERNAL  PRESSURE* 

By  Theodore  von  Karman 
AGARD 

and  Arnold  D.  Kerr 
New  York  University 

SUMMARY 


The  first  part  of  the  paper  consists  of  a survey  of 
theoretical  and  experimental  investigations  of  shallow, 
non-shallow,  and  complete  spherical  elastic  shells  subjected 
to  external  pressure. 

In  the  second  part  a simple  model  is  discussed  which 
contains  the  main  features  of  a clamped  shallow  elastic  cap 
and  which  is  amenable  to  a simple  exact  analysis.  The  sug- 
gested model  consists  of  a bent  beam  clamped  at  the  supports 
as  shown  in  Fig.  1.  It  is  assumed  that  the  beam  can  only 
contract  or  extend  except  in  the  shaded  areas  at  the  inter- 
sections, where  it  deforms  only  in  bending.  It  is  also  as- 
sumed that  the  straight  parts  of  the  beam  cannot  buckle  in 
the  Euler  sense. 

From  the  equilibrium  considerations  on  the  deformed 
system,  assuming  the  validity  of  Hooke's  law,  the  following 
load  displacement  relation  is  obtained 

* 2(h*-fi*)*(l-*)+  ^ 7 V 1-h*2  arcos  (!=£-£-) 

p 2_U 5 d) 


* 

The  research  of  the  Junior  author  was  supported  by  a 
grant  of  the  National  Science  Foundation. 

For  the  complete  paper  the  reader  is  referred  to  the 
"Schwerin  Memorial  Volume"  to  be  published  in  1962. 
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The  numerical  evaluation  of  equ.  (1)  for  t-  = 10 

* « 

and  several  values  of  h is  shown  in  Pig.  2.  It  can  be 

* * * 

seen  that  for  systems  with  very  snail  h the  p -6  curve 

is  monotonically  increasing  and  for  systems  with  sufficient- 

# * 

ly  large  h (h  > 0.075)  the  curves  are  nonmonotone,  have 
one  maximum  and  one  minimum,  and  look  similar  to  the  curves 
obtained  for  clamped  shallow  caps.  The  corresponding  ex- 
pression for  the  total  potential  energy  II  was  found  to  be 
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It  can  be  shown  that  condition  = 0,  which  corresponds 

66 

to  the  principle  of  virtual  displacements,  yields  equ.  (1). 

, . * 
Expression  (2)  was  numerically  evaluated  for  h =0.15 

(i.e.  t = 0.015*)  for  different  values  of  the  pressure  p. 

* . * 

The  resulting  II  - 6 graphs,  in  the  following  referrec  to 
as  "energy  curves,"  are  shown  in  Pig.  3(a)» 

In  order  to  clarify  certain  concepts  related  to  the 
snap-through  instability  of  the  system,  it  is  helpful  to 
study  the  energy  curves  and  the  corresponding  load-deflection 
curve . 


The  principle  of  virtual  displacement  states  that  the 
system  is  in  a state  of  equilibrium  when  II  is  stationary. 
This  will  correspond  to  points  on  the  curves  with  a hori- 
zontal tangent,  i.e.  points  where  the  energy  curves  have 
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a maximum,  minimum  or  horizontal  inflection  point.  The 
minima  on  the  curves  represent  configurations  of  stable 
equilibrium,  the  maxima  configurations  of  unstable  equi- 
librium and  the  inflection  points  with  horizontal  tangent 

represent  configurations  of  neutral  equilibrium.  Prom  the 

* * 

energy  curves  the  load-deflection  graph  p vs.  6 is  con- 
structed as  shown  in  Pig.  3(b)  which  is  identical  with  the 
* # * 
p - 4 graph  of  Pig.  2 for  h = 0.15. 

# * 

Prom  Pig.  3»  it  can  be  seen  that  for  0 < p < 

the  system  is  stable.  The  energy  has  in  this  interval  a 
unique  minimum  for  small  or  large  displacements.  In  case 
of  the  presence  of  disturbances,  like  vibrations  of  the 
testing  machine  or  some  random  impulses,  after  their  re- 
moval the  system  returns  to  its  unique  state  of  equilib- 
rium. 


* # 

For  p * two  states  of  equilibrium  are  possible: 

the  stable  position  with  the  deflection  6 ■ 0.023  and 

* 

the  neutral  with  = 0.215*  For  the  system  to  go  over 

into  the  buckled  neutral  state,  disturbances  have  to  be 

* . 

introduced  to  overcome  the  "energy  barrier"  Anofi  (Por 
PL  » AIT6o  = °)* 


# f # 

For  p^  < p < pu  there  are  three  states  of  equilib- 
rium, two  stable  and  one  unstable.  In  this  interval  it 
is  also  necessary  for  the  system  to  overcome  the  energy 
barrier  in  order  to  be  able  to  jump  from  the  unbuckled  to 
the  buckled  state. 

* * * * * 

Since  P^  < P^  < Pu  » for  P = Ppj  a disturbance 

is  needed  to  bring  the  system  into  the  buckled  position. 

# * * 

Por  Pjj  < p < p^  the  situation  is  similar  except  that  the 

energy  barrier  is  larger  when  proceeding  in  the  direction 

of  increasing  6 's  and  smaller  when  proceeding  in  the  re- 
verse direction.  Hence,  here  there  is  no  reason  to  con- 
sider the  "equal  energy"  concept  as  criterion  for  the 
determination  of  the  lower  buckling  load. 


# * 

With  increasing  p > the  energy  barrier  6II0g  de- 

# # 

creases  and  reaches  the  value  zero  at  p = Pu  » a load 

that  corresponds  to  a horizontal  inflection  point  at 

* 

0 = 0.085.  It  can  be  seen  from  Pig.  3 that  at  the  slight- 

est disturbance  the  system  will  snap  into  a position  of 
minimum  potential  energy  with  6*  ■*  0.278  • 

_ * * 

For  p > pu  there  exists  only  one  "buckled”  state  of 
equilibrium. 

In  the  shell  problems  the  general  nature  of  the  energy 
curves  is  similar  to  the  ones  obtained  here.  It  can  be 
concluded,  therefore,  that  also  in  shell  theory  there  is 
no  Justification  to  consider  the  "equal  energy"  concept  as  a 
criterion  for  the  determination  of  the  lower  buckling  load 
since,  as  can  be  seen  from  Fig.  3(a)  (e.g.  for  p*«0. 00125), 
the  system  can  really  jump  to  a state  with  a higher  energy 
level  and  stay  there. 
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Pigure  3.  (a)  Energy  curves  and  (b)  corresponding 
load-deflection  curve. 
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A SURVEY  OP  RESEARCH  ON  THE  STABILITY  OP  HYDROS  TATI  CALLY- 

LOADSD  shell  structures  conducted  at 

OEE  DAVID  TAYLOR  MODEL  BASIN 


3y  Thomas  E.  Reynolds 
David  Taylor  Model  Basin 


SDM-tARY 

Experimental  and  theoretical  stadias  have  been  carried  out  to 
investigate  the  stability  of  ring-stiffened  cylinders  and  heninoher- 
ical  shells  under  hydrostatic  pressure.  The  U3e  of  accurately 
machined  he  dels  has  been  found  extremely  valuable  in  improving  the 
equality  of  experimental  data,  thereby  permit  ting  a more  careful 
examination  of  theory.  As  a result,  the  effects  of  boundary 
conditions  and  other  factors  usually  mashed  by  the  influence  of 
structural  imperfections  have  been  clarified. 

So  far  theso  studies  have  caused  the  investigators  to  regard 
classical  small-deflection  theory  with  increasing  confidence. 

INTRODUCTION 

As  the  major  structural  element  in  a submersible,  the  ring- 
stiffened  cylinder  has  long  been  of  prime  interest  to  the  naval 
architect.  It  is  likely  that  future  vehicles  attaining  greater 
operational  depths  may  also  males  extensive  use  of  spherical  shells 
for  the  main  pressure  hull  as  well  as  for  terminating  closures. 

Th  j 3 paper  is  concerned  with  recent  3tudis3  of  the  buckling  char- 
acteristics exhibited  by  the3e  two  shell  typos  when  subjected  to 
hydrostatic  pressure. 


RING-STIFFENED  CYLINDERS 

ihe  basic  buckling  configuration  to  be  considered  is  the 
antisymmetric  or  lobar  mode.  It  has  been  convenient  to  invo 3 1 ur  i 
separately  two  distinct  classes:  general  instability,  where ir.  bota 

rings  and  shell  deflect  radially  (figure  l),  and  shell  instability, 
in  'which  the  rings  do  not  deflect  radially  and  buckles  appear  be  twee 
them  (figure  2) . 


General  Instability 

Considerable  work  has  been  directed  toward  an  experimental 
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evoiuat  ion  of  Kendricks  srnall-def  lection  solution  (reference  1, 
second  solution)  for  the  clastic  instability  of  a cylinder  with 
simply- supported  ends.  Tests  of  a variety  of  3mail,  external  ly- 
stiffen3d  cylinders  machined  from  high-strength  steel  tubing  have 
revealed  that  buckling  pressures  can  be  obtained  with  remarkable 
accuracy  using  Southwell's  nondestructive  technique  (references  2 
and  3).  It  has  also  been  established  that  variations  in  end 
restraint,  even  for  cylinders  as  long  as  five  diameters,  can  have  an 
appreciable  influence  on  buckling  strength  (reference  4) . 

As  an  example  of  the  investigations  being  conducted,  a recent 
study  by  W.F.  Bluasnberg  is  cited.  The  objective  was  to  obtain 
buckling  pressures  by  Southwell's  method  as  & function  of  cylinder 
length  with  boundary  conditions  held  constant.  The  test  arrange  inert 
is  shown  in  figure  3.  The  length  of  the  central  test  section  was 
varied  by  rearranging  the  pairs  of  movable  discs  whose  rounded  edges 
were  in  contact  with  the  inner  wall  of  the  cylinder.  The  outer  discs 
were  maintained  at  one  frame  3pace  from  the  inner  ones  as  an  approach 
to  isolating  the  central  section  from  variations  in  conditions  of 
support  resulting  from  changes  in  the  lengths  of  the  end  sections. 

The  maximum  test  pressure  attained  averaged  about  98  per  cent  of  the 
Southwell  buckling  pressure.  The  maximum  measured  stress  was  about 
43,000  psi  compared  with  a value  of  &5f000  psi  for  the  yield  strength. 

Since  it  was  not  expected  that  this  arrangement  would  closely 
approximate  the  condition  of  single  support,  it  was  not  surprising 
that  the  experimental  pressures  were  somewhat  higher  than  those  given 
by  Kendrick's  solution.  However,  & plot  of  the  results  is  instructive. 
In  figure  4 the  circles  represent  the  experimental  pressures  and  the 
solid  curve  is  Kendrick's  solution  for  a nominal  Young's  modulus  of 
30x10^  psi.  The  abscissa  is  IT,  the  number  of  frame  spacos  separating 
the  inner  discs.  These  results  suggest  the  possibility  that,  so  far 
us  buckling  is  concerned,  a cylinder  of  length  L (IT  frame  spaces) 
whose  ends  are  arbitrarily  restrained  behaves  as  if  its  length  wore 
Leff  (ffeff  *rane  spaces)  and  its  ends  3 iiiply- supported,  whore 

(*.«-**>  (!) 


k i3  a constant  whoso  value  depends  on  the  degree  of  restraint  - 
being  less  than  unity  where  the  restraint  is  more  restrictive  than 
sirmle  support  and  greater  than  unity  where  the  opposite  is  true. 
This  would  mean  that  for  a given  cylinder  any  degree  of  restraint 
can  be  represented  on  a single  plot  of  buckling  pressure  versus  I^ff 
or  TTeff  and  that  the  transition  from  one  circumferential  mode  to 
another  ms t occur  at  the  same  pressure  regardless  of  the  boundary 


553 


conditions . 

In  figure  4 the  slight  difference  between  the  theoretical  and 
experimental  pressures  for  the  transition  from  2 lobes  to  3 could 
easily  result  from  a small  disparity  between  the  actual  and  assumed 
values  of  Young's  ncdulus.  If  the  corresponding  transition  values 
for  IT  are  substituted  into  equation  (l)  the  resulting  value  for  k is 
0.725.  Using  this  number  the  experimental  points  were  replotted  with 

as  the  new  abscissa  and  with  the  appropriate  adjustment  in 
Young's  modulus.  These  points  are  the  triangles  in  figure  4. 

approach  ^ina  been  used  with  data  from  a variety  of  tests 
to  obtain  values  of  k ranging  from  0.71  to  0.94,  and  corresponding 
pressure  variations  of  sis  much  as  65  per  cent.  The  results  to  date 
have  strengthened  the  investigators'  belief  that  Kendrick's  solution 
will  give  reliable  predictions  when  appropriate  adjustments  are  made 
for  the  degree  of  restraint. 

Shell  Instability 

To  summarize  very  briefly,  small-deflection  solutions  for 
elastic  shell  instability  have  not  been  entirely  satisfactory  when 
applied  to  shells  with  do 30 ly- spaced  stiffeners.  Yon  Mises' 
solution  (reference  5)*  for  example,  does  not  account  for  the  effect 
of  the  stiffeners  on  buckling  strength,  hence  is  not  strictly 
applicable.  Von  Sanden  and  Tfllke  (reference  6)  considered  the  stiff- 
eners as  they  affect  the  deflections  prior  to  buckling,  but  neglected 
their  influence  on  the  buckling  deformations.  Experimental  results 
in  many  cases  have  not  been  particularly  illuminating.  Because  of 
inadequate  yield  strengths  and  fabrication  inperfections,  elastic 
shell  instability  has  seldom  been  observed  with  closely-spacod 
stiffeners.  In  cases  where  the  Yon  Mises  pressure  has  not  been 
attained  "snap- through*  buckling  has  sometimes  been  offered  as  the 
explanation. 

A small-deflection  solution  recently  developed  by  the  author 
accounts  for  the  influence  of  the  stiffeners  on  deformations  occur ing 
both  before  and  during  buckling  by  expressing  all  deflections  as 
trigonometric  series.  solution  is  obtained  using  the  Bitz 

procedure  and  includes  the  resistance  of  the  stiffeners  to  deforma- 
tions in  and  out  of  their  planes.  To  evaluate  thi3  solution  data 
are  available  from  collapse  tests  of  four  machined  cylinders  where 
again  elastic  buckling  was  achieved  through  the  use  of  high-strength 
steel  tubing.  Two  of  the so  test3  are  reported  in  reference  ?• 
results  are  shown  in  table  1.  It  appears  that  the  performances  of 
the  cylinders  are  adequately  explained  by  the  new  small— deflection 


solution.  Dais  is  supported,  by  the  fact  that  the  buckling  strength 
in  one  case  vas  accurately  determined  using  Southwell's  method,  which 
is  only  successful  where  small-deflection  theory  applies.  It  is 
further  indicated,  by  cosparing  the  Yon  Mises  pressures  with  the 
collapse  pressures,  that  the  influence  of  the  stiffeners  can  he 
appreciable.  It  is  only  partially  accounted  for  by  the  solution  of 
Ton  Sanden  and  HJolke . 


SPHERIG41  STTET.T.S 


In  spite  of  a long  history  of  investigation  it  appears  that  the 
buckling  of  spherical  sheila  is  not  yet  properly  understood.  B » 
elastic  buckling  pressure  given  by  the  classical  small— defle c t ion 
analysis  of  Zoelly  (reference  8}  is  far  in  excess  of  anything  that 
has  been  observed  experimentally,  and  various  atteupts  to  explain 
these  vast  discrepancies  on  the  basis  of  finite  deflection  theory 
have  been  less  than  satisfactory  (reference  9) • Furthermore,  most 
work  has  been  devoted  to  the  study  of  shallow  spherical  caps  whereas 
the  interest  of  the  pressure  vessel  designer  is  In  deep  and  conplete 
spherical  shells. 

Krenzke  (reference  10)  has  recently  completed  tests  of  a series 
of  machined  hemispherical  shells  about  1.6  inches  in  diameter  which 
were  designed  to  study  both  elastic  and  inelastic  buckling.  One 
group  of  shells  was  machined  from  6061-T6  aluminum  (yield  strength 
of  43,000  psi),  another  from  7075-T6  aluminum  (80,000  psi).  Xach 
hemisphere  was  terminated  by  a stiffened  cylinder  i&ich,  in  all  but 
three  cases,  was  designed  so  that  no  bending  stresses  could  develop 
in  the  hemisphere  prior  to  buckling.  B»  three  exceptions  were  cases 
in  which  the  cylinders  had  to  be  made  somewhat  more  rigid  to  provide 
them  with  adequate  buckling  strength.  Accurate  machining  assured 
nearly  perfect  sphericity  in  all  cases. 

Figure  5 shows  a few  of  the  observed  failures.  Eie  throe  shells 
having  the  mre  rigid  boundaries  Buckled  well  within  the  elastic 
range.  It  appeared  that  the  buckling  strengths  of  the  so  shells  ware 
not  adversely  affected  by  the  boundary  conditions  since,  in  each  ca 3a, 
the  portion  immediately  adjoining  the  cylinder  was  undamaged.  Bieir 
buckling  pressures  are  conparod  in  table  2 with  the  theoretical  values 
given  by  the  small-deflection  solution  of  Zoelly: 


?e 


for  v 


0.3, 


(2) 


where  2 is  Young's  modulus,  v is  Poisson's  ratio,  h is  the  shell 
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thlclaesa  and  R is  the  mean  radius.  The  ratios  of  experimental 
pressures  to  p , although  less  than  one,  are  such  larger  than  hare 
"been  observed  for  shells  formed  from  flat  plates,  indicating  the 
sensitivity  of  buckling  strength  to  imperfections  and  residual 
stresses.  The  tests  also  show  that  the-minimum  bucklingTpre ssure s 
defined  by  large-deflection  theory  can  be  greatly  exceeded,  from 
the  results  of  table  2 Krenzke  has  proposed  an  empirical  buckling 
formula  for  the  elastic  range: 


, 0.80  E 

K « : 

fl  -V2 


» 0.84  E 


0.3, 


(3) 


where  the  use  of  the  outer  radius,  Ro,  is  dictated  by  simple  load 
equilibrium. 

!tte  rest  of  the  shells  collapsed  in  the  yield  region  at  pressures 
ranging  from  6 to  46  per  cent  of  pe.  Por  this  range  Zrenzloe  has 
suggested  the  following  formula  to  represent  pc,  the  inelastic  collapse 
pressure: 


Xs  and  X+  are  the  secant  and  tangent  moduli  which  can  be  determined 
from  the  stress-strain  diagram  for  the  material  under  uniaxial  loading. 
fhm  quantity  under  the  radical  which  multiplies  pe*  is  a sinplified 
plasticity  reduction  factor  based  on  theoretical  studies  by  Bijlanrd 
and  Gerard  (references  11  and  12)  • In  the  elastic  range  equation  (40 
reduces  to  equation  (3)  • Pigure  6 shows  how  well  this  forsutla  fits 
the  experimental  data*  The  abscissa  is  the  ratio  of  pc  to  pQ#  the 
elastic  buckling  pressure  according  to  equation  (2),  and  the  ordinate 
is  the  ratio  of  the  experimental  pressure,  to  pe. 

Despite  the  consistency  of  these  results  it  is  not  necessarily 
conclusive  that  they  represent  the  maximum  buckling  strength  attain- 
able. Each  of  the  shells  had  small  deviations  in  thickness  which 
presumably  soma  weakening  effects.  Puture  studies  will  include 

test 3 of  larger  machined  shells  in  which  such  deviations  can  be 
further  reduced.  Other  tests  are  presently  underway  with  spun  and 
pressed  hemispheres  and  with  machined  spherical  shells  having  central 
angles  greater  than  as  well  as  less  than  180°  • The  benefits  of 
stiffening  are  also  being  studied. 
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Table  1 - Results  of  Elastic  Shell  Suckling  Studies 


ff 

Flexibility 

Parameter 

Experimental 
Buckling 
Pressure,  psi 

Theoretical  Buckling  Pressures, 
psi 

Lfh 

y R2k*  f 

Hew 

Solution 

▼on  Sanden 
and  Tblkn 
(ref.  6) 

Ton  Mi3es 
(ref.  5) 

3.418 

h.13 

803(14)* 

811(11) 

693(16) 

Eggl 

3.526 

4.75 

1 

744(13) 

665(14) 

| 

3.650 

5.26 

b^hI 

460(14) 

366(16) 

387(14) 

0.228 

6.80 

633(H) 

599(11) 

600(10) 

♦Humber  of  circumferential  lobes  in  parentheses 
♦♦Southwell  method  gave  637  psi 

A-j.  = cross-sectional  area  of  stiffener  1^  * stiffener  spacing 

h * shell  thickness  H - mean  radius 

All  cylinders  external  rectangular  stiffeners 


Table  2 - Comparison  of  Collapse  pressures  from  the 
Classical  Theory  with  Experimental  Values 


h 

B 

0.0095 

O.0096 

0.0120 


Buckling  Pressures,  psi 


Experiment, 

pexp 

Equation  (2), 
Pe 

800 

1180 

830 

1210 

1230 

1875 

0.68 

0.69 

0.66 
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TEST  SECTION  OF 


Figure  4.-  Stiffened  cylinder  - elastic  general  instability  results 


BUCKLING  OF  A SPHERE  OF  EXTREMELY  HIGH 
RADIUS-THICKNESS  RATIO 

By  Harvey  G.  McComb,  Jr.,  and  Wilbur  B.  Fichter 
NASA  Langley  Research  Center 

SUMMARY 


Some  buckling  experiments  on  a complete  spherical  shell  having  a 
radius -thickness  ratio  of  about  85,000  are  discussed.  Extremely  small 
pressure  differentials  and  many  relatively  large  local  imperfections 
were  involved  in  these  experiments.  In  spite  of  these  drawbacks,  the 
results  obtained  are  consistent  and  well  defined.  The  test  results 
indicated  that  the  local  initial  imperfections  were  not  as  significant 
in  their  influence  on  the  shell  behavior  as  were  such  effects  as  over- 
all nonuniformity  of  construction  and  loading. 


INTRODUCTION 


Proposed  passive  communications  satellites  sure  ultrathin— walled 
spherical  shells  which  may  experience  buckling  from  external  pressure 
due  to  solar  radiation  or  atmospheric  drag.  Large  buckling  deforma- 
tions of  such  a satellite  are  undesirable  because  they  seriously  reduce 
the  satellite's  performance  as  a-  reflector.  At  present,  shell  buckling 
technology  is  1 ng  in  several  respects  with  regard  to  design  of 
spherical  shells  subjected  to  external  pressure.  Large  discrepancies 
exist  between  theoretical  and  experimental  buckling  pressure;  therefore, 
the  designer  must  be  guided  primarily  by  experimental  data.  However, 
very  little  experimental  data  on  complete  spheres  are  available;  the 
primary  research  effort  has  been  concerned  with  shallow  spherical  caps. 
All  available  experimental  data  are  for  radius-thickness  ratios  several 
orders  of  magnitude  smaller  than  that  for  the  proposed  satellites.  In 
order  to  provide  a basis  for  estimating  the  buckling  strength  of  these 
satellites,  therefore,  buckling  experiments  were  conducted  on  a complete 
spherical  shell  having  a radius- thickness  ratio  of  about  85,000.  This 
value  is  much  higher  than  that  of  any  spherical  cap  or  complete  sphere 
used  in  previously  reported  experiments. 
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SYMBOLS 


D plate  flexural  stiffness  of  shell  wall  material, 

51.2  x 10“5  lb- in.  for  test  specimen 

K extensional  stiffness  of  a unit  width  beam  of  shell  wall 

material,  4,140  lb/in.  for  test  specimen 

N stress  resultant,  lb/in. 

Ap  differential  pressure,  pressure  outside  sphere  minus  pressure 

inside,  p8l  unless  otherwise  noted 

r radius  of  spherical  shell,  in. 

Subscripts: 

cl  classical  linear  theory 

o associated  with  initial  inflation  pressure 


SPECIMEN 


The  specimen  tested  is  illustrated  in  figure  1.  It  was  a spherical 
shell  12.5  feet  in  diameter  fabricated  of  material  similar  to  that  used 
in  the  135-foot-diameter  Echo  A-12  rigidized  sphere.  The  material  is 
a three-layer  laminate  composed  of  Mylar  sheet  with  an  aluminum  face 
layer  bonded  on  either  side.  The  aluminum  in  the  face  layers  is 
99 -8 -percent  pure  and  is  designated  as  1080  aluminum.  The  faces  are 
intended  to  provide  flexural  stiffness  in  the  laminate;  they  also  add 
some  strength. 

The  specimen  was  composed  of  23  meridional  gores  bonded  together 
in  butt,  single-strap  splices.  The  straps  were  1- inch-wide  strips 
of  the  same  three-layer  laminate  used  in  the  gores  and  were  bonded  on 
the  outside  of  the  specimen.  A stem  at  one  pole  provided  access  to 
the  specimen  for  Inflation  and  for  control  and  measurement  of  internal 
pressure.  Thickness  measurements  made  on  the  specimen  indicated  that 
the  thickness  of  the  Mylar  lamina  was  0.00049  inch  and  thickness  of 
each  aluminum  face  was  0.00019  inch  as  shown  in  figure  1(b). 

The  full-scale  Echo  A-12  sphere  is  folded  for  the  launch  phase 
and  deployed  by  inflation  after  being  injected  into  orbit.  Depending 
on  the  magnitude  of  internal  pressure  used  for  deployment,  the  sphere 
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may  have  various  imperfections  in  shape  after  deployment.  There  may 
be  many  small  wrinkles  caused  by  routine  handling  and  distributed  at 
random  all  over  the  surface.  In  addition,  there  may  be  a regular  pat- 
tern of  creases  resulting  from  the  folding.  In  order  to  simulate 
Imperfections  due  to  folding  of  the  Echo  A-12  sphere,  the  specimen  was 
folded  in  a manner  similar  to  that  of  the  full-scale  sphere.  Finally, 
there  may  be  some  overall  distortions  due  to  inaccuracies  in  gore  dimen- 
sions or  slight  mismatching  of  the  splices.  All  these  imperfections 
were  present  in  the  test  specimen. 


TEST  PROCEDURE  AND  EQUIPMENT 


The  procedure  followed  in  the  experiments  was  to  inflate  the  speci- 
men to  a small  value  of  internal  pressure,  release  the  internal  pressure, 
and  then  draw  a slight  vacuum  in  the  specimen  until  buckling  occurred. 
This  procedure  was  then  repeated  for  progressively  higher  values  of 
initial  internal  pressure  in  order  to  shed  some  light  on  the  possible 
Influence  of  initial  inflation  pressure  on  the  buckling  strength  of  the 
sphere. 

Testing  such  a flimsy  specimen  in  a 1 g environment  required  con- 
siderable care.  In  order  to  counteract  the  effect  of  gravity  and  min- 
imize localized  support  loads  on  the  specimen,  it  was  inflated  with  a 
mixture  of  air  and. helium.  The  specimen  was  mounted  on  scales  which 
were  counterweighted  to  balance  the  weight  of  the  mounting  fixture  and 
inlet  tubes.  Then,  the  proportion  of  air  and  helium  was  adjusted  until 
the  weight  of  the  specimen  was  balanced  by  the  buoyancy  of  the  Inflating 
gas.  Photographs  of  the  specimens  made  during  two  of  the  tests  are 
shown  in  figures  2 and  3.  In  each  test,  photographs  were  made  at  the 
differential  pressure  associated  with  initial  inflation  pressure 
(figs.  2(a)  and  3(a)),  at  zero  differential  pressure  (figs.  2(b)  and 
3(b)),  and  after  buckling  (figs.  2(c)  and  3(c)).  The  series  in  fig- 
ure 2 is  for  a test  with  a low  initial  inflation  pressure,  and  the 
series  in  figure  3 is  for  a high  initial  inflation  pressure.  Thus, 
the  pattern  of  imperfections  due  to  folding  is  more  pronounced  in 
figure  2 than  in  figure  3* 

Differential  pressure  between  the  inside  and  outside  of  the  sphere 
was  measured  with  two  instruments  - a micromanometer  having  a least 
count  of  0.001  inch  of  water  and  a differential-pressure  indicator 
having  a least  count  of  0.0001  Inch  of  water.  The  micromanometer  was 
used  to  measure  the  maximum  inflation  pressure,  but  the  more  sensitive 
differential-pressure  indicator  was  necessary  to  measure  buckling 
pressures. 
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RESULTS  AMD  DISCUSSION 


Results  of  this  investigation  are  summarized  in  table  1.  The 
column  under  the  heading  Ap^  gives  the  differential  pressure  to 

which  the  specimen  was  initially  Inflated.  The  column  under  the 
heading  N0  gives  the  stress  resultant  In  the  wall  developed  by  this 
initial  pressure.  In  the  column  headed  "Folding  imperfection  depth" 
are  listed  estimates,  where  practical,  of  the  peak.- to -valley  distance 
of  the  imperfections  due  to  folding  after  the  initial  inflation  pressure 
vas  released.  In  the  next  column  Is  listed  the  excess  buoyant  force 
on  the  specimen  which  in  all  cases  was  less  than  5 percent  of  the  weight 
of  the  specimen.  The  columns  headed  "Buckling"  give  the  pressure  dif- 
ferential at  buckling  in  inches  of  water,  pounds  per  square  inch,  and 
finally  as  a ratio  of  measured  buckling  pressure  differential  to  a 
theoretical  buckling  pressure  differential  calculated  by  classical 
linear  theory.  The  theoretical  buckling  pressure  differential  for  the 
laminated  shell  wall  was  taken  as 


where  the  calculated  values  of  D and  K are  those  for  a smooth, 
wrinkle-free  wall. 

Because  of  the  difference  in  densities  of  the  gas  inside  the 
specimen  and  of  the  surrounding  atmosphere,  the  pressure  differential 
betveen  the  inside  and  outside  of  the  specimen  varied  with  vertical 
location.  At  buckling,  the  largest  pressure  differential  was  at  the 
bottom  of  the  specimen.  In  addition,  any  excess  buoyant  force  was 
balanced  by  a downward  concentrated  force  at  the  stem.  As  a result  of 
these  factors,  buckles  Invariably  appeared  first  in  the  lower  hemisphere. 
It  was  necessary  to  take  into  account  the  variation  In  differential 
pressure  in  evaluating  the  data.  The  data  reported  represent  the  dif- 
ferential pressure  at  approximately  the  height  of  the  center  of  the 
buckles  which  appeared.  Also,  small  corrections  have  been  made,  where 
significant,  for  the  effects  of  differences  in  height  of  the  stem  and 
the  micromanometer.  The  data  from  the  final  column  in  table  1 are 
plotted  in  figure  4 as  a function  of  wall  stress  resultant  due  to 
initial  inflation  pressure.  These  buckling  pressures  represented  in 
each  case  the  maximum  value  of  differential  pressure  on  the  specimen 
which  could  be  attained  under  essentially  static  loading. 

The  primary  effect  of  increasing  N0  is  to  reduce  the  magnitude 
of  the  initial  imperfections  due  to  random  wrinkles  and  the  regular 
folding  pattern.  The  results  in  figure  4 show  that  large  reductions  in 
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these  imperfections  increase  the  buckling  pressure  significantly.  The 
two  points  at  the  highest  values  of  N0,  however,  show  a decrease  in 

buckling  pressure.  A simple  calculation  indicated  that  at  the  values 
of  N0  associated  with  these  points,  the  aluminum  face  layers  had  very 
likely  yielded  significantly.  Also,  since  at  the  splices  the  material 
is  heavier  than  in  the  gores,  the  specimen  tended  to  stretch  more  in 
the  gores  than  at  the  splices.  This  permanent  deformation  in  the  gores 
apparently  induced  premature  buckling. 

The  results  shown  in  figure  4 suggest  that  further  increases  in  N0 
would  not  result  in  large  increases  in  buckling  pressure  even  if  the 
shell  wall  remained  elastic.  Thus,  it  would  seem  that  effects  other 
than  the  random  wrinkles  and  the  folding  pattern  imperfections  must 
play  a large  role  in  causing  buckling  to  occur  below  the  classical  value. 
Possible  other  effects  are  overall  distortions  due  to  seam  misalinement 
and  discrepancies  in  gore  dimensions,  nonuniform  loading  due  to  varia- 
tion in  differential  pressure  with  height  and  due  to  any  concentrated 
force  at  the  stem,  and  nonuniform  properties  of  the  shell  wall  material. 


CONCLUDING  REMARKS 


Buckling  experiments  on  a complete  spherical  shell  having  a radius - 
thickness  ratio  of  about  85,000  sure  discussed.  Results  are  given  for 
buckling  under  external  pressure  after  the  sphere  was  pressurized  to 
progressively  higher  values  of  initial  internal  pressure . Although  the 
specimen  was  very  flimsy,  it  was  found  that  well-defined  and  consistent 
buckling  loads  could  be  obtained  by  inflating  the  sphere  with  the  proper 
mixture  of  air  and  helium  to  counteract  the  effects  of  the  1 g environ- 
ment and  to  minimize  support  loads.  Local  folding  and  handling  imper- 
fections influenced  the  buckling  pressures  but  apparently  could  account 
for  only  a small  part  of  the  deviation  from  classical  theory. 
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TABLE  1.-  BUCKLING  DATA  FOR  12.5-FOOT-DIAMETER  SPHERICAL  SHELL 
FABRICATED  OF  THREE-LAYER  ALUMINUM-MHiAR- ALUMINUM  LAMINATE 


567 


SPHERICAL  SHELL  SPECIMEN 


— 150"— 
TOP  VIEW 


| TO  GAGES 
SIDE  VIEW 


(Q)  SPECIMEN 


.00049"  MyLAR-^^^>-,QQQ,9"  ALUMINUM 
(b)  SECTION  OF  SPECIMEN  WALL 


Figure  1 


SPHERICAL  SHELL  SPECIMEN  AT  VARIOUS  VALUES 
OF  DIFFERENTIAL  PRESSURE  DURING  TEST  NO.  2 
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(C)  AFTER  BUCKLING 

(AT  BUCKLING  Ap  =0.0035  IN.  H2O) 

Figure  2 
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(c)  AFTER  BUCKLING 

(AT  BUCKLING  Ap  * 0.0050  IN.  H2O) 


570 


BUCKLING  PRESSURES  FOR  12.5-FOOT-DIAMETER  SPHERICAL  SHELL 
FABRICATED  OF  THREE-LAYER  ALUMINUM-MYLAR-ALUMINUM  LAMINATE 


Figure  4 


DEFORMATIONS  AND  STABILITY  OF  SPHERICAL  SHELLS  SUBJECTED  TO 

THE  ACTION  OF  ASYMMETRICAL  LOADINGS  - EXPERIMENTAL  STUDY1 2 

2 

by  R.  M.  Evan-Iwanowski 
Syracuse  University  Research  Institute 

SUMMARY 


This  paper  presents  the  results  of  an  experimental  investigation 
of  the  deformations  and  stability  of  spherical  shallow  shells  subject- 
ed to  asymmetrical  loadings  consisting  of  normal  concentrated  eccen- 
tric loads;  and  of  normal  concentrated  eccentric  loads  superimposed 
upon  uniform  pressure  in  varying  magnitude  and  order. 

New  phenomena  are  observed  for  simply  supported  and  free  edge 
conditions  under  concentrated  loading.  There  exist  three  ranges  of 
position  of  an  eccentric  load  between  the  apex  of  a shell  and  its  edge 
along  the  meridional  lines  within  which  a distinct  behavior  of  a shell 
is  manifested.  The  first  limiting  range  is  the  apex  itself,  point  Dq 
in  figure  1.  The  resultant  type  of  buckling  has  been  discussed  in 
reference  3.  Loading  in  the  range  DQD^  results  in  a single  mode  buck- 
ling. Loading  in  the  range  D^D^  results  in  two  mode  buckling;  the 

first  mode  is  apparently  related  to  the  discontinuity  of  the  radius  of 
curvature  and  the  thickness  at  the  boundary,  and  may  be  considered  to 

be  "local  buckling.”^  Loading  in  the  third  range  D£D ^ results  again 

in  single  mode  buckling.  When  the  concentrated  loads  are  applied  in 
the  range  D_D,  - D_D  no  buckling  takes  place.  The  lengths  of  the 

ranges,  or  what  is  the  same,  the  values  of  the  eccentricities,  e,  de- 
pend upon  shell  geometry  and  material  constants#  The  end  points  of 
two  of  these  ranges,  i.e.  points  D^  and  D^  are  well  defined  and  repro- 
ducible. Point  D^  is  not  as  well  defined.  However,  all  three  points 
are  clearly  transitional  points  from  one  type  of  buckling  to  another. 


1Research  Program  sponsored  by  AROD  (Durham) 

2 Professor,  Syracuse  University,  Mechanical  Engineering  Department 

^The  phenomenon  of  local  buckling  induced  by  a system  of  loadings 
such  as  ring  loads  and  two-point  loads  is  being  investigated  by  the 
author.  The  results  will  be  published  elsewhere. 
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It  has  been  observed  in  references  3 and  5 that  shells  with 
clamped  edges  subjected  to  concentrated  loads  do  not  buckle.  When, 
however,  concentrated  loads  are  superimposed  on  uniform  pressure  buck- 
ling may  occur  depending  on  the  amount  of  pressure  and  geometry  of  the 
shell.  The  critical  asymmetrical  concentrated  loads  are  higher  than 
the  symmetrical  loads  for  the  same  magnitudes  of  pressure.  Moreover, 
uniform  critical  pressures  are  higher  when  applied  after  asymmetrical 
concentrated  loads  have  been  applied,  than  they  are  after  symmetrical 
concentrated  loads.  This  circumstance  is  somewhat  puzzling  in  view  of 
a common  belief  that  asymmetrical  buckling  modes  are  responsible  for 
lower  experimental  buckling  pressures  when  compared  with  theoretical 
calculations  for  the  symmetrical  case.  Perhaps,  the  relative  positions 
of  imperfections  and  boundary  discontinuities  have  to  be  considered  in 
order  to  account  for  low  experimental  critical  pressures. 

Membrane  and  bending  stresses  are  presented  for  one  eccentricity. 


INTRODUCTION 


Previous  theoretical  and  experimental  investigations  on  deforma- 
tions and  stability  of  spherical  shells  were  conducted  exclusively  for 
loadings  symmetrical  about  the  apex,  such  as  uniform  pressure,  normal 
concentrated  loads  at  the  apex,  and  ring  loads.  A bibliography  on 
this  subject  may  be  found  in  reference  3* 

Asymmetrical  loadings  are  of  considerable  interest,  however,  for 
several  reasons.  Firstly,  such  loads  are  most  probable  under  actual 
service  conditions,  and  thus  the  obtained  results  may  serve  as  a guide 
to  design  criteria  for  such  situations.  Secondly,  eccentric  concen- 
trated loads  form  "imperfections”  for  the  superimposed  uniform  pres- 
sure. This  situation  provides,  to  some  degree,  controlled  imperfec- 
tions and  permits  the  assessment  of  their  qualitative  and  quantitative 
influence  on  the  deformation  and  stability  of  shells.  Thirdly,  asym- 
metrical loadings  are  necessarily  connected  with  asymmetrical  deforma- 
tions. Thus,  the  effects  of  initial  asymmetrical  deformations  must  be 
reflected  in  the  history  of  deformations  and  in  the  critical  values  of 
the  loads  when  combined  with  the  application  of  uniform  pressure. 

Since  the  edge  support  conditions  for  shallow  spherical  shells 
play  a considerable  role  in  their  stability,  various  boundary  supports 
have  been  used,  such  as  clamped,  simply  supported,  and  free  edge  con- 
ditions. 


This  subject  is  discussed  more  fully  in  reference  6. 
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Two  types  of  concentrated  loads  were  used:  constant  displacement 
and  constant  load  (dead  weight). 

EXPERIMENTAL  PROGRAM 


An  experimental  program  was  carried  out  on  a series  of  plastic 
and  metallic  shells.  Metallic  shells,  supplied  by  the  Oak  Ridge  Na- 
tional Laboratory,  were  made  by  the  hydroform  process.  Plastic  shells 
which  could  be  fabricated  in  the  laboratory  were  die-pressed. 

The  selected  plastic  was  rigid  vinyl  polyethylene.  This  material 
was  found  to  have  consistent  Young’s  modulus  in  tension.  In  addition, 
the  moduli  in  tension  and  bending  were  found  to  be  nearly  equal. 
Poisson’s  ratio  also  was  found  to  have  consistent  values.  As  a result 
of  the  high  ratio  of  yield  stress  to  Young's  modulus,  an  extensive 
range  of  elastic  behavior  in  the  pre-  and  post-buckling  regimes  could 
be  studied.  Due  to  the  nature  of  the  plastic,  precautions  were  taken 
to  correct  the  material  constants  to  actual  temperature  recorded  dur- 
ing the  tests. 

In  this  phase  of  the  investigation  uniform  air  pressure,^  constant 
displacement  and  constant  load  (or  dead  weight)  type  loadings  were 
used.  Vertical  deformations  of  shells  around  the  load  point  at  various 
stages  of  the  loading  were  measured  by  means  of  a specially  designed 
fixture.  For  clamped  edge  conditions,  contoured  rigs  were  used.  Care 
was  exercised  to  machine  the  profiles  of  the  clamping  rigs  so  that  they 
would  match  the  curvatures  of  the  shells,  and  thus  avoid  any  extraneous 
bending  at  the  boundary. 

The  following  experiments  were  conducted: 

(a)  simply  supported  shells  subjected  to  eccentric  constant  dis- 
placement loads; 

(b)  free  supported  shells  subjected  to  eccentric  constant  dis- 
placement loads; 

(c)  clamped  shells  subjected  to  uniform  pressure  and  eccentric 
constant  displacement  concentrated  loads; 

(d)  clamped  shells  subjected  to  uniform  pressure  and  eccentric 
dead  weight  concentrated  loads; 

(e)  clamped  shells  subjected  to  eccentric  dead  weight  concen- 
trated loads  and  uniform  pressure. 


This  is  in  effect  a dead  weight  type  of  loading,  as  contrasted  with 
a constant  displacement  type  of  loading  which  would  be  afforded  by 
the  use  of  an  incompressible  fluid. 
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RESULTS  AND  DISCUSSION 


Pertinent  parameters  used  in  the  presentation  of  the  experimental 

results  are:  X^  = a^( 12(l-v2) /(Rh)23 , where  a is  the  base  radius,  R 
the  radius  and  h the  thickness  of  the  shell;  H/a,  where  H is  the  rise 
of  a shell;  e = d/a,  eccentricity  of  the  load,  where  d is  the  distance 
from  the  apex;  8 the  deflection  of  a shell  at  the  load  point  (see  also 
figure  1).  The  observed  critical  values  are  designated  by  an  asterisk. 
Other  notations  are  standard.  The  deformation  curves  or  the  plots  of 
load  parameter  versus  deformation  parameter  are  noted  (P,B ) . 


Figure  2 indicates  the  influence  of  the  eccentricity  e,  of  the 
constant  displacement  load  on  the  behavior  and  critical  loads  for  the 
simply  supported  shell.  The  behavior  of  the  shell  in. different  ranges 
is  seen  from  this  figure.  It  was  observed  in  reference  3 that  for  the 
loads  at  the  apex,  or  for  the  loads  slightly  off  the  apex  there  is  only 
one  mode  of  buckling.  Point  D.,  figure  1,  or  the  point  where  the  first 
two-mode  buckling  occurs,  corresponds  to  the  eccentricity  e = 0.192. 

The  values  of  the  eccentricities  e = 0.315  and  e = .385  are  the  values 
about  the  point  D2,  since  for  e = 0.315  two-mode  buckling  is  still  ob- 
served, and  for  e = 0.385  only  single-mode  buckling  takes  place.  The 
eccentricity  e = 0.402  corresponds  to  a point  between  the  points  D2 


and  D 


3* 


The  point  D^  is  somewhat  difficult  to  establish  exactly  in 


the  elastic  range.  As  to  the  critical  loads  two  interesting  observa- 
tions are  made.  First,  the  critical  loads  corresponding  to  e = 0.192 
and  e = 0.402  are  identical;  moreover,  both  critical  loads  in  two -mode 
buckling  (e  = 0.192)  are  also  identical.  In  other  words,  the  same 
critical  loads  can  be  obtained  through  different  deformation  paths . 
Second,  the  lowest  of  all  critical  loads  is  the  "local  critical  load" 
corresponding  to  e = 0.315*  In  the  "local  buckling"  for  e = 0.192, 
there  is  a substantial  reduction  of  the  load,  characterized  by  a jump, 
or  escape  deformation. 


A very  similar  situation  is  observed  for  the  shells  with  free 
edge  conditions,  figure  3,  except  that  the  subsequent  buckling  loads 
are  higher  than  "local  buckling  loads . " 

Another  interesting  conclusion  may  be  derived  from  figure  4,  which 
represents  effects  of  thickness  on  the  behavior  of  shallow  spherical 
shells.  All  geometry,  material,  and  loading  conditions  were  kept  the 
same,  and  only  the  thickness  h was  varied.  It  is  seen,  that  a shell 
with  h = 0.015  bas  markedly  different  behavior  from  the  other  two 
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shells.  In  general,  the  following  effects  can  be  attributed  to  the 
variation  in  thickness. 


From  reference  3 it  was  found  that  the  thinner  the  shell  the  smal- 
ler was  the  radius  of  the  symmetrical  deformation.  From  figures  2 and 
3 it  may  be  seen  that  the  thinner  the  shell  the  larger  the  range 


It  must  be  emphasized  that  the  limiting  points  of  various  ranges 
(DjDj)  are  well  defined  (with  some  exception  in  the  range  D^D^)  and 

have  good  consistency  and  reproducibility.  The  ranges  apparently  con- 
stitute a set  of  parameters,  which  is  equivalent  to  the  set  of  geomet- 
rical and  material  parameters.  To  put  it  another  way,  given  D.EL  one 

may  infer  the  values  of  X,  h,  E or  v of  a given  shell. 


The  history  of  the  deformations  at  various  stages  of  the  loading 
(or  what  is  the  same,  for  various  8),  or  so-called  profile  curves,  are 
shown  in  figures  5 and  6.  The  deformations  were  measured  along  the 
meridional  line  passing  through  the  apex  and  the  load-point,  and  the 
curve  perpendicular  to  it.  It  seems  that  the  effects  on  the  deforma- 
tion imposed  by  the  localization  of  the  loads  is  felt  in  the  early 
stages  of  the  loading,  but  the  effects  of  initial  imperfections,  if 
any,  are  soon  erased. 


Another  series  of  tests  were  conducted  on  clamped  shells  with  asy- 
mmetrical concentrated  loads  superimposed  on  uniform  pressures.  The 
critical  values  of  these  asymmetrical  dead-weight  type  concentrated 
loads  superimposed  on  uniform  pressures  are  shown  in  figure  7.  Corres- 
ponding plots  (not  shown)  were  made  for  uniform  pressures  superimposed 
on  the  concentrated  loads.  It  was  noted  that  critical  combinations  of 
dead-weight  and  pressures  were  independent  of  the  order  in  which  these 
loadings  were  applied.  Also,  the  concentrated  loads  for  any  given 
critical  load  combination  represented  in  figure  7,  increase  with  in- 
creasing eccentricity  for  the  same  X.  But,  what  is  more  interesting, 
all  of  these  values  are  considerably  higher  than  the  values  obtained 
for  the  symmetrical  loadings,  viz.,  for  the  concentrated  loads  at  the 
apex  superimposed  on  uniform  pressure,  cf.  reference  4.  These  results 
seem  to  be  surprising  in  one  respect.  The  asymmetrically  applied  con- 
centrated loads  cause  asymmetrical  deformations,  figures  5 and  6,  and 
yet  the  critical  combinations  of  dead  weight  and  uniform  pressure  are 
higher  than  for  the  symmetrical  case,  viz,,  when  concentrated  load  is 
applied  at  the  apex.  This  is  somewhat  disturbing  in  view  of  the  com- 
monly accepted  notion  that  the  asymmetrical  deformations  are  responsi- 
ble for  the  fact  that  the  experimental  critical  pressures  are  lower 
than  predicted  by  theory,  cf.  reference  2 or  3* 

The  experimental  observations  made  on  clamped  shells  subjected  to 
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uniform  pressure  and  then  asymmetrical  constant  displacement  concen- 
trated loads  are  shown  in  figures  8-11,  and  the  critical  loads  plot- 
ted in  figure  12. 

It  may  be  seen  that  the  greater  the  eccentricity,  e,  the  higher 
are  the  critical  concentrated  loads  for  the  same  pressure,  p,  and  the 
geometry  parameter  X.  The  general  shape  of  the  deformation  curves, 
(P,6)  remains,  however,  unchanged.  As  expected,  the  cut-off  value  of 
X (i.e.,  the  value  above  which  no  buckling  occurs)  depends  upon  the 
magnitude  of  applied  pressure. 

Figure  12  gives  critical  combinations  of  uniform  pressures  and  con- 
stant displacement  concentrated  loads.  Comparison  with  figure  7 shows 
that  here,  as  in  the  symmetrical  case,  reference  4,  critical  displace- 
ment concentrated  loads  are  higher  than  dead  weight  for  the  same  values 
of  e,  p and  X. 

Bending  and  membrane  stresses  measured  by  strain  gages  are  given 
in  figures  13-16  for  an  aluminum  shell  with  an  eccentric  loading  at 


CONCLUDING  REMARKS 


The  material  presented  in  this  paper  constitutes  part  of  the  data 
obtained  in  the  course  of  the  current  research  program,  and  only  a por-  , 
tion  of  the  complete  spectrum  of  the  problem  of  stability  of  spherical 
shells  under  asymmetrical  loading.  Such  areas  as  those  pertaining  to 
deep  shells,  effects  of  the  reversed  application  of  uniform  pressure 
and  constant  displacement  concentrated  loads;  and,  certainly,  analyti- 
cal work  are  still  open.  A broad  program  to  cover  such  areas  has  been 
developed  by  the  author  and  his  associates,  and  work  is  currently  pro- 
ceeding. 

The  phenomenon  of  two-mode  buckling,  and  associated  with  it  "local 
buckling"  may  shed  some  light  on  the  mechanism  of  buckling,  but,  per- 
haps more  directly  may  be  utilized  for  programming  and  distribution  of 
reinforcing  elements  such  as  ribs  and  rings.  For  instance,  figure  1 
tells  us  that  if  a shell  is  reinforced  around  the  region  corresponding 
to  e = 0.123,  "local  buckling^  mav  be  avoided,  even  when  a shell  is  load- 
ed in  this  region  by  normal  concentrated  loads. 

The  question  of  how  or  whether  at  all  the  phenomena  observed  for 
the  concentrated  loads  are  related  to  other  types  of  loading  is  also 
unanswered.  But,  at  least,  we  become  aware  of  the  very  whimsical 
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behavior  of  spherical  shells  when  certain  asymmetries  are  introduced, 
and  the  problem  must  be  treated  with  great  care. 
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Figure  3.-  Load-deflection  curves  for  free  edge  spherical  shells 
under  constant  displacement  concentrated  loadings  with  varying 
eccentricity. 
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Figure  k.~  Load-deflection  curves  for  simple  supported  spherical  shells 
of  varying  thickness  under  constant  displacement  concentrated  loadings 
with  fixed  eccentricity. 
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daceraent  concentrated  loading  with  displacement  concentrated  loading  with 

eccentricity:  l80°-0°  meridian.  l/8  eccentricity:  270°-90°, 

e = l/8  displacement. 


Figure  7.-  Critical  loads  on  clamped  spherical  shells  with  three  uniform 
pressures  superimposed  on  concentrated  dead  weight  loading,  with 
e * 1/4  and  e * 1/2. 
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Figure  8.-  Load  deflection  curves  for  clamped  spherical  shells  with 
varying  geometry  parameter  under  constant  displacement  concen- 
trated loading  superimposed  on  uniform  pressure:  p » 0.984, 

h » 0.025,  and  e = 1/4. 
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Figure  9«-  Load,  deflection  curves  for  clamped  spherical  shells  with 
varying  geometry  parameter  under  constant  displacement  concen- 
trated loading  superimposed  on  uniform  pressure:  p ■ 1-968, 

h « 0.03,  and  e » 1/4. 
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Figure  10.-  Load  deflection  curves  for  clamped  spherical  shells  with 
varying  geometry  parameter  under  constant  displacement  concen- 
trated loading  superimposed  on  uniform  pressure:  p * 0.984, 

h ■ 0.025,  and  e * 1/2. 
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Figure  11. - Load  deflection  curves  for  clamped  spherical  shells  with 
varying  geometry  parameter  under  constant  displacement  concen- 
trated loading  superimposed  on  uniform  pressure:  p ■ 1*968* 

h * 0.03,  and  e = l/2. 
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Figure  12.-  Critical  loads  on  clamped  spherical  shells  with  con 
centrated  constant  displacement  loading  with  e = l/i+  and 
e = l/2  superimposed  on  three  uniform  pressures. 
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EXPERIMENTAL  OBSERVATIONS  ON  CREEP  BUCKLING  OF  SPHERICAL  SHELIS 

K.  N.  Tong 
Syracuse  University 

and 

B.  L.  Greenstreet 
Oak  Ridge  National  Laboratory 

SUMMARY 


Creep  buckling  experiments  were  performed  on  hemispherical  shells 
and  spherical  dishes  of  lead,  copper,  and  aluminum  to  study  the  mechanism 
of  failure  * The  results  indicate  that  for  thin  shells  under  moderately 
high  external  pressure  the  failure  mechanism  is  essentially  that  of 
static  instability  of  a configuration  that  is  arrived  at  through  creep. 

INTRODUCTION 


In  certain  designs  of  nuclear  power  reactors,  thin  hemispherical 
shells  are  to  be  subjected  to  an  external  pressure  at  an  elevated  tem- 
perature. Because  of  creep  it  is  certain  that  the  shell  will  collapse 
after  a certain  period  of  time.  It  is  not  clear,  however,  what  is  the 
nature  of  the  instability  mechanism  itself.  Consider  for  the  moment  a 
hemisphere  subjected  to  a uniform  external  pressure  and  supported  at  its 
equator  in  some  manner.  The  stress  distribution  in  the  shell  is  pre- 
dominantly that  of  a uniform  membrane  compression  except  at  regions  near 
the  support  and  near  some  unavoidable  imperfections  in  the  shell.  There 
the  stress  state  deviates  from  being  a uniform  compression.  This  devi- 
ation in  stress  state  causes  a progressive  deviation  of  the  shell  geome- 
try from  being  a hemisphere  through  creep.  The  question  now  is  when  or 
how  this  process  terminates  into  a failure. 

The  failure  mechanisms  usually  associated  with  the  creep  buckling 
of  columns  and  of  thin-walled  tubes  subjected  to  external  pressure  are 
not  applicable  to  shells  of  non-developable  surfaces.  With  such  shells 
the  formation  of  a few  "plastic  hinges"  having  infinite  strain  rate  is 
not  by  itself  sufficient  to  cause  collapse.  Two  possible  mechanisms 
suggest  themselves  in  the  case  of  creep  buckling  of  spherical  shells. 

In  the  first  mechanism  it  is  conceived  that,  through  creep,  a small 
dimple  having  a negative  curvature  is  eventually  formed  and  enlarged 
with  increasing  rate.  The  kinematics  of  the  phenomenon  is  similar  to 
the  turning  over  of  a spherical  membrane  inside  out  through  a process 
of  continuous  application.  In  the  second,  one  visualizes  that  after 
the  shape  of  the  shell  has  been  sufficiently  altered  by  creep  there  is 
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a time  when  the  configuration  of  the  shell  structure  is  no  longer  in  a 
state  of  stable  equilibrium  in  relation  to  the  applied  load  and  the 
process  terminates  abruptly  by  either  elastic  or  plastic  buckling. 

The  distinction  between  the  two  mechanisms  described  is,  of  course, 
only  conceptual  in  nature.  Any  collapsing  process  can  take  place  only 
in  a finite  amount  of  time.  But,  as  a practical  matter,  a feasible 
analysis  of  the  phenomenon  will  require  certain  simplifications,  and 
the  construction  of  an  appropriate  model  demands  a qualitative  knowledge 
of  what  happens  in  reality.  A number  of  experiments  were  thus  performed 
to  study  the  phenomenon  of  creep  buckling  of  spherical  shells.  Although 
certain  quantitative  data  were  taken,  the  interest  at  first  was  mostly 
in  the  qualitative  nature  of  the  creep  buckling  process. 

EXPERIMENTS 
Test  on  Lead  Shells 


Because  of  the  ease  with  which  lead  specimens  can  be  formed  and 
made  to  creep  at  room  temperatures,  a series  of  experiments  were  first 
performed  using  hemispheres  and  spherical  dishes  with  nominal  radius  of 
5*5  in.  and  nominal  wall  thickness  of  0.500  in.  The  specimens  were, 
however,  not  very  accurately  made  and  they  were  very  susceptible  to 
mishandling.  Therefore  no  quantitative  results  will  be  given  here  and 
the  following  observations  are  offered  instead. 

(1)  The  buckling  of  hemispheres  initiated  from  a small  region.  A 
dimple  of  about  2 in.  diameter  first  appeared  and  was  quickly  followed 
by  collapsing  of  the  shell.  Measurements  of  radial  displacement  of  the 
shell  surface  in  one  experiment  confirmed  that  the  initiation  of  the 
instability  is  localized. 

(2)  Not  until  very  late  in  the  process  was  the  location  of  the 
buckle  predictable  from  a radial  displacement  survey  which  had  a reso- 
lution of  0.001".  Once  the  existence  of  a "flat  spot"  became  discerni- 
ble, a dimple  formed  shortly  thereafter.  In  one  experiment  brittle 
lacquer  coating  was  used.  When  the  creep  of  the  specimen  became  suf- 
ficiently fast,  cracking  of  the  coating  began  at  a small  annular  region. 
It  took  about  a minute  for  the  shell  to  dimple.  Figure  1 depicts 
roughly  the  rate  of  progress  of  the  overall  process. 

(5)  The  buckled  shapes  of  spherical  dishes  were  always  asymmet- 
rical. The  dimples  in  hemispherical  shells  were  likely  to  be  formed 
anywhere . 
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Test  on  Copper  Dishes 


A number  of  tests  were  performed  on  shallow  copper  spherical  dishes 
of  different  geometries.  Figure  2 shows  the  data  from  one  of  the  test 
series  .JJje.  specimens  used-  in  this  series  had  the  following  geometry. 

Radius  of  curvature  11.82  + 0.J0  in. 


Thickness 

Base  circle  diameter 


0.052  + 0.0005  in. 
5.9^6  in. 


Rise 

Half  angle 


O.38  in. 
14.6° 


The  rim  of  the  dish  was  soldered  to  a copper  plate  with  a circular 
recess  which  fits  the  base  rim.  A 95  - 5 tin- lead  solder  was  used. 

The  data  for  200 °F  are  perhaps  not  very  significant.  The  delayed 
buckling  might  be  entirely  due  to  the  relaxation  of  the  edge  constraint 
offered  by  the  soldering.  At  300°F,  however,  soldering  will  creep  suf- 
ficiently fast  so  that  the  edge  condition  was  probably  very  close  to 
being  simply  supported. 

The  following  observations  may  be  made  of  this  test. 

(1)  There  is  a significant  difference  between  the  "instantaneous" 
buckling  load  and  the  load  causing  buckling  in  a few  hours. 

(2)  The  shells  failed  by  snap-through . The  final  buckling  pro- 
cess was  not  exactly  axisymmetrical. 


Test  on  Copper  Hemispherical  Shells 

Specimens  and  Test  Procedure.  - The  specimens  used  in  this  series 
of  experiments  were  manufactured  by  "Hydroforming " from  commercially 
pure  copper  sheets.  A steel  sheet  was  used  as  an  outer  wrap  in  forming. 
The  finished  shell  consisted  of  a 12.625  in.  diameter  hemisphere  with 
a l/2  in.  cylindrical  section  attached  to  the  equator.  Material  beyond 
the  cylindrical  section  was  machined  off  from  the  shell  as  formed.  Trial 
tests  using  several  arrangements  of  clamping  along  the  equator  invari- 
ably resulted  in  a failure  initiated  at  the  clamping.  Subsequently,  the 
following  arrangement  was  used.  A steel  ring  of  12.63"  0.  D.  and  11.75" 
I.  D.  was  machined  out  of  3/8"  plate.  It  also  contained  a saw  cut  of 
about  l/l6"  width.  This  ring  was  then  squeezed  and  inserted  into  the 
cylindrical  portion  of  the  specimen.  The  shell  thus  stiffened,  was 
placed  on  a hardened  steel  plate  and  lapped  until  a metal-to-metal  seal 
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was  formed  between  the  rim  of  the  shell  and  the  plate.  The  assembled 
test  rig  is  shown  in  figure  3* 

Spot  check  of  the  shells  found  that  the  variation  in  the  wall  thick- 
ness was  within  0.001  in.,  the  same  variation  in  the  starting  sheet 
stock.  The  radius  was  within  0.005  in. 

After  the  specimen  was  placed  in  the  rig  it  was  heated  in  the  rig 
to  k00°F  for  about  2 hours.  Subsequently,  the  temperature  was  adjusted 
to  the  test  temperature.  By  adjusting  the  currents  in  the  different 
heaters,  the  temperature  variation  in  the  specimen  could  be  limited  to 
* 1°F.  The  rig  was  then  pressurized  to  the  desired  pressure.  Time  to 
failure,  which  automatically  shut  down  the  rig,  was  recorded  by  an  hour 
meter. 

Test  Results . - The  results  of  this  test  are  given  in  figure  U. 

It  is  a log-log  plot  of  pressure  versus  life.  In  spite  of  the  scatter, 
there  appeared  to  be  a consistent  tendency  for  the  curves  to  level  off 
at  a certain  pressure.  The  leveling  off  seems  to  be  earlier  with  thicker 
shells.  Note  that,  because  of  the  logarithm  scale  used,  the  shapes  of 
the  curves  would  be  the  Bame  if  membrane  stresses  instead  of  pressures 
were  used  for  the  ordinates. 

Data  on  failures  taking  place  within  a few  hours  after  loading 
were  not  included  here.  Ihere  was  a considerable  amount  of  scatter  in 
this  group  of  data.  Two  reasons  may  be  offered  for  this  scatter.  The 
buckling  pressure  of  thin  hemispheres  was  known  to  be  extremely  sensi- 
tive to  geometrical  imperfections.  Any  defect  due  to  chance  mishand- 
ling in  the  entire  process  from  making  the  shell  to  placing  it  in  the 
rig  was  likely  to  cause  a significant  though  varied  amount  of  loss  in 
life.  In  other  words,  by  disregarding  data  from  short  time  failures, 
most  of  the  defective  specimens  were  removed  from  the  population  under 
test.  The  second  reason  is  that  previous  tests  with  spherical  dishes 
have  indicated  that  the  buckling  failure  at  300°F  was  quite  sensitive  to 
loading  rate  • With  the  test  setup  used,  this  loading  rate  cannot  be 
easily  controlled. 

The  buckled  shells  had  varied  shapes . Some  were  nearly  axisymet- 
rical  as  shown  in  figure  5a*  Others  were  definitely  not  symmetrical  as 
those  in  figure  5b.  The  great  majority  of  shells  failed  in  a way  simi- 
lar to  one  of  these  shells.  A few  odd  failures  are  shown  in  figure  5c. 

No  correlation  was  discernible  between  the  mode  of  failure  and  the  life. 

Tests  on  Aluminum  Shells 

This  series  of  tests  have  not  yet  been  completed.  As  a comparison, 
partial  results  are  presented  in  figure  6.  The  tests  were  carried  out 
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in  the  same  manner  as  those  on  copper  shells . 

CONCLUSION  AND  DISCUSSION 


The  experiments  performed  showed  that,  within  the  ranges  of 
parameters  used,  the  creep  buckling  of  hemispherical  shells  is  essen- 
tially a process  of  creep  followed  by  buckling.  Furthermore,  the  buck- 
ling process  is  initiated  from  a rather  localized  region  provided  that 
the  edge  condition  does  not  produce  unduly  high  localized  stresses. 

The  following  remarks  are  offered  in  support  of  these  contentions. 

(1)  The  varied  shapes  of  buckled  shells  showed  that  buckling 
originates  from  some  imperfections.  A few  tests  were  also  made  in  which 
an  inner  support  was  placed  inside  the  hemispherical  specimen  so  that 
when  it  buckled  only  a small  dimple  could  form  without  inducing  a com- 
plete collapse  of  the  shell.  The  shell  surface  away  from  the  dimple 
showed  no  grossly  measurable  deviation  from  being  spherical. 

(2)  The  collapsing  of  the  shell  was  usually  very  violent.  It  was 
always  accompanied  by  an  audible  bang  and  a quick  release  of  pressure. 

(3)  A few  shell  specimens  contained  barely  measurable  flat  spots 
caused  perhaps  by  mishandling . The  buckling  pressures  of  these  shells 
were  found  to  be  drastically  lower.  Similar  flat  spots  could  very  well 
be  produced  by  creep  deformation. 

(k)  The  data  from  spherical  copper  caps  at  300°F  shown  in  figure 
2 fitted  in  well  with  those  from  copper  hemispheres  of  nearly  equal 
wall-thickness -to -radius  ratio.  This  indicates  that  the  buckling  of 
hemispheres  was  a local  phenomenon. 

In  view  of  the  experimental  evidence  obtained,  it  is  suggested 
that  an  analytical  treatment  of  the  phenomenon  may  well  utilize  the 
following  simplified  model.  First,  assume  a complete  spherical  shell 
with  two  identical  axisymmetric  flat  spots  located  diametrically 
opposite  to  each  other.  These  flat  spots  consist  of  regions  where  the 
curvature  is  only  slightly  different  from  the  rest  of  the  sphere.  Using 
membrane  stress  distribution  and  an  appropriate  creep  lav,  one  may 
analyze  the  change  in  the  geometry  of  the  shell  with  time  by  a stepwise 
integration  procedure.  To  terminate  the  process,  one  must  determine 
when  the  current  shape  is  no  longer  in  stable  equilibrium  with  the 
applied  load.  This  analysis  will  require  the  finding  of  buckling  pres- 
sure for  a nearly  spherical  shell  of  arbitrary  shape  taking  into  ac- 
count bending  stress  and  perhaps  finite  deformation.  Knowledge  on  this 
problem  is  currently  still  lacking,  but  is  being  added  daily  by  various 
workers.  The  fact  that,  until  buckling  takes  place,  the  shell  is  essen- 
tially spherical  allows  the  ignoring  of  bending  stress  in  creep  analysis 
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and  thus  simplifies 
solution  of  elastic 


the  picture.  The  main  difficulty  now  is  the 
or  plastic  buckling  problems. 
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Figure  1.-  Change  of  internal  volume  with  time  of  lead  shells  under 

creep. 
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Figure  2.-  Pressure  versus  creep  life  of  a copper  spherical  cap  under 

external  pressure. 
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Figure  3.-  Schematic  diagram  of  the  apparatus  for  creep  test  of  hemi- 
spherical shells  under  external  pressure. 


Figure  4.-  Pressure  versus  creep  life  of  copper  hemispheres. 
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AXI SYMMETRIC  DYNAMIC  BUCKLING  OF  CLAMPED  SHALLOW 
SPHERICAL  SHELLS 

By  Bernard  Budiansky  and  Robert  S.  Roth 
Harvard  University  and  AVCO  Corporation 


SUMMARY 


On  the  basis  of  non-linear  theory,  the  axisynmetric  deformations 
produced  in  a clamped  shallow  spherical  shell  by  a transient  pressure 
loading  are  calculated.  A criterion  for  dynamic  buckling  is  suggested 
and  used  to  determine  critical  pressures  as  a function  of  duration  of 
loading.  The  results  are  limited  to  shell  geometries  for  which  axi- 
symmetric,  rather  than  unsymmetric,  deformations  control  the  buckling 
phenomenon. 


INTRODUCTION 


The  response  to  a uniform  transient  pressure  loading  of  a clamped, 
shallow,  spherical  cap  of  constant  thickness  will  be  studied  on  the  basis 
of  non-linear  elastic  shallow  shell  theory.  Numerical  results  will  be 
used  to  obtain  critical  loads  for  "dynamic  buckling"  according  to  a 
qualitative,  but  fairly  well  defined,  criterion. 


PROBLEM  STATEMENT  AND  METHOD  OF  SOLUTION 

A meridional  cross-section  of  the  shell  and  the  pertinent  geometri- 
cal dimensions  are  shown  in  figure  1.  Because  of  the  shallowness 
assumption,  the  initial  spherical  shape  is  defined  adequately  by  the 
parabolic  relationship 

Zo  - H Tl  - (r/a)2]  (1) 

and  the  shell  radius  R , the  base  radius  a , and  the  central  rise  H 

are  related  approximately  by  a2  <■  2 RH.  The  problem  under  consider- 

ation is  to  calculate  the  time  variation  of  the  axisymmetric  downward 
vertical  displacement  W (r,  t)  produced  by  a prescribed  history  of 
uniform  pressure  on  the  convex  surface. 

The  governing  non-linear  differential  equations,  taking  into  account 
moderately  large  rotations  as  well  as  inertial  loads,  are  presented  in 
the  Appendix,  together  with  a general  procedure  for  their  approximate 
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solution,  ^lis  solution,  based  on  the  Galerkin  method,  requires  the  cal 
culation  of  the  time  variation  of  a finite  number  of  coefficients  a 
in  the  expansion  „ n 

W (r,  t)  - £ an  wn  <r>  <2> 

wherein  the  functions  W (r)  are  chosen  proportional  to  the  natural 
modes  of  axisymmetric  n vibration  of  a circular  clamped  flat  plate  of 
radius  a. 


RESULTS  AND  DISCUSSION 


Numerical  results  have  been  obtained  for  "rectangular"  loadings 
characterized  by  the  sudden  application  of  a pressure  q at  time  t « 0 
which  is  held  constant  for  a time  duration  T and  then  suddenly  removed. 
The  limiting  case  of  an  impulsive  loading  for  which  T ■ 0 but  qT 
remains  finite  has  also  been  considered. 

The  results  may  be  displayed  in  terms  of  the  following  non-dimension- 
al parameters. 


Geometrical  parameter: 


X - 


2 [3  (l-v2)]1/4 


(3) 


Pressure  parameter: 


where 


i 


[3  <l-v2)]1/2 


(4) 

(5) 


Time  parameter: 


where 


(6) 

(7) 


In  these  definitions  E is  Young’s  modulus,  v is  Poisson's  ratio,  and 
p is  the  material  density.  The  reference  pressure  q is  the  classical, 
small-deflection- theory,  buckling  pressure  of  a complete  spherical  shell. 
The  parameters  X and  p have  been  used  previously  in  static  analyses 
(see,  for  example,  ref.  1). 

The  overall  downward  deflection  of  the  shell  is  conveniently 
characterized  by  the  quantity 


A ■ 


(W)ave 

(zjave 

o 


(8) 


599 


which  is  che  ratio  of  the  average  downward  deflection  to  the  average 
value  of  the  initial  shell  height. 

A "rectangular"  history  of  p is  illustrated  in  figure  2(a)  for 
the  value  T ■ 5 of  the  non-dimensional  load  duration  parameter; 

figure  2(b)  shows,  for  the  case  of  the  shell  characterized  by  X -5, 
the  corresponding  early  histories  of  & (t)  calculated  for  various  values 
of  p on  the  basis  of  five  terms  in  the  expansion  (2).  The  most  striking 
feature  of  these  results  (which  are  typical  of  those  obtained  for  other 
values  of  t)  is  illustrated  in  figure  2(c)  which  shows  the  variation 
with  p of  (^max  the  largest  positive  value  of  A occurring  during 
che  early  history  of  the  response.  It  is  seen  that  a very  steep  rise  in 
(A) max  occurs  for  a very  small  change  in  p in  the  vicinity  of  p * .5. 
Somewhat  arbitrarily,  then,  a value  pcr  * *52  in  the  middle  of  this 
region  of  rapid  change  is  selected  as  the  critical  pressure  for  "dynamic 
buckling".  It  should  be  noted  that  the  values  of  (A) max  for  p Sreater 
than  .55  are  "large",  since  A > 1 indicates  that  the  deflected  shell 
has  moved,  on  the  average,  below  the  plane  of  its  boundary . On  the  other 

hand,  the  values  of  (A),„ax  for  P less  chan  -5  can  be  consldere<! 
moderate.  Thus,  the  critical  pressure  corresponds,  qualitatively,  to  a 
transition  from  moderate  to  severe  deformations.  _ 

Very  similar  results  have  been  obtained  for  other  values  of  T 
(ref.  2)  and  in  each  case  there  is  little  uncertainty  in  picking  a crl- 
tical  value  for  p on  the  same  basis.  The  results  for  pcr  versus  r , 
still  for  X » 5,  are  shown  by  the  solid  curve  in  figure  3.  As  expected, 
pcr  decreases  as  the  duration  of  loading  increases,  but  eventually,  at 
about  7 - 10,  pcr  becomes  constant.  This  is  so  because  for  T < 10, 

the  peak  deflections  occur  after  the  removal  of  loading,  whereas  £or 
f > 10  the  maximum  deflections  determining  pcr  occur  for  t < t , an 
so” the  continued  application  of  pressure  for  T > T becomes  irrelevant. 

The  dotted  horizontal  line  shows  the  static  buckling  pressure  para- 
meter (p) static  found  In  ref.  1 for  X - 5.  It  is  interesting  to 
note  that  whereas  the  dynamic  (pcr)  exceeds  (p)static  for  sho^t 
durations  of  loading  (as  it  should),  the  limiting  value  for  long  durations 

is  somewhat  less  than  (p) static*  Pre*umably  thls  is  due  to  the  Slldden" 
ness  of  the  application  of  pressure  in  the  present  dynamic  problem  and 

the  consequent  occurrence  of  a "dynamic  overshoot"  effect. 

The  doc ted  curve  in  figure  3 shows  the  variation  of  the  impulse 
parameter  acr  * (pcr  t)  with  r , faired  into  a point  for  t - ° 

found  from  a separate  calculation  for  impulsive  loading  (ref,  3). 

For  very  small  durations  of  loading,  it  is  evident  that  the  impulse 
rather  than  the  pressure  is  the  important  loading  parameter. 

Calculations  have  also  been  made  (ref.  3)  for  impulsive  loading  for 
other  values  of  X , with  the  results  shown  in  figure  4 as  given  by 
five-degree-of- freedom  solutions.  But,  for  two  reasons,  these  results 
must  not  be  taken  seriously  for  X larger  than  5 or  6 . First,  whereas 
convergence  with  5 terms  in  Eq.  (2)  appears  satisfactory  for  X < 6, 
it  is  progressively  less  so  as  X increases;  this  is  due  to  the  in- 
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creasing  "waviness"  of  the  axisynmetric  deformations  for  larger  Xfs,  as 
in  the  static  case  (ref.  1).  Second,  and  more  important,  it  is  probable 
that  for  X > 6 non- axi symmetric  deformations  will  control  the  situation 
in  both  the  static  and  dynamic  buckling  cases.  For  the  same  two  reasons, 
the  one-degree-of-freedom  solution  of  ref.  4,  shown  dotted  in  fig.  4,  must 
also  be  discounted  for  X > 6. 


CONCLUDING  REMARK 


The  qualitative  criterion  presented  for  the  establishment  of  critical 
parameters  for  dynamic  buckling  has  a physically  significant  basis,  and 
analogous  criteria,  based  on  the  rapid  change  of  response  with  loading 
parameters,  may  be  useful  in  other  dynamic  buckling  problems. 


APPENDIX 

ANALYSIS 


The  governing  differential  equations  in  non-dimensional  form 
(see  refs.  1,  3)  are 


<?w")"  - <|V  - X2(S0)'  + X4(?w)  - (0v')’  +4X4p? 


(Al) 


(?0’)'  - | + X2(?w’)  - - j (w')2 


(A2) 


where  primes  denote  differentiation  with  respect  to  % m r/a  , and 
dots  denote  differentiation  with  resnect  to  t.  The  non-dimensional  dis- 

i/o 

placement  w is  defined  as  w * (w/h)  [l2(l-v  )]  1 . The  quantity  0 
is  a non-dimensional  stress  function  defined  in  terms  of  the  dimensional 

stress  function  \|f  by  0 * y [l2(l-v^)a]  / [X£t  !,  vmere  is  related 
to  the  meridional  and  circumferential  membrane  forces  per  unit  length 
and  by  * y/r  and  * (d^/dr).  The  equations  (Al)  and 

(A2)  express,  respectively,  equilibrium  in  the  vertical  direction  and 
compatibility  of  membrane  strains. 

Toe  boundary  conditions  for  :he  c larger*  edge  at  ?*1  ax*e 

v;  * w * » o 

and  0f  - v0  * 0 

The  substitution  (2),  non-dimensional ized. 


is 


(A3) 

(A4) 


6oi 


w(S,  T)  = ^ an  (T)  wn  (?) 


(A5) 


where 


wn(?) 


I (0  ?)  J <0  ?) 
o n o n 

i (n  ) " j (n  ) 

o n o n 


(A6) 


where  J is  the  Bessel  function  of  the  first  kind,  I is  the  modified 
Bessel  function  of  the  first  kind,  and  the  0n  are  the  roots  of 


VPn>  , Vnn>  f 

TUT)  + TTTJ  ~ 0 


(A7) 


o n 


o a 


Substituting  (A5)  into  (Al)  and  following  Galerkin's  procedure  gives 

4-  (**>  (0wf)  w d?  4-  4\  pN  (A8) 

J o m ra 

(m  * 1,  2,  3,  * . ®) 


A 4 

n a + x4a  - 

x2  r1 

(?0)' 

mm  m 

- o 

where  N 

m 

- J1 

Jo 

?w  d? 
n 

ra 


Vi'-V 
ft  J (ft-) 

m n m 


(A9) 


and  use  has  been  made  of  the  orthonormality  condition  for  the  flat  plate 
vibration  inodes 

?w  w d^  = £ 

J o m n ran 

where  <f  is  the  Kronecker  delta  (0  for  m ^ n,  1 for  m = n)  * 
ran 


Now  let  0 * 0q  + , where 


w) ' 

- *o 

a - X2(?w') 

(A  10) 

o 

and 

- fi 

« - \ (w’)2 

(AH) 

and  both  0 and  0 satisfy  the  boundary  condition  (A4)  . The  solution 
o 1 

of  (A10),  regular  at  % « 0,  is 
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X" 

r 


riw(ri)  dTi  - x2  Tiw(T|)dTi  (A12) 


Th*°  J*  <5*„ > ’ « « - 

o in 

- 2X2 

(N«  I»  * 

\l-v/  m L*  n n 

CM 

r< 

1 

(A  13) 

can  be  used  directly  in  (A8) 

• 

Next,  following  ref.  5, 

write 

V 

■ A 

o 

«„!) 

(A14) 

V 

- Ai 

‘♦I^'x 

(A  15) 

where  the  \ are  the  roots 
n 

of  J 

w - »• 

Then  use  of  (A13) , 

(A14) , and  (A15)  in  (A8)  gives 


*.  + [‘  +§s)‘  + 2 (&)  "»]  S + 2 (&)  ». I V.  « -f»> 

’ -ICmnbn1>]  [<*„  + Al>  ZDm*o  + £ IE-,p  V(bp°>+  ‘p1’)] 


+ 4 p N 


(m-  1,  2,  3,  ...) 
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which  must  be  found  by  numerical  integration. 
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Finally,  A , A,,  b^  , and  must  be  expressed  in  terms  of 

■"  o 1 n n 

the  a's.  Substitution  of  (A14)  into  (A10),  and  use  of  the  Galerkin 
n 

method  again  gives 
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and  a similar  calculation  with  (A15)  and  (16)  gives 
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By  the  boundary  condition  (A4) 


A 


1 


b<l> 


K Jn  <X  J 
no  n 


(A19) 


On  the  other  hand, 


is  most  conveniently  found  from  (A12)  as 
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The  constants  0 , X , N , C , D . and  E are  tabulated 
n n n mn  ran  mnp 

in  ref.  3,  up  to  n * n ■ p ■ 5. 

For  a prescribed  p(T),  equations  (A16)  now  constitute  a well- 
defined  set  of  non-linear,  second-order  equations  for  the  response 
coefficients  a , and  they  have  been  solved  numerically  for  the  various 
cases  discussednin  the  body  of  this  report.  The  initial  conditions  are 

generally  *n(°)  ■ *n(°)  ■ 0;  but  in  the  case  of  impulsive  loading, 

the  last  term  in  (A16)  does  not  appear,  and  instead  the  initial  (dimen- 
sional) velocity  (qt)  / (ph)  must  be  imposed.  Then,  non-dimens ionally, 
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for  the  impulsive  loading  case.  Finally,  A is  found  as 
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with  results  typified  by  fig.  2. 
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with  Bhe 11 -geometry  parameter . 
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SUMMARY 


Two  types  of  dynamic  tests  on  spherical  shells  have 
been  conducted.  One  involved  bias t- induced  dynamic  buckling 
and  permanent  deformation  of  the  shell;  the  other  involved 
producing  permanent  deformation  of  hemispherical  shells  by 
projectile  impact  coincident  with  the  axis  of  symmetry  of 
the  shell.  An  analysis  which  predicts  only  the  axisymmetric 
response  of  the  shell  has  been  formulated.  The  analysis 
which  takes  into  account  large  deflections  and  plastic 
deformations  is  employed  to  predict  and  compare  with  the 
experimentally-observed  results. 


INTRODUCTION 


This  paper  presents  the  results  of  some  recent  studies 
conducted  at  the  Aeroelastic  and  Structures  Research  Labora- 
tory, M.I.T.,  on  buckling  of  thin  spherical  shells  under 
dynamic  loadings.  Both  experimental  and  theoretical  results 
are  included.  The  experimental  program  pertains  to  shells 
under  blast  loading  in  a shock  tube  and  shells  impacted. by 
projectiles.  The  objective  of  the  theoretical  program  is 
to  develop  a numerical  method  for  predicting  the  response 
and  permanent  plastic  deformation  of  shells  under  general 
dynamic  loading  conditions.  The  analysis  given  in  the 
present  paper  is  limited  entirely  to  the  axisymmetric  motion 
of  shells. 
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EXPERIMENTS 


Test  Specimens 

Spherical  shells  of  nominal  4-inch  diameter  and  uniform 
thickness  ranging  from  5 to  11  mils  were  prepared  by  hydro- 
forming, spinning,  and  chemical  milling  from  6061-0  aluminum 
alloy.  The  average  of  the  extreme  variations  in  thickness 
of  a given  model  ranged  from  +4.1  percent  to  + 9.5  percent 
for  shells  having  nominal  radius -to-thickness ,~R/t , values 
of  180  and  380,  respectively.  These  specimens  were  subse- 
quently heat  treated  to  a Rockwell  hardness  of  74-80, 
resulting  in  measured  compression  yield  of  36,000  psi  for 
0.2  percent  offset  and  a tensile  ultimate  stress  of  42,500 
psi.  These  models  were  mounted  for  testing  by  positioning 
them  such  that  the  base  of  each,  for  any  chosen  H/R  condition, 
extended  well  into  a 3/8-inch  deep  circular  moat  machined 
into  a heavy  steel  plate.  This  moat  was  then  filled  with 
liquid  cerrobend  metal  which  cools,  solidifies,  and  expands, 
thus  firmly  clamping  the  base  of  the  model. 


Blast  Tests 

Blast-test  apparatus  and  procedure.  - The  experiments 
involving  blast  loading  on  the  spherical  shells  were  per- 
formed  using  the  MIT-ASD  8 by  24-inch  by  98-foot  shock  tube 
which  provides  essentially  a step-function  blast  wave. 

Using  the  24-inch  side  wall  as  the  base  plane  for  a specimen 
permits  side-on  blast  impingement  wherein  the  normal  to  the 
shock  front  is  perpendicular  to  the  axis  of  symmetry  of  the 
shell.  On  the  other  hand,  when  the  8 by  24-inch  end  of  the 
shock  tube  is  used  as  the  base  plane  of  the  model,  the  nor- 
mal to  the  incident  shock  front  is  coincident  with  or 
P*r*ll*l  to  the  axis  of  symmetry  of  the  shell;  this  results 
in  axisymmetric  blast  loading  of  the  specimen.  Schematics 
of  the  shock  tube  testing  arrangement  and  of  model-shock 
front  orientations  together  with  the  associated  H/R  values 
employed  are  shown  in  figure  1. 

From  a knowledge  of  (a)  the  measured  pressure  and 
temperature  of  the  air  in  the  shock  tube  test  section,  where 
the  test  specimen  is  located,  before  the  shock  arrives,  and 
(b)  the  velocity  of  the  shock  front,  the  pressure  jump  across 
the  shock  front  can  be  determined  readily  from  the  Rankine- 
Hugoniot  shock  relations.1  Also,  from  the  Rankine-Hugoniot 
shock  relations , the  density  and  the  material  velocity  of 
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the  shock-initiated  flow  can  be  determined.  These  relations 
together  with  the  boundary  condition  of  zero  material  velo- 
city normal  to  a solid  surface  enable  a determination  of 
the  pressure  behind  the  reflected  shock  occurring  when  the 
incident  shock  impinges  upon  a solid  surface.  The  condition 
for  which  the  plane  of  the  shock  front  is  parallel  to  the 
surface  against  which  it  impinges  is  referred  to  as  "head- 
on"  shock  reflection,  and  the  associated  pressure  increase 
at  the  wall  above  that  present  before  shock  impingement  is 
often  termed  simply:  the  ref lected-shock  overpressure. 

This  quantity  is  useful  in  later  discussion. 

In  the  blast  loading  experiments  depicted  in  parts  (b) 
and  (c)  of  figure  1,  each  model  was  subjected  to  a small 
shock  overpressure  and  then  examined  visually  and  with  a 
template  for  any  evidence  of  permanent  deformation.  If  none 
was  found,  the  specimen  was  subjected  to  a slightly  greater 
shock  overpressure  and,  once  again,  was  inspected.  This 
procedure  was  repeated  until  evidence  of  permanent  damage 
was  found.  The  shock  overpressure  at  which  any  evidence  of 
permanent  damage  is  first  noted  is  termed  the  dynamic- 
buckling  threshold  overpressure. 

Blast-test  results.  - In  some  cases,  the  first  permanent 
deformation  observed  was  very  slight,  and  very  large  in  others-, 
figure  2,  showing  first-damage  results,  serves  to  illustrate 
this  fact  for  the  cases  of  side-on  and  axisymmetric  loading. 
Since  increments  in  incident  shock  overpressure  of  about  QJ- 
to  0.8  psi  were  employed,  it  is  seen  that  permanent  deforma- 
tion is  extremely  sensitive  to  the  amount  bv  which  the  inci- 
dent shock  overpressure  exceeds  the  actual  "threshold"  shock 
overpressure,  Aps>cr.  Accordingly,  the  threshold  shock  over- 
pressure was  chosen  as  that  with  which  damage  of  the  type 
exhibited  by  specimen  11-13  (figure  2)  occurred.  For  more 
severe  initial  damage,  the  threshold  shock  overpressure  was 
taken  as  an  appropriate  value  interpolated  between  the 
damage -inflicting  value  employed  and  that  of  the  next  smal- 
lest overpressure  to  which  the  specimen  was  subjected. 

At  the  location  on  the  specimen  which  was  first  struck 
by  the  shock  front,  head-on  reflection  occurs  and  the  head- 
on  reflected  shock  overpressure  Apr  is  produced.  The  value 
of  Apr  cr  corresponding  to  Ap3>cr  is  a convenient 
reference  value  and  is  employed  in  figure  3 to  denote  the 
dynamic  buckling  threshold  as  a function  of  R/t.  Note  that 
for  cases  involving  H/R  * 1.5,  the  dynamic-buckling 
thresholds  for  cases  of  side-on  blast  are  indistinguishable 


from  those  for  axisymmetric  blast.  This  is  not  surprising 
in  view  of  the  local  nature  of  dynamic  buckling  and  the 
rapidity  with  which  it  occurs.  Motion  pictures  taken  at 
10,000  frames  per  second  for  a specimen  with  R/t  - ?80  show 
clearly  that  dynamic  buckling  has  proceeded  to  a significant 
extent  within  100  microseconds,  but  may  have  proceeded  sig- 
nificantly much  earlier  than  this.  By  way  of  contrast,  the 
time  for  an  acoustic  signal  in  the  metal  to  propagate  from 
the  crown  to  the  base  and  back  for  this  specimen  is  about 
33  microseconds.  On  the  other  hand,  in  100  microseconds  the 
blast  shock  front  has  traveled  typically  only  about  1.8- 
inches;  thus,  buckling  has  been  initiated  before  wall  effects 
have  influenced  the  blast  loading  on  the  shell. 

Only  a few  dynamic  tests  were  conducted  for  H/R  * 1.0 
and  0.293.  Although  not  sufficient  in  number  to  be  defini- 
tive, these  results  are  included  in  figure  3*  However  . it 
appears  that  the  expected  trend  of  reduced  critical  load  with 
reduced  H/R  is  indicated. 

It  was  observed  that  dynamic  buckling  for  side-on  load- 
ing was  initiated  near  the  region  first  struck  by  the  blast 
(i.e.,  at  the  nose)  in  some  cases,  and  adjacent  to  the 
clamped  base  in  others.  By  contrast,  hydrostatic  tests  of 
31  specimens  with  H/R  ■ 1. 5 and  with  R/t  values  ranging 
from  about  180  to  450  exhibited  a great  preponderance  of 
buckles  occurring  adjacent  to  the  base.  The  hydrostatic 
buckling  pressure  for  all  of  these  base- influenced  buckling 
cases  is  given  by 

APcr  - 0.35  E ( $ )2 

where  E is  the  elastic  modulus,  with  a mean  probable  error 
of  2.2  percent.  This  relation  is  the  form  of  the  familiar 
Tsien^  equation  for  static  elastic  buckling  of  spherical 
shells.  Tests  on  spherical  shell  specimens  which  were 
thickness-prepared  by  chemical  milling  (as  were  all  of  the 
specimens)  so  as  to  provide  a slightly  thicker  region 
adjacent  to  the  base  compared  with  the  remainder  of  the  shell 
resulted  in  buckles  occurring  well  away  from  the  base.  The 
buckling  pressures  for  the  five  cases  tested  in  this  manner 
were  significantly  larger  and  may  be  expressed  by 

Apcr  - 0.62  E (£  )2 

with  a mean  probable  error  of  3.8  percent;  these  are  referred 
to  as  base -uninfluenced  cases. 
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The  hydrostatic  test  results  are  in  marked  contrast 
with  the  dynamic  buckling  results  since,  as  seen  from  figure 
3,  the  latter  show  no  distinction  between  "base- influenced 
and  the  "base-uninfluenced"  cases.  All  of  the  dynamic  buck- 
ling results  of  figure  3 for  H/R  ■ 1.5  may  be_correlated  by 

APr,cr  * °‘33  E (t)2 

where , as  before , the  elastic  modulus  E has  been  taken  as 
10,400,000  psi,  and  Apr>cr  is  in  psi  units. 

Impact  Tests 

Impact-test  apparatus  and  procedure.  - For  the  projectile- 
shell  impact  tests,  a hemispherical  test  specimen  was  mounted 
as  a bob  of  a ballistic  pendulum.  The  specimen  was  then 
impacted  at  its  crown  by  a lead  projectile.  By  applying  the 
conditions  expressing  the  conservation  of  momentum  and  energy, 
and  by  assuming  that  the  energy  of  deformation  of  the  projec- 
tile is  negligibly  small,  the  energy  ultimately  dissipated  by 
the  shell  through  plastic  deformation  and  friction  can  be 
computed  from 

Ed  - l/2{m'  V [2V0  - V(1  + g')  )} 

where 

VQ  ■ projectile  impact  velocity 

V ■ maximum  velocity  acquired  by 
the  pendulim 

m ■ mass  of  the  projectile 

m*  ■ mass  of  the  pendulum 

Further,  if  it  is  assumed  that  the  displacement  of  the  pen- 
dulum was  negligible  during  the  time  to  complete  the  deforma- 
tion of  the  shell,  the  maximum  velocity  V of  the  pendulum 
can  be  found  from  the  maximum  side  swing,  x,  of  the 
pendulum: 


where  r is  the  length  of  the  pendulum  and  g is  the 
gravitational  constant.  Thus,  a measurement  of  VQ  and 
x permits  a determination  of  E^. 
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Impact-test  results.  - The  results  from  eight  projectile- 
shell  impact  tests  are  shown  in  figure  4.  The  permanent 
deflection  6/r  is  given  in  figure  5 as  a function  of  the 
shell  dissipation  energy  where  £ is  the  central  permanent 
deflection.  Profiles  of  permanent  deformation  for  two  of 
these  cases  are  shown  in  figure  6.  Detailed  data  for  these 
tests  may  be  found  in  reference  3- 


NUMERICAL  SOLUTION  OF  DYNAMIC  RESPONSE 
OF  AXISYMMETRIC  SHELLS 

This  section  presents  briefly  a step-by-step  numerical 
method  that  has  been  developed  in  reference  5 for  predicting 
the  dynamic  responses  of  shells  of  revolution  in  axisymmet- 
ric  deformations. 

Part  (a)  of  figure  7 shows  a shell  of  revolution  defined 
by  the  curvilinear  coordinates  S and  4.  The  location  of 
any  point  on  the  meridian  can  be  determined  by  the  two  coor- 
dinates r and  z.  On  the  element  of  the  shell  shown  in 
part  (b)  of  figure  7 there  are  two  tangential  stress  resultants 
Ng  and  N^,  a transverse  stress  resultant  Q « and  two  stress 
couples  M$  and  Mj.  The  equations  of  equilibrium  for  large 
deflections  of  shells  are 

(N0  r sin  0]  + ^ [Qg  r cos  0]  - mrz  - 0 
[Ng  r cos  0]  - gjl  [Qg  r sin  0]  - N^  - mrr  - 0 
d(M0r)  - M/  cos  0 - 0nr  - 0 

as  * e 


m * mass  of  the  shell  per  unit  area 

0 - angle  of  inclination  of  the  element 

with  respect  to  the  r-direction 

For  an  approximate  solution,  the  meridian  of  the  shell 
is  first  divided  into  a finite  number  of  discrete  segments 
and  a set  of  finite-difference  equations  is  used  to  replace 
the  above  set  of  differential  equations.  The  difference 
equations  can  be  represented  approximately  by  a lumped- 
parameter  model  consisting  of  rings  connected  by  weightless 


d 

IS 

d 

a? 


where 
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frustums.  In  determining  the  symmetrical  motion  of  the 
shell,  a step-by-step  numerical  procedure  is  used.  At  time 
tj  the  stress-resultants  Ng  and  and  stress  couples 

Mg  and  M^,  the  location  z and  r of  each  mass  ring, 
and  the  angle  of  inclination  9 of  each  frustum  segment 
have  all  been  previously  evaluated.  Then,  it  is  possible  to 
calculate  the  transverse  stress  resultant  Qg  and  to 
evaluate  the  two  components  of  acceleration  r and  z at 
each  ring.  By  using  the  central-difference  approximation  to 
represent  the  second  derivatives  with  respect  to  time,  one 
can  determine  the  coordinates  z and  r at  time  t j + At , 
i.e.,  at  t.+^.  One  can  then  determine  the  increments  in 
mid-surfaceJ  strain  components  and  the  changes  in  principal 
curvatures . 

In  determining  the  corresponding  increments  in  stress 
resultants  and  stress  couples,  the  shell  material  is  assumed 
to  be  concentrated  at  two  layers  separated  by  a material 
which  cannot  carry  normal  stresses  but  has  infinite  shear 
rigidity.  Under  this  simplified  assumption,  the  stress  and 
strain  in  the  shell  can  be  defined  by  those  of  the  upper  and 
lower  layers.  For  each  layer,  the  stress-strain  relations 
under  plane-stress  conditions  can  be  used.  For  the  present 
analysis  the  material  is  assumed  to  be  elastic,  perfectly 
plastic.  The  method  can  be  extended  to  materials  which 
exhibit  strain  hardening  behavior  and  for  materials  whose 
plastic  behaviors  are  affected  by  the  rate  of  straining. 


CORRELATION  AND  DISCUSSION 
Blast -Loaded  Specimens 

The  previously-described  axisymmetric  theory  has  been 
used  in  order  to  obtain  an  estimate  of  the  blast  load 
required  for  threshold  dynamic  buckling.  The  blast  data 
reported  in  reference  4 were  adapted  for  the  axisymmetric 
case  (figure  1 (c)).  Included  in  the  empirical  blast-load 
expression  employed  was  finite  immersion  rate  of  the  shell 
by  both  the  initial  and  the  base-plane-reflected  shock 
front,  and  time  variation  of  the  loading  as  a function  of 
9.  In  the  present  calculations,  however,  mot ion- induced 
airloads  were  neglected;  only  prescribed  time-dependent 
airloads  were  used. 

The  buckling-threshold  ref lected-shock  overpressure 
predicted  by  the  present  theory  for  one  R/t  value  is  shown 
in  figure  3 for  the  two-flange  model  with  a flange  separation 


h * tf  (which  is  appropriate  for  elastic  response) , and 
for  the  yield  stress  ctq  for  the  idealized  elastic,  per- 
fectly plastic  material  taken  as  39,000  psi.  It  is  believed 
that  the  substantial  overestimation  of  the  threshold  dynamic- 
buckling  load  is  due  largely  to  the  severe  constraint  imposed 
by  axisymmetric  mode(s)  of  deformation.  As  in  static-buckling 
problems,  the  admission  of  asymmetric  modes  of  deformation 
is  expected  to  result  in  considerably  improved  theoretical- 
experimental  agreement.  This  effect  has  also  been  demonstrated 
theoretically  in  (a)  reference  6,  concerning  dynamic  buckling 
of  impulsively- loaded  arches  and  (b)  reference  7,  dealing 
with  dynamic  buckling  of  impulsively- loaded  spherical  shells. 

Since  experimental  observations  have  shown  that  thresh- 
old permanent  deformation  is  confined  to  a region  of  very 
small  total  subtended  angle,  calculations  are  being  carried 
out  to  determine  the  smallest  cap  angle  valid  for  large  H/R 
as  well  as  the  smallest  segment  size  necessary  to  yield 
dynamic  buckling  results.  However,  the  preliminary  results 
shown  in  figure  3 have  been  obtained  using  a cap  half-angle 
of  20  degrees  and  a space  mesh  size  of  2 segments  per  degree. 
The  loads  corresponding  to  theoretical  bracket  "A"  on  figure 
3 produced  permanent  deformation  ranging  from  enormous  to 
small.  The  top  of  theoretical  bracket  "B"  corresponds  to 
the  smallest  load  for  which  simultaneously  tensile  Ng, 
refersed  curvature,  and  local  £ ft  — 1 occurred  but  for 
which  no  pronounced  permanent  deformation  was  produced;  the 
bottom  of  bracket  "B*'  denotes  the  next  smallest  load  employed 
for  which  tensile  N$  and  reversed  curvature  did  not  occur 
simultaneously. 


Impact -Loaded  Specimens 

The  permanent  central  deflections  predicted  by  axisym- 
metric theory  employing  the  two-flange  model  with  a flange 
separation  h - t/2  and  using  30  segments  per  quadrant  are 
shown  in  figure  5 as  a function  of  the  energy  initially 
imparted  to  the  shell.  Very  little  difference  was  found  by 
using  60  and  180  segments  per  quadrant.  It  is  seen,  as 
expected,  that  the  central  deflection  is  underestimated  by 
this  theory.  Figure  6 gives  a comparison  between  predicted 
and  measured  permanent  deformation  profiles  for  impacted 
specimens  3 and  7.  The  degree  of  deformation  asymmetry 
observed  in  these  experiments  is  indicated  by  the  maximum, 
mean,  and  minimum  of  deformation  profiles  measured  along  ten 
directions  across  the  impact -deformed  region  of  each  specimen. 
The  general  nature  of  the  asymmetry  of  these  deformations 
can  be  seen  in  figure  4.  It  is  clear  that  the  asymmetric 
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character  of  the  deformation  pattern  leads  to  larger  central 
deflections  for  a given  energy  input  than  would  occur  by 
axisymmetric  deformation. 

It  is  interesting  to  note  that  the  present  theory  pre- 
dicts that  97  percent  of  the  initial  energy  input  has  been 
absorbed  by  plastic  work  of  shell  specimen  7 by  about  400 
microseconds  after  impact,  with  the  remaining  3 percent  being 
accounted  for  by  elastic  and  kinetic  energy  of  the  shell. 


CONCLUDING  REMARKS 

The  critical  buckling  load  for  a deep  spherical  shell 
clamped  at  its  base,  for  the  static  case,  depends  upon 
whether  or  not  the  induced  buckle  occurs  adjacent  to  the 
base,  as  it  usually  does.  The  dynamic  buckling  threshold, 
on  the  other  hand,  exhibits  no  such  dependence.  With  respect 
to  theory,  the  use  of  the  present  highly  restrictive  axisym- 
metric calculation  tends  to  overestimate  the  blast  load 
required  to  initiate  dynamic  buckling  of  spherical  shells. 

A theory  admitting  both  symmetric  and  asymmetric  modes  of 
deformation  should  yield  much-improved  results. 

For  the  prediction  of  permanent  deformation  of  shells 
under  concentrated  dynamic  loads,  the  present  study  shows 
clearly  the  necessity  for  including  more  than  axisymmetric 
modes  in  an  elastic,  plastic  dynamic  analysis.  The  present 
axisymmetric  elastic,  plastic  theory  underestimates  the 
central  permanent  deformation  by  about  20  percent. 
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SIDE  VIEW 


(a)  SHOCK  TUBE  SCHEMATIC 


END 

VIEW 


(c)  AXISYMMETRIC  BLAST  CONDITIONS 


Figure  1.-  Configurations  for  shock  tube  tests  of  spherical  shells. 
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Figure  2.-  Typical  blast-loaded  dynamically-buckled  spherical  shells. 
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Figure  3.-  Peak  reflected  blast  overpressure  at  the  buckling  threshold  for  spherical  shells. 


Figure  4.-  Pro jecti le- impacted  spherical  shells 


Figure 


CENTER  DEFLECTION,  6/R 

Permanent  deformation  of  pro jecti le- impacted  spherical  shells 
as  a function  of  shell  dissipation  energy. 
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Figure  6.-  Permanent -deformat ion  profiles  of  projectile-impacted  spherical  shells. 
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NONLINEAR  TRANSVERSE  AXISTMKETKEC  VIBRATIONS 
OF  SHALLOW  SPHERICAL  SHELLS 

By  J.  Connor,  Jr. 

Watertown  Arsenal  Laboratories 


SUMMARY 


A system  of  ordinary  differential  equations  defining  the  axisym- 
metric  nonlinear  dynamic  behavior  of  a shallow  shell  is  obtained  by 
expanding  the  transverse  displacement  in  terms  of  the  normal  modes  for 
the  linear  case.  This  system  is  integrated  numerically  for  a rectangu- 
lar pulse  loading,  using  one  and  two  mode  expansions.  Also,  e.  simple 
two  degree  of  freedom  model  for  a spherical  shell  is  proposed,  and  its 
limiting  dynamic  behavior  investigated. 


INTRODUCTION 

E.  Reissner  has  shown  that  for  primarily  transverse  linear  vibra- 
tions of  shallow  shells,  longitudinal  inertia  can  be  neglected  in  compari- 
son to  transverse  inertia,  resulting  in  an  appreciable  simplification  of 
the  problem^).  Reissner  applied  this  approximation  to  the  case  of  free 
axisymmetric  transverse  vibrations  of  shallow  spherical  shells  and. 
determined  the  fundamental  frequencies  for  clamped  and  free  edges 
Recently,  an  exact  analysis  for  this  case  was  carried  out  by  Kalnins  and 
Naghdi(3).  Good  agreement  between  the  approximate  (using  Reissner 's 
theory)  and  exact  results  for  the  first  two  frequencies  was  found. 


In  this  paper,  the  nonlinear  axisymmetric  transverse  vibration  of 
shallow  spherical  shells  subjected  to  uniform  external  time -dependent 
normal  pressure  i3  investigated.  Longitudinal  inertia  is  neglected  and 
the  nonlinearity  is  restricted  to  the  meridional  middle  surface  strain- 
displacement  relation.  The  normal  displacement  is  expanded  in  terms  of 
the  normal  modes  for  the  linear  case,  and  Galerkin's  Method  is  used  to 
obtain  a set  of  nonlinear  simultaneous  ordinary  differential  equations 
relating  the  generalized  coordinates.  A simple  two  degree  of  freedom 
nonlinear  system  which  behaves  statically  similar  to  a shallow  shell  is 


considered  first  in  order  to  investigate  the  nature  of  dynamic  budding. 
Then,  numerical  solutions  are  obtained  for  the  particular  case  of  a 
rectangular  pressure  pulse,  using  one  and  also  two  inodes. 


NOTATION 


The  positive  directions  of  the  displacement  components  and  coordin- 
ates are  shown  in  Figure  1.  The  notation  used  in  the  analysis  is  listed 
below  for  reference: 


h * shell  thickness 

f*  > mass  density 

E k Young’s  modulus 

v s Poisson’s  Ratio 

u,  w s meridional,  normal  displacement  components  of  middle  surface 

R s spherical  radius 

r s base  radius 

o 

? 3 radial  coordinate 


r 


w 


r 


w 

h 


r 


t = time 

~ 1/2 

r - r (|) 

t * i t c dimensionless  time  variable 
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P 

?ci 


V*9 

T 

Um^ 

PE 

s 

a 

a 

cL 

n 


- external  pressure 

= theoretical  elastic  budding  pressure  for  a deep  spherical 


r 2 ’i-1/2 

shell  * 2 J3(l-u  ) 


Eh 


- _E_ 

5ci 


meridional,  parallel  strains  at  middle  surface 
meridional,  parallel  curvatures 

kinetic  energy- 

strain  energy  due  to  stretching,  bending 


potential  energy  of  surface  forces 

r 

shallow  shell  parameter 


(Hi) 


o 

172 


12  (l-v  ) 


iA 


(Hi) 


O 

172 


circular  frequency  with  respect  to  t 


= a 


11/4 


- 1 


CU 


'>n(Vr) 


VBn’°n 


1 + 


11/2 


,j*  uj  = circular  frequency  with  respect  to  t 


characteristic  function  for  linear  case 
coefficients  in  expression  for  <p  (p^r) 


(u^r) = normalized  characteristic  function 
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Wn 


Jn,In 


^t) 

^(t) 


nm 


um 


coefficients  in  expression  for  <Pn 

. . «,  n-f*  first  Ic-nd  of  real  and  imaginary 

Bessel  functions  of  first  A-na 

arguments 

i2  i i- 

: 5 r 5r 


2 

1/2 

ii  + C J,  (u_) 

2 n H_  n 1 n 

3(1- v V 

J 

" P 


generalized  coordinate 

b 


r / f d? 

o * 

I f T *n  *m  d? 

o 

I I 4* 
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EQUILIBRIUM  EQUATIONS 
Lagrangian  Functional 


The  middle  surface  extensional  strains  and  curvatures  are  taken  as: 


u v 

*9  * - ' R 

r 


ci 


Xy 


where 


-•  w 1 — ,2 

U “ R 2 W 


»"  - 

O’- A<) 


a) 


r 


We  consider  the  material  to  he  linear  elastic  and  neglect  the  strain 
energy  due  to  transverse  shear.  Then,  the  strain  energy  reduces  to: 

u-<k  + S 

^ - f*?  C [%  * i * 2 * % eo]  ? d ? 

:•  [4*4  *2»  * *»] 


(2) 


12(1- 


Ue  neglect  the  kinetic  energy  due  to  the  middle  surface  meridional 
velocity  and  also  to  the  rotatory  velocity.  The  first  approximation  is 
valid ^ ' when  the  frequency  of  transverse  vibration  is  small  compared 

R 1 

with  the  frequency  of  longitudinal  vibration,  which  is  of  order  »-  ^ 

and  the  second  approximation  is  valid  for  small  h,  that  is,  thin  shells. 
"Die  Kinetic  and  Potential  Energy  terms  are: 

r . 2 

T » n #h  f w rdr 
o 


(3) 
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where 


PE  = -2tt  I*  p w r d r 
s Jo 

C)  - ( ) 

«t 

Finally,  the  Lagrangian  Functional  is: 
L = T - Um  - UB  - pEs 


w 


(5) 


Application  of  Hamilton’s  Principle 


We  determine  the  equilibrium  equations  by  applying  Hamilton’s 
Principle,  which  states  that  the  time  integral  of  the  Lagrangiafi  Func- 
tional, L,  is  stationary  for  variations,  $u  and  fw,  which  are  arbi- 
trary in  the  time  interval  and  vanish  at  the  end  points.  The  station- 
ary requirement  is: 


f J 

t. 


2 r 


Lit 


1ST-  5U, 


M 


■ $U_  - $PEe 

xi  5 


■] 


d t 


(6) 


Substituting  for  T,  U.,  U_,  PE  , and  introducing  the  dimensionless 
quantities,  S 


the  stationary  requirement  for  the  case  of  a clamped  shell  (u,  w'  = 0 
at  r = 0,1  and  w = 0 at  r = l)  reduces  to: 
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- (|  + \ v'2)Jjr£u 


d r 


1 f 

K 

l 


+ J*  J w + ^72  V2  w + w 

o / a 


(l-v)a  2 


(l+v)  a2  w - (^  + ^ w'2) 


12  11 

+ T 75r 

a 


(l-»)  u w1  + r V ^(l+tf)aa  w - (!=■  + | »'2>) 


lu^)175 


p l rJn  d r 


d t = 0 


•where 


p = u + r u’  - (ru) ' 


(8) 


(9) 


and  differentiation  is  with  respect  to  the  dimensionless  variables  t 
and  r.  We  do  not  list  the  "natural"  boundary  conditions  associated 
with  (8)  since  we  are  interested  only  in  the  clamped  case. 

Hie  equilibrium  equations  for  u and  w are: 


Br 


(n-v)  s2 » - (§  + \ »,a)]-(3i£)  ?"'2  * 0 

i!  + i ?2  v2w  + w+  — ^-p  [(i+»)  a2  w - (|  + \ v'2) 

c?  (l-v)a2  L r J 

+ ^ i & |(r  W)  jU-v)  £ + (l+«)  a2  w - (|  + | w'2) 


3(1-0 


2^75 


(10) 
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Solution  for  u in  Terns  of  v 


The  D.E.  for  u is: 

^ £(l+v)  c2  V 


-hi  i w,2  , o 

2 r U 


(11) 


Tte  integrate  (ll),  multiply  by  r,  and  integrate  again,  obtaining: 


r u - | r2  Cx  + Cg  + (1+v)  a?  J*  fv  d $ 


I / ^2*r-  ¥ 


o J 


a* 


(12) 


vhere  J is  a dummy  variable. 


Now,  u must  be  finite  at  r « 0,  and  therefore,  Cg  ■ 0.  We  determine  C1 
from  the  requirement  that  u > 0 at  r > 1.0.  The  solution  for  u is: 


Substituting  for  u,  the  stationary  requirement  for  the  clanged 
case  reduces  to: 


t 


2 


1 2 2 
— r O V w + w 

a 
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Expansion  for  w 


The  normal  modes  for  the  linear  case  are' 


vn  (r)  - <pn  (un,  r)  - An  + JQ  (nQ  r)  + Bq  Iq  (hq  r) 


where 


B 


n 


W 


A 

n 


(15) 


(16) 
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and  satisfies  the  following  transcendental  equation: 


I1 


fl^v)  ^n 

" ll IE 


> = - 


4 Jl^n} 


(17) 


The  normalized  characteristic  functions  are: 


*n  - r «n  • K * an  Jo  K r)  * 5„  Xo  (un  r)  (l8> 


vhere 


02  = 
n 


e 2 , 3 . 

' r b d r * * 
v n 2 n 

o 


2 An 


] 


I [Jo  <“„>  - \ <“n>] 


(19) 


These  functions  are  orthogonal  with  respect  to  the  weighting  function,  r. 


f r © m d r * 0 

i n Ta 


t m 


r -2  . 
r®  d 
n 


® d r = 1 


(20) 


and  satisfy  the  following  D.S.: 


2 2 - k - 

* * % - •'n  *o 


4 T 

1 it 

n n 


(21) 


V 


e expand  v in  terms  of  the  normalized  characteristic  functions, 

v • l % <*>  \ <Vr)  I22) 


Substituting  (22)  in  (14),  and  talcing  v - 1/3,  we  obtain 
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J 

t. 


f X 


! 


I 


» 


JQ  $ +-T  V2V2o  + 1*7, 

£ ^|_  n ? n 


/ r * w 

“Jj 


d r 


' (■?)  oa|  jl  I W [r  ''nm  * 2 r 5nm  ' 2 6r 

+ fiS  ’»  ^ [7“  ’»  + 2 r 


fw 


! ? ( tZZZ’n’mS 

a 0 ( n m p 


where 


. | m a I 

r cp  9 - ® 0 

nm  nm 


+ a 7 +2r5'  ? 

Tp  nm  p nm 


f $wf  d 


d t s 0 


r = 1.0 
®nm  * ^nm^r  a 1.0 


Inm  * ^nm^r  = 1.0 


(23) 


(24) 


Equilibrium  Equations  for  Generalized  Coordinates 

We  take  S w * fq.  9.  and  require  that  the  coefficient  of  S vanish 
for  arbitrary  t.  The^  differential  equation  for  q.  has  the  form  d 


1 - , (22\1/2 1 iii  Y y PnI>m  5 5 

Z V'  V ( 3 J 3 a2  I I Pj  "n  ^ 


. * 

-S  H V 4 
a mj 


6j4 


m 


, * d_  -i  d 

o + i H Y P m + - n m Q 

UQHj  nmj  2 “j  nm  ^2  2 ^3  HJnm 


J 


+ f^-A  III 

v.  a n m p 


r * 

_ *™ 

|X  |i  |i 
| rnrQ  p 

p p p 
n m p 

Wp 

* 

S , + 2 ? , F 
nmpj  pj  nm 

i 

1 

pj 

= P 


where 


and 


*J 

- 

V’j 

P, 

s 

(2)1/S  !i 

2 

2 2 
®J 

Y * 

_i_  Y 

nm 

\i  [x  nzn 

'Vm 

e* 

m 

— © 

nm 

W “ 

F 

m 

1* +|5* 

nm  2 nm 

nzn 

H 

2 7 + i A 

n 

n 2 t 

l 

p1  - ' - • 

‘ J ^m 

3 

m n 

o 

(26) 


nmpj 


— J J.  n (Y*  - ©*  ) d r 
(i  u J Yj  p nm  nm' 

J 


(27) 


Expressions  for  y and  Y were  obtained  by  integrating  the  dif- 

n nm 

ferential  equation  for  m ; however.  © , Q ,,  and  S . must  be  deter- 

n nnr  nmj  nmpj 

mined  by  numerical  integration. 

Ihe  new  variable,  q^,  has  been  introduced  so  that  the  generalized 

coordinates  will  be  equal  for  the  linear  static  case,  and  of  order 

unity  for  the  nonlinear  static  case.  Actually,  P is  the  static  partici- 

— J 

pation  factor  and  7j  is  the  average  deflection  or  volume  change  per  unit 
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q for  the  J'th.  mode.  The  total  decrease  in  volume  under  the  shell  is: 


A? 


v -v 

o 

2«r  Si 

o 


I Si  ^n  * £ Pn  S 
n n 


(28) 


DYNAMIC  MODEL 


The  equilibrium  equations  for  the  two  degree  of  freedom  system 
shown  in  Figure  2 have  the  same  form  as  (25)  when  the  resistance  func 
tions  (spring  forces)  are  taken  as: 


- a1  qx  - a2  q*  + &3  qf 

*12  " \ ( V<11)  + b2  (q2-\)2 

+ t>3  (qg-^)3  (29) 

By  studying  the  behavior  of  this  simple  system,  we  can  obtain  some  indi- 
cation of  the  behavior  of  an  actual  shell. 


Static  Behavior 

To  simplify  the  analysis,  we  take  b^b^-O.  Bie  equilibrium  con- 
ditions are : 


then. 


*12  -P2 


W&2  4 + a3  qi3 


(30) 


(3D 
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and. 


"a  * h * E7  pa 


(31) 


In  general,  Pg  and  q^  will  be  single-valued  in  q^.  We  determine  the 

load-deflection  relationship  (Pp  vs  q_)  by  first  specifying  q , and  then 
computing  P^  and  q^.  1 

An  equilibrium  position  is  unstable  with  respect  to  an  infinitesi- 
mal disturbance  when 


and 


for  a dead  weight  loading 


(32) 


- 1 for  a rigid  loading 


(33) 


Then,  static  instability  is  possible  for  a dead  weight  loading  when 

is  not  single  valued  in  P2  whereas,  for  a rigid  loading,  instability 
will  occur  when  P2  is  not  single  valued  in  qg  or,  equivalently,  when 
q,  is  not  single  valued  in  qg.  A typical  load-deflection  curve  for  the 
latter  case  is  shown  in  Figure  3>  and  the  corresponding  Strain  Energy-' 
qg  curve  in  Figure  4.  The  segment,  A-B,  is  unstable  for  a rigid  load- 
ing and  B-C  is  unstable  for  a dead  weight  loading. 


Lind  ting  Dynamic  Behavior 


The  D.E. 's  for  the  actual  system  are: 

“2  *2  + \ ( Vql}  = P2 

mi  §1  + \i  = \ (v^)  (3*0 

where: 

*11  - al  *1  + a2  ql  + a3  ql 
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We  restrict  the  analysis  to  R^1  > 0 for  q^  > 0,  since  the  lower  "buckling 

pressure  for  a spherical  shell  is  positive.  Also,  we  consider  only  the 
limiting  case  where  m^=0.  Hie  D.E. 's  reduce  to: 


“2  \ = P2  ' *11 


^2  “ *1  + b^  *11 


(35a) 

(35b) 


Differentiating  (35b)  with  respect  to  time,  and  solving  for  q^, 

4i  * — T 42  (36> 


The  velocity,  q1,  is  infinite  at  the  static  stability  transition  points 
for  a rigid  loading  (points  A and  B in  Figures  3 and  *0 . 

We  can  determine  q_  as  a function  of  q«  for  the  free  vibration  case 
using  the  Principle  of^Conservation  of  Energy.  Hie  total  energy  is: 


Since  the  strain  energy  i3  multiple  valued  in  qg,  we  must  specify  q^ 
in  order  to  determine  q_.  If  the  initial  energy  is  less  than  the  strain 
energy  for  q^A,  no  discontinuities  will  occur.  However,  if  the  initial 

energy  is  greater,  a jump  will  occur  when  - <hA  and  also  when  q±  = 
q^B*  ihe  total  energy  and  remain  constant(^)  during  the  jump,  j q^J 

will  increase,  and  qx  will  increase  or  decrease,  depending  on  whether 
A is  positive  or  negative.  A typical  integral  curve  is  shown  in  Fig- 
ure 5.  The  path  is  QAFG  for  increasing  qg  and  GHHO  for  decreasing  qg 
No  Jung)  will  occur  when  qg  Is  negative  since  qi  is  always  finite. 

A Jump  of  this  nature  cannot  occur  when  m.  is  finite  since  the 
velocities  and  displacements  must  be  continuous.  At  most,  there  can 
only  be  a discontinuity  in  acceleration,  resulting  from  a discontinuity 
in  the  applied  load.  The  response  for  an  actual  system  subjected  to  a 
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rectangular  pulse  is  shown  in  Figure  6.  Die  static  buckling  load,  for 
this  system  is  0.60. 


JESUITS 


Typical  integral  curves  for  a * 5.0  and  a one  mode  expansion  (first 
mode)  are  plotted  in  Figure  7*  Rssponse  curves  for  a rectangular  pulse 
loading,  using  one  and  two  mode  expansions,  are  plotted  in  Figures  8 
and  9.  The  latter  curves  were  determined  by  integrating  the. Equilibrium 
Equations  numerically.  A fourth  order  Ringa-Kutta  formula' 5) 
employed  to  start  the  solution,  and  a sixth  order  closed  finite  differ- 
ence formula  of  the  St<5rmer  type ^5)  to  continue  the  solution.  Calcula- 
tions were  carried  out  on  an  DM  1620  digital  computer. 

A two  mode  expansion  for  a - 7.0  was  also  attenuated.  However,  the 
static  behavior  for  only  two  modes  differed  appreciably  from  the  known 
behaviorw).  ae  programs  are  currently  being  revised  to  handle  a 
larger  number  of  modes. 
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STRUCTURAL  INSTABILITY  OF  SOLID  PROPELLANT 
ROCKET  MOTORS 

By  Adam  R.  Zak  and  Max  L.  Williams 
California  Institute  of  Technology 


SUMMARY 


A review  is  made  of  the  literature  pertaining  to  the  problem  of 
structural  stability  of  solid  propellant  rocket  motors.  Two  aspects  o 
this  problem,  which  so  far  have  not  received  attention,  are  introduced 
and  discussed.  It  is  shown  that  the  conditions  at  the  ends  of  the  pro- 
pellant grain  can  differ  sufficiently  from  those  existing  in  the  body  of 
the  rocket  as  to  warrant  a localized  stability  analysis.  The  visco- 
elastic nature  of  the  real  propellant  is  discussed  and  the  effect  of 
viscoelasticity  on  the  buckling  phenomena  is  illustrated  by  an  example. 

INTRODUCTION 

The  development  of  the  solid  propellant  rocket  motor  has 
brought  about  many  new  structural  problems  associated  with  the 
viscoelastic  nature  of  the  fuel.  In  contrast  to  the  well  known  liquid 
propellant  rocket  motor  wherein  the  fuel  can  exert  only  a hydrostatic 
compressive  stress  on  the  container,  the  usual  case-bonded  solid 
rocket  configuration  can  transmit  both  shear  and  tensile  stress  across 
the  fuel-to-case  interface.  The  general  effect  is  to  stabilize  the  shell 
and  the  general  question  is  to  determine  by  how  much  and  for  how  long. 

Structural  loads  which  promote  buckling  can  occur  under  a 
variety  of  operating  conditions,  and  due  consideration  must  be  given  to 
the  characteristic  sensitivity  of  the  fuel  to  temperature  and  strain  rate. 
Some  typical  properties  of  the  viscoelastic  fuel,  as  determined  in 
constant  strain  rate  uniaxial  tension  tests,  have  been  published  in  ref- 
erence 1 and  are  shown  in  figure  1 where  the  abscissa  is  the  reduced 
strain  rate,  Ra_.  This  parameter  reflects  a fortunate  occurrence  for 
linear  viscoelastic  materials  in  that  strain  rate  and  te  mperature  are 
related  in  this  product  quantity  when  log1Q  T-297~ 

with  temperature  in  degrees  Kelvin,  and  a similarity  in  the  glass 
transition  temperatures  of  the  various  propellants  has  been  assumed. 
As  to  other  material  characteristics,  the  fuel  is  generally  assumed 
incompressible  due  to  the  rubberlike  composition  of  the  fuel  binder, 
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and  the  linear  coefficient  of  thermal  expansion  is  typically  5 x 10 
per  deg.  F,  or  an  order  of  magnitude  larger  than  metal. 

The  incipient  buckling  situation  which  suggests  itself  most 
obviously  is  the  case  when  the  rocket  is  subjected  to  axial  compression 
due  to  inertia  loads,  such  as  when  an  upper  stage,  consisting  of  a 
solid  propellant  rocket,  is  being  accelerated  by  a lower  booster. 
External  lateral  buckling  loads  may  also  be  visualized.  For  example 
a rocket  fired  from  under  water  will,  for  a short  time,  be  subjected 
to  a distributed  external  lateral  pressure.  Also  a concentrated  lateral 
band  of  pressure  could  be  produced  by  the  rocket  supports  during  a 
storage  operation  or  flight  carry.  Bending  moments  induced  by 
ground  handling  or  wind  shear  in  flight  are  also  another  source  of 
buckling  loads . 

There  are  also  less  obvious  sources  of  buckling  loads.  For 
example  if  the  propellant,  which  is  bonded  to  the  case,  shrinks  during 
manufacture  or  curing  of  the  rocket,  then  resulting  compressive  stress- 
es  arising  in  the  case  could  produce  or  help  to  produce  buckling.  A 
similar  situation  would  also  arise  if  the  rocket  is  temporarily  exposed 
to  a high  temperature  environment.  The  case,  which  is  usually  a 
much  better  conductor  of  heat,  would  then  expand  faster  than  the 
propellant  and  induce  compressive  stresses  in  the  case  which  would  be 
limited  by  the  (radial)  tensile  strength  of  the  case-bonding. 

From  the  few  examples  given  above  it  is  obvious  that  a stabili- 
ty analysis  can  be  an  important  part  of  the  structural  design.  While 
the  need  for  such  analysis  was  recognized  several  years  ago,  it  is  just 
recently  that  a number  of  papers  dealing  with  the  subject  have  appeared. 
It  is  the  purpose  of  this  paper  to  review  the  publications  in  this  area 
and  discuss  certain  aspects  of  this  problem  which  it  is  felt  need 
further  attention. 


REVIEW  OF  CURRENT  WORK 

In  the  simplest  idealization,  the  solid  propellant  case-bonded 
rocket  is  regarded  as  a cylindrical  thin  shell  filled  with  a relatively 
soft  clastic  core,  the  core  being  assumed  bonded  to  the  shell  and 
completely  or  partially  filling  the  cylinder.  Under  these  conditions 
the  theoretical  analysis  of  the  structural  stability  must  be  carried  out 
for  the  shell  and  the  core  simultaneously.  A buckling  analysis  of 
empty  cylindrical  shells  is  usually  difficult,  except  for  most  simple 
configurations  and  loadings;  however,  if  in  addition  a simultaneous 
stability  analysis  of  core  is  required  then  the  problem  becomes  con- 
siderably more  difficult  and  simplifying  assumptions  as  to  the  core 
behavior  are  mandatory. 
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The  published  theoretical  analyses  of  cylindrical  shells  filled 
with  an  elastic  core  are  given  in  references  2 to  9 BucWang  under 
axial  compressive  load  has  received  the  wrdest  attention  and  the 
results  of  such  analysis  are  given  m references  2 to  7 The  effects  of 
lateral  pressure  on  stability  are  analyzed  in  references  4,  5,  8 and  9, 
and  buckling  under  combined  axial  and  lateral  loads  are  discussed  in 
references  4 and  5.  Buckling  under  thermal  stresses  combined  with 
axial  compression  are  treated  in  references  3 and  o. 

Certain  experimental  buckling  investigations  have  also  been 
conducted  and  reported  in  references  10  and  13.  References  10, 
and  12  describe  experiments  with  axially  loaded  cylinders.  ve  lg 
tion  of  buckling  under  combined  axial  load  and  uniformly  distributed 
lateral  press ure  are  presented  in  reference  13,  and  circumferential 
band  lateral  loading  is  investigated  in  reference 

Experimental  results  show,  see  for  example  reference  12.  that 
the  buckling  pattern  of  filled  cylinders  can  be  very  similar  to  *hat  of 
empty  shellsP  Furthermore  the  snap-through  buckling  which  is  ^well- 
known  characteristic  of  cylindrical  shell  buckling  can  occur  i 
nresence  a core.  This  suggests  that  the  large  deflection  theory, 
which  has  been  widely  used  for  empty  shells,  may  be  necessary  to 
±Lin  bucW^g  of  certain  core  filled  shells . Up  to  the  present  Ume 
alfof  the  theoretical  analysis,  except  for  reference  6,  have  employed 
small  deflection  classical  buckling  theory.  Therefore  it  -ay  prove 
necessary  for  further  work  to  be  done  on  the  nonlinear  aspects  of 

problem. 

approxima^iona^introdaced  to  ma^StheesolutlVn  tractable.  Th/rpost 

~ saw  tag. 

.“hel'T^Howe'.VT1 solution  t”  such  a nonliuear  analysis  of  the 

likely  be  impossible  to  obtain  A .***, 

*• 

represented1  fry  am ^lasti^fo^da^on.^^hi^typ^  of  model  was  used  in 
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references  4 and  6,  although  it  appears  that  additional  work  is  necess- 
ary to  establish  how  well  such  a model  represents  a soft  core  and  how 
the  foundation  constant  should  be  calculated. 

THE  PROBLEM  OF  END  DISCONTINUITIES 

In  most  of  the  investigations  reported  in  the  previous  section 
uniform  stress  conditions  have  been  assumed  in  the  core  and  the  shell. 
However  in  an  actual  solid  propellant  rocket  there  are  geometrical 
discontinuities  present  which  will  alter  the  stress  in  their  neighbor- 
hood. If  for  example  we  concern  ourselves  here  with  a discontinuity 
of  the  type  which  arises  at  the  propellant-case  interface  at  the  point 
where  the  propellant  terminates,  the  results  of  a recently  completed 
analysis,  reference  14,  show  that  such  discontinuities  can  lead  to 
stress  singularities  in  the  propellant.  For  example  the  stresses 
between  the  propellant,  which  has  the  form  of  a right  angle  cylinder, 
and  the  case  have  the  axial  variations  shown  in  figure  2.  These  curves, 
which  are  taken  from  reference  14,  show  that,  theoretically,  an 
infinite  stress  will  be  developed  at  the  end  of  the  grain,  and  hence, 
even  allowing  for  finite  strain  or  fillets,  high  localized  stresses  might 
be  expected  in  actual  configurations.  It  should  be  noted  that  the 
constant  a_  in  figure  2 is  a function  of  the  type  of  loading  which  would  be 
applied  to  the  structure.  High  end  stresses  in  the  propellant  are  also 
calculated  by  Parr  (reference  15)  for  a case-bonded  rocket  subjected 
to  axial  acceleration. 

High  stresses  in  a propellant  will  be  transferred  to  the  case 
and  if  the  resultant  stresses  in  the  case  are  compressive  then  they 
may  produce  localized  buckling  at  the  ends  of  the  rocket.  Hence  in 
such  cases  it  will  be  necessary  to  base  the  stability  analysis  on  the 
local  stress  conditions  rather  than  on  the  average  stresses  which 
exist  away  from  the  ends  and  which,  if  used  in  the  analysis,  would 
lead  to  incorrect  results.  For  such  localized  buckling  analyses  the 
analytical  methods  developed  in  references  6 and  16  would  be  useful. 

THE  VISCOELASTIC  CORE 

Another  new  area  for  investigation  would  explicitly  include  the 
cnaracter  of  the  solid  propellant  core.  Up  to  now  all  the  theoretical 
analyses  have  assumed  an  elastic  core.  The  question  therefore  arises 
as  to  the  effect  on  buckling  when  the  actual  viscoelastic  property  is 
included.  In  order  to  obtain  some  feeling  for  the  time  dependent 
buckling  or  post  buckling  behavior  we  shall  investigate  the  following 
simple  post  buckling  problem  of  a cylindrical  shell  filled  with  an 
viscoelastic  core. 

Consider  therefore  a cylindrical  shell  with  a case  bonded  solid 
core.  It  is  assumed  that  this  shell  possesses  initial  imperfections 
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which  have  the  same  shape  as  the  axisymmetrical  buckle  pattern  pro- 
duced by  axial  compression.  The  problem  is  to  calculate  the  time 
dependent  deformation  history  for  given  values  of  the  load.  In  passing 
it  is  interesting  to  note  that  axisymmetric  buckling  of  filled  cylindrical 
shells  has  actually  been  observed  and  reported  in  reference  10. 

For  axisymmetric  deformation  the  large  deflection  strain  dis- 
placement relations  are 
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where:  x is  measured  in  the  axial  direction  and  y in  the 
circumferential,  and  u is  the  axial  and  w the  outward 
radial  displacement,  z is  the  distance  of  any  point  in  the 
shell  from  the  middle  surface. 

The  stress  displacement  relations  at  the  middle  surface  are 
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where:  E is  the  Young* s modulus  and  V the  Poisson's 

ratio  of  the  shell  material. 

The  core  will  be  assumed  to  behave  as  a simple  viscoelastic 
foundation  and  therefore  there  will  be  no  shear  stresses  acting  on  the 
shell.  The  equilibrium  condition  in  the  axial  direction  gives 
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Since  only  the  first  order  terms  in  u and  the  second  order  terms  in  w 
have  been  retained  in  equations  (1)  and  (2),  for  consistency  the  second 
term  in  equation  (5)  must  also  be  neglected  and  therefore 
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an(j  a = - N x/  h = constant,  where  h is  the  thickness 

of  the  shell. 

The  time  dependent  relation  between  the  core  displacement  and 
the  radial  force  F(t)  on  the  shell  can  be  written  as,  (see  reference  17), 


F(t)  = ^ m(t  -aL)d‘C 


(6) 


where:  t is  the  time,  a dummy  variable,  and  m(t)  is  the 
relaxation  modulus  of  tii©  core. 

The  assumption  of  linear  viscoelastic  behavior  is  inherent  in  equation 

(6). 

Omitting  the  details,  which  are  similar  to  those  described  on 
page  391  of  reference  18,  the  equilibrium  equation  for  the  shell  in  t 
radial  direction  can  be  written  in  the  following  form 
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the  middle  surface. 


Combining  equations  (3)  and  (4)  it  follows  that 
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where:  D = — *r and  w.  is  the  initial  deformation  of 
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substituting  into  equation  (7)  for  CTy  from  (8)  the  radial  equilibrium 
equation  becomes 

[ ^.m(t-t )d<C 

a 4 x a/  R R2  ^ 8x 


(9) 


The  displacement  w is  now  written  as 


w = w + w.  (10) 

o 1 ' 

where:  w is  am  average  value  of  w and  w^  is  a periodic 
componen?  in  x.  The  initial  displacement  w.  will  be  assumed 
as  a periodic  function  of  x and  therefore  substituting  for  w 
from  equation  (10)  into  (9)  and  integrating  over  the  whole  length 
of  the  cylinder  it  is  easily  seen  that 
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Subtracting  equation  (11)  from  (9)  and  taking  Laplace  transforms 
it  follows  that  2 
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where:  w is  the  Laplace  transform  of  w.  and  m(P)  the  trans- 
form of  m(t),  P is  the  transform  variable. 


It  is  now  assumed  that  the  initial  deformation  has  the  form 

w.  = A.  sin  A x (13) 

where:  At  is  a constant  and  A defines  the  wavelength  of  w.. 

The  parameter  A will  be  chosen  so  that  it  corresponds  to  the  lowest 
axisymmetric  buckling  load.  The  classical  buckling  load  has  to  be 
calculated  using  the  long  time,  or  the  rubbery  modulus,  of  the  elastic 
core.  The  reason  for  this  is  that  the  classical  buckling  theory  allows 
only  for  infinitesimal  deflections  which  cam  be  formed  in  a very  short 
time  with  very  small  rates  of  strain  and  therefore  will  not  be  affected 
by  viscoelastic  properties  of  the  foundation.  We  can  therefore  define 
a critical  value  of  by 

N = -L  [ D ^4+  + m ] (14) 

xcr  ^ R1  eJ 

is  such  that  N is  a minimum, 
xcr 

Substituting  equation  (13)  into  (12)  and  assuming  a solution  for 

w^  as 

= A(t)  sin  A x (1®) 


The  value  of  A 


it  follows  that 
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where:  A is  the 
From  (16)  - 

A=Nx> | 

_P  DA4  - Nx  A2+|?-+  m (P)  (1?) 

By  carrying  out  the  inverse  transformation  of  equation  (17)  the 
postbuckling  displacement  w,  will  be  obtained.  For  general  visco- 
elastic materials  the  form  of  the  function  m (P)  would  be  such  that  the 
exact  inverse  of  equation  (17)  would  be  very  difficult  to  obtain.  In  such 
cases  approximate  inversion  techniques  could  be  used,  for  example 
the  approximate  methods  developed  in  reference  19  would  be  most 
suitable  for  this  purpose.  In  this  paper,  however,  we  shall  assume 
that  the  elastic  foundation  can  be  represented  by  a simple  viscoelastic 
model  shown  in  figure  3 and  therefore  an  exact  inverse  of  equation  (17) 
will  be  possible.  For  this  model  

m i L 

m(P)  =me+  + 1 (18) 

Substituting  equation  (18)  into  (17)  and  rearranging  it  follows 
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The  inverse  transform  of  (19)  is  obvious 

A(t)  Y f,  / .v  --<f] 


(20) 
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Equation  (20)  will  now  be  used  to  evaluate  the  variation  of  displace- 
ments with  time  for  a particular  shell  configuration. 

We  assume  that  for  this  shell: 

E « 30  x 10^  psi 

l)  = 0.  3 
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The  core  is  assumed  to  be  a solid  propellant  of  the  type  described  in 
reference  20,  page  395,  and  designated  in  that  reference  by  HA.  The 
relaxation  modulus  of  this  propellant  at  25  C is  shown  in  figure  4. 

For  the  purpose  of  our  calculation  this  propellant  is  approximated  by 
a viscoelastic  model,  similar  to  the  one  shown  in  figure  3,  where  Ee, 

E,  and  17,  are  now  the  defining  parameters  of  the  model.  Choosing 
E1  = 158  psi,  E.  = 17,  640  psi  and^  = 10  minutes  the  approximate  curve 
sliown  in  figure  4 is  obtained. 

The  next  step  is  to  obtain  the  relation  between  the  constant  for 
the  viscoelastic  foundation  m and  m and  the  parameters  E and 
E . In.  order  to  obtain  these  relations  ft  will  be  assumed  that  prane 
stress  conditions  exist  in  the  core.  This  is  a rather  conservative 
assumption  since  as  a result  of  it  the  postbuckling  deflection  will  be 
larger  than  those  which  actually  exist.  We  justify  making  this  assumpt- 
ion on  the  basis  that  we  are  interested  here  in  relative  effects  of  visco- 
elasticity of  the  core  and  not  exact  numerical  answers.  Using  the 
plane  stress  condition,  and  assuming  that  the  Poisson's  ratio  of  the 
core  material  is  equal  to  0.  5,  it  is  shown  in  the  Appendix  that 
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where;  ^ is  the  Laplace  transform  of  the  radial  stress 
between  tlfe  core  and  the  shell,  and  E(P)is  the  transform  of  the 
relaxation  modulus  of  the  core  material. 

It  now  follows  from  equation  (6)  that 
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where:  where  m&  and  ml  are  the  spring  constants  of  the 

model  in  figure  3. 

The  value  of  A , which  makes  N a minimum,  can  now  be 
evaluated  and  it  is  equal  to  1.915.  using  this  value  of  A , Nxcr 
ran  be  calculated  and  therefore  equation  (20)  can  now  be 
written  as  -i 

Aft)  r r,  0 6 7 
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Equation  (24)  can  now  be  used  to  investigate  the  time  history  of 
the  radial  displacement  of  the  shell  for  various  values  of  the 
load  parameter  Y • 

Numerical  Results 

Recalling  that  V=  Nx/N  , equation  (24)  has  been  evaluated 
for  y = 0.  8,  1.0  and  1.  2.  t£S:  ^results  of  these  calculations  are 

presented  in  figure  5.  The  results  indicate  that  if  ^is  less  than  one, 
that  is  N is  below  the  critical  value,  then  the  displacement  approaches 
the  equilibrium  value  exponentially  with  time.  In  the  case  when  V = 1, 
that  is  N = N , the  displacement  will  go  to  infinity  as  a linear 
function  2>f  time*crWhen  the  critical  buckling  load  is  exceeded,  for 
example  Y = 1*  2,  then  the  displacement  will  again  approach  infinite 
value  but  now  as  a positive  exponential  of  time.  It  should  be  noted  that 
when  Y = 6 then  the  displacement  becomes  infinite  instantaneously. 

The  reason  for  this  is  the  load  has  reached  the  critical  value  based  on 
the  glassy  modulus  of  the  material  and  corresponding  to  the  value  of 
W = 1.  915. 

The  interesting  conclusion  to  be  drawn  from  these  calculations 
is  that  the  displacement  is  strongly  dependent  on  time,  especially  in 
the  vicinity  of  Y-  1.  Furthermore  the  load  can  equal  or  exceed  the 
critical  value,  based  on  rubbery  modulus,  without  causing  instantaneous 
infinite  deflections  which  would  be  predicted  if  viscoelastic  behavior  is 
omitted.  It  is  also  interesting  to  note  that  the  order  of  magnitude  of 
time  t in  figure  5 is  in  terms  of  minutes.  Such  times  are  comparable 
with  times  of  operation  of  many  rocket  systems  and  therefore  visco- 
elastic effects  may  sufficiently  retard  the  postbuckling  deformations  to 
allow  the  structure  to  operate  near  the  buckling  point  or  even  above  it 
until  the  mission  has  been  accomplished.  These  results  suggest  that 
further  investigations  of  buckling  of  shells  with  a viscoelastic  core 
could  be  most  fruitful. 
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APPENDIX 

Relaxation  Modulus  of  the  Viscoelastic  Foundation 

It  is  assumed  that  the  Poisson's  ratio  V of  the  viscoelastic  core 
is  a constant  and  therefore  under  plane  stress  conditions  the  stress 
strain  relations,  in  the  Laplace  transform  plane,  are 

r 1 -V 


? = 5i£)  (X+  V?r) 

1 ° 


0 


(2.  A.) 


where:  the  bar  indicates  the  Laplace  transform  of  a quantity 
and  E(P)  is  thejtransform  of  the  relaxation  modulus,  crx 

£ and  6~  are  the  stresses  and  strains  in  the  usual 

“ r 't-  9 

polar  coordinate  system. 

The  strain-displacement  relations  at  any  radial  distance  1*  , 
also  in  the  transformed  plane,  have  the  form 


0W 

37 

(3.  A.  ) 

w 

r 

(4.  A,  ) 

where:  w is  the  radial  displacement  at  any  point  in  the  core. 
The  equilibrium  equation  is 


dW  TT  - <r„ 

+ -E 1 = 0 

8r  r 


(5.  A.) 


Using  equation  (I.  A.  ) to  (4.  A. ) the  equilibrium  equation  (5.  A.  ) can 
be  written  in  terms  of  w 


92w  1 8w  w _ 

17  T 8r  ' r2  " 

Solution  to  equation  (6.  A.  ) for  a solid  core  is 

w = Ar 


(6.  A.) 


(7.  A.) 
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Th.e  radial  stress  can  be  written  in  terms  of  the  solution  for  w,  from 
equation  (1.  A.  ), 


7 = m a 

r 1 -V 


(8.  A.) 


Using  equations  (7.  A. ) and  (8.  A. ) the  radial  stress  can  now  be  related 
to  the  radial  displacement  at  X = R,  assuming  = 1/2, 


<r 

r 

W 


r =R 


2E(P) 

~TT~ 


(9.  A.) 


Equation  (9.  A.)  defines  the  relaxation  modulus  for  the  viscoelastic 
foundation  in  the  transformed  plane. 


m(P) 


2E(P) 

" R 


(10.  A.  ) 
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FIGURE  I-b  NORMALIZED  MAXIMUM  TENSILE  STRENGTH  VARIATION 
WITH  REDUCED  STRAIN  RATE. 
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FIGURE  l.c  CRITICAL  STRAIN  VARIATION  WITH  REDUCED  STRAIN  RATE. 
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SIMILITUDE  REQUIREMENTS  FOR  SCALE  MODEL  TTTTtt'IT*?: 

of  shell  aucKLirr.  under  impulsive  pressures 

By  Arthur  A.  Ezra 
Martin  Company,  Denver,  Colorado 


SUMMARY 


An  analysis  is  made  of  the  similitude  requirements  for  scale 
model  determination  of  the  buckling  of  a thin  shell  structure  of  arbi- 
trary shape  and  thickness  under  impulsive  pressure  loading,  where  the 
duration  of  the  impulsive  pressure  is  not  short  enough  for  it  to  be 
idealized  as  a pure  impulse,  nor  long  enough  to  be  treated  like  a 
static  pressure. 

It  is  shown  that  if  the  same  material  is  used  for  both  model  and 
prototype,  then  the  magnitude  of  the  applied  pressure  pulse  must  be  the 
same  for  both  and  the  duration  must  be  scaled  down  in  proportion  to 
model  size.  If  the  magnitude  and  duration  of  the  pressure  pulse  on  the 
model  cannot  be  controlled  to  these  values,  it  is  still  possible  to 
provide  complete  similitude  for  the  pressure  pulse  by  a suitable  choice 
of  a different  materials  for  the  model.  In  this  case  it  becomes  dif- 
ficult to  satisfy  in  addition  the  similitude  requirements  for  Poisson’s 
ratio  and  yield  stress.  However,  if  the  problem  is  clearly  one  of 
elastic  buckling,  the  result  may  not  be  strongly  deoendent  on  Poisson’s 
ratio  and  yield  stress  so  that  a valid  scale  model  test  may  still  be 
achieved. 


INTRODUCTION 


It  is  well  known  that  a pressure  considerably  larger  than  that 
which  produces  static  buckling  can  be  applied  safely  on  a shell  struc- 
ture, provided  that  the  duration  is  sufficiently  short.  Cn  the  other 
hand  if  a pressure  is  applied  sufficiently  rapidly  and  the  duration  is 
long  enough,  the  structure  may  be  expected  to  carry  even  less  than  it 
would  statically.  How  to  take  advantage  of  the  former  situation  and 
yet  avoid  the  pitfall  of  the  latter  situation  is  the  problem  confront- 
ing the  engineer  when  trying  to  design  a minimum  weight  shell  structure 
subjected  to  applied  impulsive  pressures. 
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Some  difficulty  exists  in  even  defining  the  buckling  impulse  of  a 
shell  structure,  let  alone  predicting  it  mathematically,  A clarifica- 
tion of  definitions  for  the  purpose  of  this  discussion  is  therefore  in 
order.  In  this  text,  the  impulse  I will  actually  refer  to  a pressure 

impulse  and  is  defined  mathematically  as  I a j pdt  where  p is  the 


magnitude  of  the  impulsive  pressure  and  T is  the  duration.  A pure 
impulse  is  a mathematical  idealization  of  an  impulsive  pressure  and  is 

defined  as  Lt  J pdt.  The  shape  of  the  pressure-time  diagram  is 


important  too,  since  for  the  same  total  impulse  a more  rapid  build  up 
to  peak  pressure  will  produce  a greater  structural  response  than  a 
slower  application  of  pressure.  For  a precise  definition  of  impulsive 
pressures  therefore,  the  entire  pressure-time  history  must  needs  be 
specified. 


Since  for  a given  magnitude  of  impulse  I there  is  no  unique 
pressure-time  relationship,  it  is  not  reasonable  to  ask  for  the  maxi- 
mum impulse,  a particular  shell  structure  will  withstand  without  buck- 
ling. A more  realistic  statement  of  the  buckling  problem  would  be  to 
ask  the  question:  given  an  impulsive  pressure  with  a particular  pres- 

sure time  history,  will  it  buckle  the  shell  structure?  Here  again  a 
further  clarification  of  shell  buckling  under  impulsive  pressures  is 
necessary.  A buckle  may  appear  and  then  disappear  after  the  pressure 
dies  down.  Should  this  be  the  definition  of  buckling?  If  the  material 
is  ductile,  the  engineer’s  answer  would  be  no,  implying  that  the  load 
carrying  capability  is  unimpaired.  If  a permanent  buckle  remains,  then 
this  is  unquestionably  a buckled  condition.  If  the  existence  of  a per- 
manent buckle  is  accepted  as  the  definition  of  buckling,  this  again 
emphasizes  the  difficulty  of  trying  to  define  a buckling  impulse  for  a 
structure.  A lesser  impulse  may  cause  a buckle  of  smaller  size  and  a 
larger  impulse  would  cause  a buckle  of  larger  size.  In  order  to  make 
the  definition  unambiguous,  the  magnitude  of  a buckling  impulse  would 
have  to  be  tied  to  the  size  of  buckle  or  be  defined  as  that  impulse 
which  would  cause  a permanent  buckle  of  the  smallest  possible  size. 

This  illustrates  the  advisability  of  restating  the  problem  to  deter- 
mine whether  a particular  shell  structure  will  buckle  or  not  under  a 
given  impulsive  load. 


The  purpose  of  this  paper  is  therefore  directed  towards  the  prob- 
lem of  answering,  by  means  of  scale  model  testing,  whether  a particular 
full  scale  thin  shell  structure  will  buckle  or  not  under  a prescribed 
impulsive  pressure  loading.  The  similitude  requirements  necessary  to 
ensure  valid  results  from  a scale  model  test  will  therefore  be  derived. 
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DERIVATION  OF  SIMILITUDE  REQUIREMENTS 


It  is  possible  to  derive  all  the  similitude  requirements  from  a 
knowledge  of  the  variables  in  the  problem  and  their  basic  dimensions 
in  terms  of  mass  (M),  length  (L)  and  time  (T).  They  are  listed  below 
along  with  their  basic  dimensions,  and  also  shown  for  purposes  of  il- 
lustration in  Fig.  1. 


Variables 
P 


H 

D 

P 

* 

<r 

E 

V 

P 


Impulsive  pressure  loading  at  any  point 
on  shell  surface 


W 


Duration  of  impulsive  pressure  at  any  point 
on  shell  surface 

Thickness  of  shell  at  any  point  of  shell 
surface 

Radii  of  curvature  at  any  point  of  shell 
surface 

Height  of  shell  structure 

Diameter  of  shell  opening 

Semi-angle  of  shell  opening 

Density  of  shell  material 

Yield  stress  of  shell  material 

Modulus  of  elasticity  of  shell  material 

Poisson’s  ratio 

Static  internal  pressure  contained  by  the  shell 
structure 


Dimensions 

ML"V  2 


L 

L 

L 

ML 


-3 


ML_1T"2 

ML-1T~2 


ml-1t“2 


66k 


The  13  variables  may  be  combined  into  10  dimensionless  parameters  since 
there  are  three  basic  dimensions  (mass*  length,  time)  in  the  problem* 
They  are  the  following: 


*1 

s 

p/E 

^2 

x 

•r/i 

= 

R/D 

*4 

- 

Rj/D 

IT 

5 

X 

DA 

X 

H/D 

IT  ? 

= 

V 

8 

= 

r 

^9 

= 

<t/e 

■*10 

s 

PA 

The  physical  law  expressing  the  buckling  condition  may  be  expres- 
sed as  a function  of  the  impulse  and  all  the  other  variables  pertain- 
ing to  the  structure  in  the  following  dimensionless  fora 

f (PA,  WsAD2,  Rj/d,  r^d,  da,  h/d,  V , P , <r/E,  p/e)  = o (i) 

where  F is  some  unknown  function. 

If  all  the  dimensionless  quantities  in  the  parenthesis  are  made 
to  have  the  same  value  in  the  model  as  they  do  in  the  prototype,  then 
the  buckling  condition  will  be  identical  for  both  since  the  physical 
law,  represented  by  the  function  F,  is  the  same  for  both.*  Thus  the 
similitude  requirements  (or  scale  factors  for  the  variables)  are  deter- 
mined by  making  each  of  the  dimensionless  quantities  in  equation  (1) 
the  same  for  both  model  and  prototype. 


Since  there  are  three  basic  dimensions  in  the  problem  (i.e*  mass, 
length,  and  time),  three  scale  factors  may  be  chosen  arbitrarily*  All 
other  scale  factors  will  then  be  expressed  in  terms  of  them.  Let  the 

•Providing  the  boundary  conditions  are  the  same  for  both* 


665 


three  arbitrary  scale  factors  be  the  following  (the  subscripts  m 
and  p refer  to  model  and  prototype*  respectively)* 

nl  " Dp/Dm 

(2)  n2  * 

(3)  nj  3 Ep/Em 

The  scale  factors  expressing  similitude  requirements  for  the  variables 
are  therefore  the  following: 


Pm 

3 

V°3 

<5> 

3 

(6)  Rjm 

3 

(7)  B2. 

3 

V*i 

(8)  H 

m 

S 

V°i 

(9)  »m 

3 

V°i 

(10)  p. 

3 

Pp 

(11)  vm 

in 

X 

VP 

d2)<r 

ra 

3 

V"3 

d3)  p_ 

m 

3 

V”3 

SATISFACTION  OF  SIMILITUDE  REQUIREMENTS 


Ihe  scale  factors  (4)  through  (13)  which  express  the  similitude 
requirements  for  the  variables  in  the  problem  are  the  most  restrictive 
set,  derived  on  the  basis  of  no  knowledge  whatever  of  the  nature  of  the 
function  F in  equation  (1). 
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Scale  factor  (4)  prescribes  the  magnitude  of  the  impulsive  pres- 
sure to  be  applied  to  the  model*  If  the  same  material  is  used  for 
both  model  and  full  scale*  then  n^  « 1 and  the  same  magnitude  of 

pressure  must  be  used  for  both.  If  a reduced  pressure  has  to  be  used 
for  a model  test  then  the  arbitrary  scale  factor  n,  must  be  chosen  to 
have  a value  larger  than  1*  This  can  be  done  by  using  different  ma- 
terials for  the  model  and  prototype.  For  example  if  only  half  the 
prototype  pressure  can  be  provided  for  the  model  test,  then  the  material 
for  the  model  must  have  a modulus  of  elasticity  half  that  of  the  pro- 
totype. However,  it  may  then  become  difficult  or  impossible  to  satisfy 
simultaneously  scale  factor  (11)  for  Poisson’s  ratio  and  scale  factor 
(12),  which  is  the  similitude  requirement  for  yield  stress. 

Scale  factor  (5)  dictates  the  similitude  requirements  for  the 
duration  of  the  impulsive  pressure.  It  can  be  seen  that  if  the  same 
material  is  used  for  both  model  and  prototype  i.e.  = n^  =1  then 

the  model  pressure  duration  must  be  reduced  in  proportion  to  model 
size.  If  the  durations  of  model  impulsive  pressure  cannot  be  control- 
led, then  dissimilar  materials  must  be  used  for  model  and  prototype  and 
the  length  scale  factor  adjusted  so  as  to  satisfy  scale  factor  (5). 
Again,  difficulties  may  arise  in  simultaneously  satisfying  scale  factors 
(11)  and  (12).  The  possibilities  of  scale  model  testing  using  dis- 
similar materials  is  discussed  in  more  detail  later. 

Scale  factors  (6),  (7),  (8),  (9)  and  (10)  are  concerned  with  pro- 
viding geometrical  similitude  between  model  and  prototype.  The  only 
difficulties  to  be  anticipated  here  are  the  usual  fabrication  ones, 
and  will  not  be  discussed  in  detail. 

Scale  factor  (13)  provides  the  similitude  requirements  for  the 
internal  pressurization  of  the  shell  structure.  This  is  easy  to 
satisfy  experimentally.  When  the  shell  buckles,  the  contained  volume 
decreases  and  the  internal  pressure  may  rise  appreciably.  However, 

Koval  (1)  has  shown  in  his  work  on  the  cylinder  that  this  has  no  ap- 
preciable effect  on  the  buckling  load. 

The  degree  of  boundary  restraint  of  the  shell  structure  may  have 
an  appreciable  effect  on  its  resistance  to  buckling.  Unless  the 
boundaries  of  the  full  scale  structure  are  either  unrestrained  or  com- 
pletely restrained,  it  is  not  an  easy  matter  to  define  precisely  the 
actual  degree  of  restraint,  let  alone  attempt  to  provide  similitude 
requirements  for  them.  However,  it  is  a relatively  simple  matter  to 
provide  for  the  limiting  cases  of  no  restraint  and  full  restraint  in 
a scale  model.  The  desired  result  falls  between  these  two  limiting 
cases  and  the  most  feasible  experimental  approach  is  to  either  conduct 
scale  model  tests  at  these  extremes  or  choose  that  boundary  condition 
for  the  model  which  will  give  conservative  results. 
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USE  OF  DIFFERENT  MATERIALS  IN  MODEL  AND  PROTOTYPE 


The  need  for  using  different  materials  in  model  and  prototype 
arises  only  if  the  same  magnitude  of  impulsive  pressure  cannot  be 
used  for  both,  or  if  the  duration  of  the  impulsive  pressure  cannot  be 
scaled  down  in  proportion  to  model  size,  or  if  both  difficulties  are 
present  simultaneously.  The  use  of  different  materials  in  model  and 
prototype  is  illustrated  in  the  following  typical  example. 

Example:  It  is  desired  to  construct  a scale  model  test  of  a 2014-T6 

aluminum  alloy  dome  subjected  to  an  impulsive  pressure  of  a pre- 
scribed peak  magnitude  and  duration.  A maximum  model  test  pressure 
of  only  10#  of  full  scale  can  be  provided  with  a duration  75#  of 
full  scale.  The  properties  of  the  prototype  dome  are  the  following: 

E * 10  X 106  psi 

P 

i M 0.10  lbs/in5 

P 

0"  = 66,000  psi 

p 

y = 0.33 

P 

Solution:  Consider  mylar  as  a possible  choice  of  model  material. 

The  properties  of  the  model  material  are  the  following. 

E = 0.7  X 106  psi 

m 

1 f = 0.05  lbs/in3 

0) 

^ s IX  f 000  psi. 

y s 0.30 

Hence 

n2  * 0.10/0.05  * 2 

n,  a 10  X 106/0.7  x 106  a 14.3 


668 


The  magnitude  of  the  maximum  required  pressure  for  the  model  is  1/14.3 
or  7%  of  the  maximum  full  scale  pressure.  This  is  within  the  test  capa- 
bility for  the  model.  From  scale  factor  (5), 

nj  » Tpf53/Tfflfn2  - 0.75  X >14.3/2  = 0.75  X 2.68  « 2 

A half  scale  model  using  mylar  will  therefore  be  necessary  to 
satisfy  similitude  requirements  for  magnitude  and  duration  of  impul- 
sive pressure • 

The  value  of  Poisson’s  ratio  for  mylar  is  0,30  compared  to  the 
value  of  0.33  for  aluminum.  This  is  close  enough  for  good  similitude , 
since  existing  theoretical  solutions  for  simple  cases  show  that  buck- 
ling impulse  is  not  strongly  dependent  on  Poisson’s  ratio.  (2) 

The  required  yield  stress  for  the  model  material,  according  to 
scale  factor  (12)  is  66,000/14.3  = 4,600  psi,  whereas  the  yield  stress 
for  mylar  is  11,000  psi.  However,  if  the  problem  is  clearly  one  of 
elastic  buckling,  the  yield  stress  of  the  material  may  not  be  a sig- 
nificant variable,  and  the  corresponding  lack  of  similitude  may  not  be 
serious.  This  can  be  verified  by  conducting  additional  scale  model 
tests  with  different  materials  suitably  chosen  to  demonstrate  this 
point. 


CONCLUDING  REMARKS 


Excluding  fabrication  difficulties,  it  is  possible  to  conduct 
valid  scale  model  testing  for  buckling  of  shell  structures  under  im- 
pulsive loading,  subject  to  the  following  restrictions  dictated  by 
practical  requirements. 

(1)  Scale  model  boundary  restraints  should  be  either  completely 
free  or  completely  fixed.  This  will  provide  either  an  upper  or  a 
lower  bound  on  the  true  condition. 

(2)  The  best  similitude  is  provided  by  using  the  same  material 
for  both  model  and  prototype  • However  in  this  case,  the  magnitude  of 
the  impulsive  pressure  for  the  scale  model  must  be  equal  to  the  magni- 
tude for  the  prototype,  and  the  duration  of  the  impulsive  pressure 
must  be  scaled  down  in  proportion  to  size. 

(3)  If  there  are  practical  limitations  on  the  pressure  magnitudes 
and  durations  that  can  be  provided  for  the  model,  then  different  mate- 
rials must  be  chosen  for  model  and  prototype  in  order  to  satisfy 
similitude  requirements  for  pressure  magnitude  and  duration. 
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(4)  The  use  of  different  materials  for  model  and  prototype  in 
creases  the  difficulty  of  satisfying  simultaneously  the  similitude 
requirements  for  the  mechanical  properties  of  the  materials,  unless 
the  buckling  is  clearly  elastic  in  nature,  in  Which  case  it  may  be 
possible  to  violate  the  similitude  requirement  for  yield  stress. 

* 
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STABILITY  OF  THIN  TORI SPHERICAL  SHELLS  UNDER  UNIFORM 
INTERNAL  PRESSURE 

By  John  Me sc all 

Watertown  Arsenal  Laboratories 
Watertown,  Massachusetts 


SUMMARY 

The  stability  of  the  toroidal  portion  of  a torispherical  shell 
under  internal  pressure  is  considered  from  the  point  of  view  of  the 
linear  buckling  theory.  A detailed  stress  analysis  of  the  prebuckled 
shell  is  made  employing  asymptotic  integration.  The  change  in  poten- 
tial energy  of  the  shell  is  then  minimized  using  a Rayleigh-Ritz 
procedure  for  actual  computation  of  the  critical  pressure.  Numerical 
results  reveal  that  elastic  buckling  may  occur  for  very  thin  shells 
whose  material  has  a relatively  high  vaj.ue  of  the  ratio  of  yield  stress 
to  elastic  modulus. 


INTRODUCTION 

Torispherical  shells  are  frequently  employed  as  end  closures  for 
cylindrical  shells  both  in  missile  design  and  in  a wide  variety  of 
industrial -type  pressure  vessels.  Such  shells  generally  consist  of  a 
shallow  spherical  cap  joined  to  a toroidal  segment,  joined  in  turn  to  a 
cylindrical  shell.  This  combined  shell  is  then  subjected  to  internal 
pressure.  It  was  known  (ref.  1)  that  large,  compressive  hoop  stresses 
were  developed  in  the  torus,  and  that  for  very  thin  shells,  elastic 
buckling  was  a distinct  possibility.  For  shells  whose  thickness  is 
heavy  enough  to  avoid  buckling,  but  which  may  still  be  rather  thin  com- 
pared to  the  toroidal  radius,  plastic  deformation  may  occur.  This  has 
been  examined  in  detail  by  Drucker  and  Shield  (refs.  2 and  3)»  However, 
the  elastic  stability  of  torispherical  shells  was  not  considered  a mat- 
ter for  concern  until,  recently,  such  a shell  was  actually  observed  to 
buckle  under  internal  pressure.  (See  fig.  1.)  The  problem  is  an  inter- 
esting one,  since  the  prebuckling  state  of  stress  in  such  a shell  is 
not  a simple  one.  The  membrane  state,  often  employed  to  estimate  pre- 
buckling  stresses,  would  actually  predict  a state  of  tension  in  the 
torus.  Consequently  a thorough  stress  analysis  of  the  shell  prior  to 
the  onset  of  instability  must  be  made.  This  stress  analysis  is  also 
useful  (and  necessary)  in  ascertaining  the  dividing  line  between  those 
configurations  which  are  likely  to  buckle  and  those  which  are  likely  to 
undergo  plastic  deformation. 
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In  this  report,  prebuckling  stresses  in  a shell  of  the  type  shown 
in  figure  2,  subjected  to  internal  pressure,  were  determined  by  asymp- 
totic integration  techniques,  with  special  attention  being  devoted  to 
the  particular  solution.  The  vertical  support  on  the  cylinder  was 
assumed  to  be  sufficiently  far  removed  from  the  junction  of  the  torus 
that  its  specific  form  had  little  influence  on  the  toroidal  stresses. 
These  results  were  then  incorporated  into  the  stability  equations  for 
the  toroidal  segment,  and  numerical  results  were  obtained  by  applying 
a Rayleign-Ritz  approach  to  an  appropriate  potential  energy  expression. 
Since  no  prior  theoretical  results  appear  to  be  available,  an  experi- 
mental investigation  of  the  same  problem  was  undertaken  simultaneously. 
The  results  of  the  two  investigations  compare  favorably.  Finally,  a 
somewhat  simplified  stability  criterion  is  proposed  which  provides  re- 
sults of  essentially  the  same  degree  of  accuracy,  at  a considerable 
saving  in  effort. 


SYMBOLS 


coordinates  of  middle  surface  of  shell 


z 


coordinate  normal  to  middle  surface  of  shell 


A,B 

u,v,w 


Lame'  coefficients  associated  with  a,  p 
principal  radii  of  curvature 
displacements  in  the  a,  0,  z directions 

additional  displacements  in  the  meridional,  circumferential, 
and  normal  directions  after  buckling 


ea>ep*eap  strains  at  any  point  in  the  shell 
°a,CTp,oa0  stresses  at  any  point  in  the  shell 


U 

A 

®,e 

b 

a 


strain  energy  of  thin  shell 

middle  surface  strains  and  curvature  changes  in  a thin  shell 

angle  of  rotation  of  normal  to  middle  surface  about  tangent 
to  lines  p * constant,  a * constant 

coordinates  in  meridional,  circumferential  direction  on 
toroidal  middle  surface 

radius  of  cross  section  of  torus 

distance  from  center  line  to  center  of  toroidal  cross  section 
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r 

X 

X 

h 

E 

u 

D 

P 

Per 

n 


r ■ a + b sin  cp,  horizontal  distance  from  center  line  to 
point  on  toroidal  middle  surface 

X ■ b/a 

X-  2ff  , 

" - *P0 

shell  thickness 
Young 1 s modulus  of  elasticity 
Poisson's  ratio 
flexural  stiffness  of  torus: 

applied  pressure 
critical  pressure 

wave  number  defining  number  of  circumferential  buckles  in 
torus 


D " 12(i?"vTT 

_ - 


I^Po,Nqo  middle  surface  stress  resultants  prior  to  buckling 

Mpo,M0o  middle  surface  stress  couples  prior  to  buckling 


ANALYSIS  OF  THE  ELASTIC  STABILITY  OF  THIN  TORI SPHERIC  A L SHELLS 
UNDER  UNIFORM  INTERNAL  PRESSURE 


Theoretical  Background 

Equations  governing  both  the  equilibrium  and  the  stability  of  a 
thin  elastic  shell  may  be  obtained  in  the  following  manner  (refs.  L 
and  5).  Beginning  with  an  appropriate  set  of  strain -displacement  rela- 
tions and  a stress-strain  law,  one  forms  the  strain  energy  integral 
associated  with  the  thin  shell  under  consideration.  For  a homogeneous 
isotropic  thin  shell  this  may  be  expressed  as 

u * | JJJ  (Va  + VP  + °a£€a§]  **  ^ dP  dZ  ^ 

Next,  the  principle  of  virtual  work  and  the  principle  of  stationary 
potential  energy  are  applied.  In  this  connection,  consider  a shell  in 
a state  of  equilibrium  characterized  by  displacements  uQ,  vQ,  wQ.  This 


state  is  said  to  be  one  of  "neutral”  equilibrium  if  there  exists  an 
adjacent  equilibrium  state  differing  from  the  first  by  an  infinitesimal 
variation  in  the  quantities  characterizing  that  state.  We  therefore 
consider  an  alternate  equilibrium  state  characterized  by  displacements 


u “ ^ + TPH  v - v0  + Tpj.  w - w0  + TJWj  (2) 

where  7)  is  an  infinitesimal,  independent  of  a,  p. 

The  strain  energy  associated  with  this  second  state  becomes 


u “ Ue  + Tpj  + TfV  (3) 


The  principle  of  stationary  potential  energy  implies  that  for  the  second 
state  to  be  one  of  equilibrium. 


SJ  + 6V  “ 0,  (U) 


where  6V  is  the  work  done  by  external  loads  due  to  a variation  in  dis- 
placements. Considering  only  variations  in  u^jVj,^,  we  have: 


®x  + 6VX  + T)(®a  + 6V,)  - 0.  (5) 

But,  since  the  first  state  was  assumed  to  be  an  equilibrium  state,  the 
principle  of  virtual  displacements  implies  that 

fiUx  + 6Vj  - 0.  (6) 

Hence  the  condition  that  the  first  equilibrium  state  be  unstable  is  that 

QJ,  + 6V,  M 0.  (7) 


To  summarize,  equation  6 yields  equations  governing  the  equilib- 
rium of  a state  described  by  displacements  u0,v0,w0,  while  equation  7 
yields  equations  governing  the  stability  of  this  state.  This  general 
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statement  of  the  problem  is  valid  for  both  large  and  small  deflections. 
Thus,  depending  upon  the  generality  of  the  strain -displacement  relations 
and  the  stress-strain  laws  assumed,  a variety  of  theories  is  possible. 
Kempner  (ref.  5)  delineates  several  of  these  in  considerable  detail  and 

with  attendant  clarity. 


Toroidal  Geometry  and  Strain-Displacement  Relations 


We  consider  the  coordinate  system  shown  in  figure  2 with  9,9  the 
middle  surface  coordinates  in  the  meridional  and  circumferential  direc- 
tions and  z normal  to  both,  positive  when  directed  inward.  The  princi- 
pal  radii  of  curvature  R. , R,  are  given  by  R,  ■ b and  R,  sin  cp  - a 


The  so-called  Lame' coefficients  for  this  system  are  Ax 


sin  cp  * r#  iub  au-u<ijucu  xjwm  --  ■ - _ . * . ^ 

and  A ■ R_  sin  tp  ■ r.  With  this  information  it  is  a simple  matter  to 

obtain  from  reference  U or  5 (with  obvious  changes  in  notation)  the 
following  strain-displacement  relations,  valid  for  small  strains  but 
large  rotations : 


C - * + \ («ea) 

9 9 * 

«e  ■ Je  * | (V1 

*Pe"  ' Ve 


where 


- 2Xe 

l ■ ? 

- zXm 

9e  9e 

<p0 

and 

1 - ku.  - w)  VkTi0  + u cos  <p  - w sincp) 

Cp  D 9 A 

J,e  ‘ S<%>  * F<u’9  • 1 cos  ?) 


(8b) 


(8c) 
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\ - - £(«e)/p  Ke  - i(«^p),e  - 

*Pe  “ " ?<U5e)»e  (8d) 


\ “ p(w»e  + V Sin  cp)  <«e  - - i(w,<p  + u)  (8e) 

In  obtaining  these  relations,  in  addition  to  the  underlying  assumptions 
of  thinness  of  the  shell  and  validity  of  Kirchhoff 's  hypothesis,  we 
have  made  the  further  assumptions  that  components  of  strain  and  rota- 
tion are  small  compared  to  unity,  and  in  addition,  strains  are  small 
compared  to  rotations,  i.e.,  « - 0 (/)  - 0 (<»*)  « 1.  Further,  we  have 
assumed  that  u^,  the  component  of  rotation  in  the  plane  of  the  middle 
surface  of  the  shell  is  much  smaller  than  the  other  two  components, 
ok,  and  (ue.  Finally,  it  is  possible  to  effect  a considerable  saving  in 
algebra  with  a minimal  expense  of  accuracy  by  neglecting  in  uu  and  cug 
the  contribution  of  the  u,v  terms.  This  may  be  justified  on  an  order 
of  magnitude  estimate  of  the  terms  involved,  or  by  examination  of  the 
effect  of  this  approximation  on  numerical  results.  The  latter  rein- 
forces the  former.  This  approximation  results  in  what  is  sometimes  re- 
ferred to  as  a Donnell-type  theory.  In  what  follows,  then,  we  take. 


o*p  * “K"*e)  (8f) 


With  a stress -strain  law  assumed  in  the  form 


'<P 


a0 


+ 


acoe  " 2(i+vj  *«Pe 


(9) 


the  strain  energy  of  the  shell  may  be  written  out  in  detail,  as  well  as 
the  quantities  Uj  and  U#,  sometimes  referred  to  as  the  first  and  second 
variation  of  the  strain  energy.  Specifically, 


U1  “ in  * ae0*e1  + o«e0  *550^  )brdcpd0dz 


(10) 
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where 


CD 


■w. 


“•  • | III  ( V*q»  * \\  * XH 

♦2C«Po«fti  ♦ "00 *9, ! * (lli 

\ * |(\)a  \ ■ \ * ¥\)!>  X ' H ■ Veo 
y + '"0ot“ei  «0i  - \ * uv0u)e1  €q>e1  " “SpOx  " u^ou)0i 


h\ 


CD, 


u 


?va 


eq>0 


li 


“ V*x 


(12) 


and  where  it  is  to  be  understood  that  the  subscripted  strain  or  rotation 
is  to  be  evaluated  in  terms  of  the  displacement  of  the  same  subscript. 
Finally,  crcp,  a9  and  <?cpe  are  related  to  the  appropriately  subscripted 
strains  according  to  equation  9 • 

Stability  Criterion 

Employing  linearized  strain-displacement  relations  we  may  obtain 
from  equation  6 the  equilibrium  equations  governing  the  (rotationally 
symmetric)  prebuckling  state  of  stress  in  the  shell.  We  prefer  to 
Shre  these  in  a somewhat  different  formulation  however,  and  omit  their 
presentation  here.  Proceeding  directly  to  the  stabiiity  relations  we 
observe  first  that  the  prebuckled  state  is  one  of  smaU.  deflections, 
governed  by  the  classical  (linear)  theory.  As  Novozhilov  (ref.  U)  points 
out,  then,  we  are  justified  in  simplifying  the  expression  for  U,  y 
omitting  the  u>0  terms  in  e^,  e0  and  ^ . Upon  integrating  through 
the  thickness,  h,  we  may  write 


U. 


Eh 

2(1 


5ii__  Jj*  + 2ujeCpi20i  + i~2<peJbrdcpd0 

ii  j\a  + V + Zv\\ + 2(i-v)xibrdcpd0 

\ IlK0(uJei)a  * Wa  ‘ 2N90o(^1tBe1)|brd9d0 


Eh3 

2U(l-va ) 


(13) 
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where  , NQ  are  the  stress  resultants  of  the  prebuckled  shell,  and 
due  to  rotational  symmetry  prior  to  buckling,  typg  * 0. 

The  potential  energy  of  the  external  force  system,  V8,  is  equal  to 
the  product  of  the  external  load  and  the  increase  in  volume  enclosed  by 
the  shell.  An  approximate  expression  for  Vt  for  the  toroidal  shell 
segment  under  uniform  internal  pressure  p is  (ref.  6) 


2 H j + V>Q  + « cos«p  - w sin 


9>) 


u3 
r 


vn 


-b  ■ - 


»% 


brd<we. 


(Hi) 


Stability  is  governed  by  the  relation 


6(US  + V8)  - 0. 


(15) 


It  is  clear  that  solution  of  the  differential  equations  governing  the 
stability  of  the  toroidal  shell  segment  would  be  a formidable  task  even 
if  the  prebuckled  state  were  a simple  one.  For  this  reason  we  employ 
a Rayleigh-Ritz  approach  and  obtain  an  upper  bound  for  the  critical 
pressure.  In  this  connection,  guided  somewhat  by  experimental  observa- 
tion of  the  buckled  pattern  in  the  toroidal  segment,  we  choose  the  fol- 
lowing set  of  displacements 


ux  * A ra  cos  X (cp-cpo ) cos  (n0) 

vi  ' Br8  sin  X («p— «P0 ) sin  (n0) 

wi  - C ra  sin  X (tp-q>0)  cos  (n0)  (16) 


where  n is  the  number  of  lobes  in  the  circumferential  direction  and 
A,  B,  C are  undetermined  coefficients.  The  variations  in  Uj , vt , wx  are 
reduced  to  variations  in  A,  B,  C.  Inserting  equation  16  into  equation 
15  and  requiring  that  the  resulting  equation  be  satisfied  for  arbitrary 
values  of  6A,  6B,  fiC,  we^  obtain  a system  of  three  linear  homogeneous 
algebraic  equations  in  A,  B,  C,  whose  determinant  set  equal  to  zero 
yields  an  estimate  of  the  critical  pressure.  Omitting  details  of  inter- 
mediate algebra  we  may  write 
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l£L  - l\  (17a) 

E 2(l-v3)b  \D  J 

•where 

N “ Uai;aaaa33  - an(a33)a  - aiaa  a33  + aiaa13aa3  - aaaal3a 

D * 2allaa3ba3  + aa3a  btl  + &\a  b33  + 2ai3aaabi3  + ai33  baa 

“ aiaCaa3^x3  + ai3^a3^  “ ^a33^aaa^n  + an^aa) 
"^n^a^as  (17b) 

where : 

m{¥)  - ^ * •>  ^ (W) 

»„  - n(l  - 5”)  ^(yr)  • nX(1"o)(^) 

...  ■ -2(2  * »)(fr)  * 2X^S)  - 2(1  * 2»)(^)*  2»x(fr) 

...  • ■#)  * <->(#)  * x(^  * W - tW) 

...  - - 2n(^)  - 2®(^) 

*.3  ■ {¥}  * (S?)  * 2”(tf)  * S&l*^  (?)  * "{¥) 

♦ f (17*8v)(^)  - - 8(l«)(s)  * 20  X(l-o(|f) 

- U I.(l..)(^r)  - l.iCU*»)(^)  * UX=(|2)  ♦ n‘(^) 

♦ Uvna^^  - 2X>(lrH>)^pj  * 2uXana^j^  - 2na(l*3v)^£^ 

♦ 2n*X(l-6«)^5*^  ♦ 2na(l-v)  Xa^=j^| 
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where  the  quantities  (1*),  etc., are  definite  integrals  of  the  form 


r sin3  X(  qwp0  )dcp. 


and  are  listed  in  the  Appendix.  All  these  integrals  may  readily  be 
evaluated  explicitly  in  terms  of  trigonometric  functions.  Finally, 


Prebuckled  State  of  Stress 
In  U3  we  encounter  the  integrals 

I II  *£$  tod<Pde,  I ;;  H8^brd<M9  (19) 

which  assess  the  contribution  of  the  prebuckled  state  of  stress  to  the 
strain  energy  of  the  buckled  state.  Since  the  shells  under  consideration 
are  very  thin,  the  asymptotic  method  of  solution  of  Reissner's  equations 
for  symmetric  deformation  of  shells  of  revolution  is  most  appropriate. 


n/2  _ 

^ N^i^sin*  \(  ep— cp^drp 


t'o 

n/2  / _ \3 

£ N<p  r^2r  r,?  sin  X(«>-<p0)  Ur3  cos  X(«p-<p0)J  d<p. 


(18) 
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Clark  (refs.  7 and  8)  has  presented  asymptotic  representations  for  both 
the  homogeneous  and  particular  solutions  for  the  toroidal  shell.  These 
■were  employed  in  the  present  investigation. 

In  this  connection,  it  may  be  well  to  digress  for  a moment  to  dis- 
cuss the  particular  integral  for  toroidal  shells.  Galletley  (ref.  1) 
has  given  ample  warning  that  the  frequently  employed  practice  of  using 
the  membrane  solution  as  a particular  solution  to  the  nonhomogeneous 
t.hi n shell  equations  is  not  valid  in  the  case  of  the  torus.  His  results 
of  a numerical  integration  of  the  complete  differential  equations  for 
just  such  a tori-spherical-cylindrical  shell  show  a markedly  different 
stress  pattern  when  compared  to  a solution  using  the  membrane  state  as 
a particular  solution.  However,  when  the  first  two  terms  of  an  asymp- 
totic particular  solution  developed  by  Clark  (ref . 8)  are  used  in  con- 
junction with  the  homogeneous  asymptotic  solution,  the  results  agree 
remarkably  well  with  Galletley' s.  (See  figure  3).  This  agreement  is 
obtained  at  a value  of  the  asymptotic  parameter  (p.  = 15)  which  is  con- 
siderably smaller  than  the  values  assumed  by  the  shells  whose  stability 
we'wish  to  consider,  and  thus  assures  validity  of  application  of  the 
asymptotic  method. 

Very  briefly,  the  prebuckling  stresses  may  be  written  in  terms  of 
the  two  basic  functions  p and  Y according  to  the  relations: 


N = coa  cp  + fl  sin  cp) 

cp0  rm 


No  = ^-(Y,  + rbpu) 

eo  mb^1*®  Eh2  H 


(20) 


where 


P = (1+ksin®)-1/3  Q [A0hlr  - B0h1±  + C0h,r  - * |i“2/3(\A)  )l/a« 

• [F0Tr  - G0Ti]  +(pft*)-HVD)i/2CG0Q-3  - G(cp)]} 

Y = (1+Xsincp)-1/2  Q[B0hir  + A0h1±  + * C0h2i>(n-3/3(X/D )1/2* 

* &oTi  + 00Tr])  - (pft*)"1  (X/D)i/2[F0Q-3  -F(cp)])  (21) 


and 
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X - b/a,  n - 

m * / 12(l-v*),  y * (|o)*/3. 

mmC( d” 

Q - (|«)i/»(«,,)-a/». 

n Eh*  rV  Eh*  S rbp^»  m^'h*(Ksincp^  (rV)cos  <p, 

(-Ssia)  (rV)  - 2b»p  ain  , c.  „ 

- bpr  cos  «p  f F0  » 

F(<p0)  Ge  s G(ffl0), 

(21a) 

Pg  and  pv  are  the  horizontal  and  vertical  components  of  applied  pressure. 
In  the  above,  hjr,  h^,  hgj.,  hj^  are  the  real  and  imaginary  conqjonents 
of  the  modified  Hankel  functions  of  order  one -third,  of  the  first  and 
second  kind  respectively.  Their  argument  is  understood  to  be  (iy). 

Tr,  T±  are  the  real  and  imaginary  parts  of  a special  function  introduced 
by  Clark,  and  satisfying 


T'  - iy  T(y)  - 1. 


(22) 


®o»  constants  to  be  determined  from  the  boundary  condi- 

tions of  the  specific  problem  considered.  In  the  present  analysis,  a 
shallow  spherical  segment  was  assumed  joined  to  the  torus  at  tp  - tp0, 

and  a cylinder  at  tp  ■ The  vertical  support  on  the  cylinder  was 

assumed  to  be  sufficiently  far  removed  from  the  junction  of  the  torus 
that  its  specific  form  had  little  influence  on  the  form  of  the  toroidal 
stresses.  Ncp0,  Neo,  and  Meo  were  evaluated  along  the  length  of  the 

torus  and  then  the  integration  indicated  in  equation  18  was  carried  out 
numerically.  When  this  is  done  for  a specific  choice  of  geometric  param- 

eters,  -g-  remains  a function  of  n.  The  minimum  value  of  critical  pres- 
sure was  found  by  calculating  pcr/E  over  a range  of  n,  subject  to  the 
condition  that  n be  an  integer. 


Simplified  Formula  for  Critical  Pressure 

The  procedure  outlined  above  was  carried  out  initially  using 
equation  17.  It  soon  became  apparent  that  certain  terms  could  be 
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omitted  without  significantly  affecting  the  numerical  results,  and  at 
the  same  time  affording  considerable  simplification  of  the  relation  for 
critical  pressure.  The  validity  of  the  approximation  rests  on  the  fact 
that  the  value  of  n found  to  minimize  pcr/E  was  always  rather  a large 
number  compared  to  unity.*..  This  result  is  consistent  with  experimental 
"observations  of  the  buckling  pattern.  (See  figure  1.) 

The  simplified  relation  for  critical  pressure  may  be  written: 


where 


Per 

E 


h N 
2(.l-va)b  D 


(n  » 1) 


(23a) 


N “ U aT1  aaa  a33  alx  a|3 
D * b33(as ia  “ U axl  aaa) 


(23b) 


- -n  * U-)  {w)) 

^ m 

n/2  . 

=*  J Nq  r3  sin3  X(<p-<p0)d<p 


» J11^2  H?or(2rr,(p  sin  X(«p-cp0)  + X ra(cosX(cp-<p0)))  d<P. 


•Pa 


(23c) 
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Equation  23  is  to  be  preferred  over  equation  17  for  computational  pur- 
poses when  n is  large.  In  all  cases  considered  in  this  investigation, 
the  value  of  n minimizing  pcr  was  greater  than  UO  and  in  roost  cases  was 
greater  than  60. 


Numerical  Results  - Comparison  With  Experiment  - Discussion 

Computations  of  the  critical  pressure  have  been  carried  out  thus 
far  for  a limited  number  of  parameters.  A typical  set  of  numerical 
results  is  shown  in  figure  5«  The  parameters  in  these  curves  correspond 
to  those  involved  in  an  experimental  program  concerned  with  the  same 
problem.  In  each  numerical  evaluation  of  the  critical  pressure,  a 
stress  analysis  of  the  unbuckled  shell  was  made,  the  parameters  Ka  and 
Kj  determined,  and  then  the  stability  criterion  evaluated. 

In  the  experimental  program*,  scale  models  representative  of  those 
used  in  missile  applications  were  tested.  These  models  were  made  of 
poly-vinyl  chloride,  a material  chosen  among  other  reasons  for  its  rel- 
atively high  ratio  of  yield  strength  to  elastic  modulus.  Some  of  the 
results  of  these  tests  are  also  shown  in  figure  5 • In  the  case  of  the 
thickest  shells  tested,  (h/b  > .00?)  the  disagreement  between  theory 
and  experiirent  increased  significantly.  The  prebuckling  stress  analysis 
for  these  shells  revealed  that  at  pressure  levels  below  the  predicted 
buckling  pressure,  the  difference  in  principal  stresses  in  the  shell 
near  the  junction  of  torus  and  spherical  cap  had  exceeded  the  yield 
stress  of  the  material.  Since  our  analysis  has  assumed  elastic  behavior 
throughout,  it  would  not  be  expected  to  apply  to  the  experimental  mate- 
rial in  this  range  of  the  parameters. 

The  following  experimental  result  may  also  be  of  some  interest.  An 
aluminum  torispherical  bulkhead  was  tested  under  internal  pressure.  The 
parameters  involved  were 


<P0  - 35°  a * 3U.U3"  b - 18.07"  leverage  “ •°81"  E « 1CP  v - .3. 

Dimples  began  to  appear  in  the  toroidal  section  at  about  p * 25  psi. 

The  pressure  level  was  increased  to  UO  psi,  and  when  the  load  was  re- 
leased the  dimples  remained.  The  theoretical  buckling  pressure  for  a 
shell  of  this  material  (see  fig.  5)  is  6I4.  psi.  However,  the  prebuckling 
state  of  stress  reveals  that  in  the  vicinity  of  <p  ■ U5°»  the  value  of 

Cte-Og 

on  the  inside  and  outside  surfaces  reaches  a value  of  1300  and 

P 

-“-This  program  was  conducted  by  J . Adachi,  formerly  of  Watertown  Arsenal 
Laboratories,  now  associated  with  Materials  Technology,  Inc. 
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•inie  resoectively.  Thus,  for  aluminum  with  a yield  stress  of  35*000 
pS  (as  in  the  test  described)  a value  of  p - 25  psi  aould 

produce  stresses  very  close  to  yield# 

The  plastic  models  of  this  configuration,  however,  appeared  to 
buckle  elastically  at  3.2  psi.  (Theory  predicts  2.9  psi.)  This  corre- 
sponds to  an  elastic  buckling  pressure  of  70  psi  for  aluminum  with 
E = 106 7 . The  stress  level  induced  near  U5  in  bhe  torus  in  the  plastic 
models  for  p - 2.9  psi  is  in  the  vicinity  of  3700  psi,  which  is  below 
the  yield  stress  of  the  plastic  material  used. 

It  is  clear,  then,  that  the  phenomenon  of  elastic  buckling  of 
torispherical  shells  under  internal  pressure  occurs  only  for  very  thin 
shells  whose  material  has  a relatively  high  value  of  the  ratio  of  yield 
stress  to  elastic  modulus.  With  the  increasing  role  being  played  by 
Sch  Lterials  in  space  structures,  it  is  believed  that  the  analysis 
described  in  this  report  will  assist  the  designer  toward  his  objective 
of  increased  efficiency.  Finally,  it  should  be  pointed  out  that  the 
analysis  may  be  applied  to  toriconical  shells  simply  by  replacing  the 
eSS5al%V?c°ue  In  determining  the  prebuckled  state  of  stress. 
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APPENDIX 

The  following  definite  integrals  occur  in  the  expression  for  criti- 
cal pressure  (equation  17  or  23).  In  each  instance  the  limits  of  in- 
tegration are  from  cpQ  to  tr/2.  The  variable  r is  given  by  r - a + b sin  cp- 
All  integrals  may  be  evaluated  explicitly  in  terms  of  trigonometric 
functions . 


1*  ■ J r sina  X(  cp-<p0  )dep 
2*  * J*  r sin  cp  cos3  ep  sin3  X(ep-<p0)dcp 
3*  ■ J*  r cos3  9 sin3  X(cp-cp0)dep 

1**  * J r cos*  <p  sin3  X(cp-cp0  )dcp 

5#  " J r cos4  «p  sin2  X(ep-cp0)dep 

6«-  * J*  r3  sin  cp  sin3  X(cp-cp0  )dcp 

7*  * J r3  sin  cp  cos3  cp  sin3  X(<p-cp0)dcp 

8ft  * J*  r3  cos  cp  sin  X(©-cot,)cos  X(cp-cp0)d«p 
9*  “Jr3  cos3  cp  sin  X(  ®-cdp  )cos  X(cp-cp0)dcp 
10ft  “Jr3  sin3  X(  ®-©0  )d<p 
lift  = (*  r3  cos3  X(cp-cp0)dcp 


12*  ■ J*  r3  cos3  cp  cos3  X(cp-cp0)dcp 

13*  “Jr3  cos3  cp  sin3  X(cp-cp0)dcp 

Ik*  ■ J*  ra  sin3  *P  sin3  X(cp-®0  )d<P 

15*  “Jr3  cos3  ® sin3  X(<P-<P0)d<P 
IS*  - J r3  cos  cp  sin3  X(cp-cp0)dcp 

17*  « J r3  cos  «P  sin  X(cp-cpQ)  cos  X(cp-<p0)dcp 

18*  “ J r3  sin  <P  cos  V sin  X(«P-«P0 ) cos  X(<P-<P0)d<P 

19*  “Jr3  sin  9 sin8  X(cp-cp0)d«p 

20*  “Jr4  sin3  X(cp-cp0)dcp 

21*  “ J*  r4  cos3  X(cp-cp0  )dtp 
22*  “J1,4  si»*P  sin3  X(qj-tp0)d<p 

23*  “Jr4  sin  cp  cos3  X(cp-cp0)dcp 

2U*  “Jr4  cos3  cp  cos3  X(ep-<p0)dcp 

25*  “Jr4  cos  cp  sin  X(cp-cp0)  cos  X(cp-®0)dcp 

26*  “Jr6  sin3  X(cp-<p0)dcp 

27*  * J rB  cos3  X(cp-co0)dcp 


693 


ON  SEVERAL  RESEARCH  PROBLEMS  OF  THE  INSTABILITY 
OF  SHELL  STRUCTURES 
By  Masatsugu  Kuranishi 
Nihon  University,  Japan 


SUMMARY 


First,  the  author  describes  the  research  results  obtained  by 
himself  and  his  colleagues  in  his  university  on  the  instability  of 
shell  structures,  that  is,  the  buckling  strength  of  full,  and  part 
of,  circular  and  plane-walled  cylinders  under  axial  compression 
in  elastic  and  plastic  regions  and  sandwich  circular  cylinders 
under  axial  compression  and  twisting  moment  are  treated.  Then,  he 
presents  graphical  methods  for  minimum  weight  design  of  sandwich 
cylinders.  Lastly,  the  author  introduces  some  results  by  Japanese 
researchers  in  this  field  of  study • 


INSTABILITY  OF  CIRCULAR  CYLINDERS  UNDER  AXIAL  COMPRESSION 


Elastic  Instability 

From  the  theoretical  point  of  view  the  necessity  of  invest i- 
sating  the  origin  and  process  of  buckling  of  these  structures  exists  to 
explain  the  considerable  discrepancy  of  the  classical  buckling 
load  from  the  experimental  result.  The  discrepancy  is  too  large 
to  be  attributed  to  some  of  the  ordinary  imperfection  in  the  ini- 
tial geometrical  form,  material  property  and  loading  condition. 

Most  prevailing  explanation  at  present,  the  author  believes,  is 
due  to  Th.  vTsarman  and  H.  S.  Tsien,  in  which  they  introduced  the 
idea  of  lump-over.  The  minimum  possible  buckling  load  corres- 
ponds in  energy  expression  to  the  case  where  the  jump  over  an 
energy  barrier  with  equal  energy  level  before  and 1 
is  possible.  However,  they  gave  no  attention  to  the  Height  or 
the  energy  barrier  and  origin  of  the  energy  variation  sufficient 
to  jump  over  the  barrier  (Ref.  1). 

In  Japan  Y.  Yoshimura  and  M.  Uemura  worked  in  the  same  line, 
gave  some  improvement  in  energy  estimation,  and  extended  to  some 
cases  for  spherical  shells  (Ref.  2). 

The  present  author  suggested  (Ref.  3)  a new  approach  by 
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assuming  a new  type  of  buckling  deformation  pattern  and  a new  pro- 
cess of  computation  of  strains  by  comparing  the  initial  and  current 
shapes  of  elements  in  place  of  the  ordinary  process  from  the  dis- 
placements of  elements,  The  buckling  deformation  pattern  assumed 
is  only  a preliminary  attempt  but  in  some  points  approximates  the 
real  pattern  better  than  the  classical  ones.  The  tentative  pattern 
represent  the  so-called  diamond  type  of  depression  from  the  begin- 
ning of  buckling  and  does  not  introduce  no  negative  circumferential 
curvature  even  in  the  most  depressed  part  of  the  cylindrical  wall, 
which  the  experimental  observation  shows  clearly. 

The  computation  in  this  way  was  not  sufficient  to  explain  the 
discrepancy.  However,  the  author  expects  success  when  more  ade- 
quate buckling  deformation  pattern  can  be  found  with  good  appro- 
ximation of  the  real  pattern. 


Plastic  Buckling 

The  plastic  buckling  load  becomes  more  important  when  the 
specific  loading,  that  is,  load  per  square  or  product  of  appro- 
priately chosen  overall  dimensions  of  cylinders,  increases  beyond 
some  magnitude,  as  will  be  seen  in  the  section  of  imiw  weight 
design  in  the  following.  The  buckling  deformation  in  this  region 
is  axial -symmetrical  or  has  very  small  number  of  lobeB, 

The  present  author,  having  studied  the  difference  of  strains 
and  stresses  between  the  bulging-out  part  and  the  inward  depressed 
part  of  the  cylindrical  wall  in  the  axial-symmetrical  deformation, 
gave  the  following  effective  modulus  in  the  respective  part.  (Ref. 

• The  tangent  modulus  in  both  the  axial  and  circumferential  di- 
rections for  the  bulging-out  part  and  the  Young’s  modulus  in  both 
directions  for  the  inward  depressed  part  were  assigned  as  reason- 
able approximation.  The  computation  showed  the  buckling  load 

varied  as  instead  of  which  was  given  by  J.  W.  Geckeler 

(Ref.  5)  and  only  the  bulging-out  deformation  predominates  from 
the  deginning  of  buckling  and  further  on.  The  author  believes 
that  the  result  explains  well  the  experimental  data,  for  example, 
that  of  P,  A.  Robertson  (Ref.  6). 


BUCKLING  STRENGTH  OF  CURVED  RECTANGULAR  PLATES 
COMPRESSED  LONGITUDINALLY 
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The  present  author  rearranged  (Ref.  7)  the  experimental 
result  obtained  by  J.  R.  Newell  and  W.  H.  Gale  (Ref.  8),  taking 
as  a strength  unit  the  following  buckling  strength  CT^  of  rec- 
tangular flat  plates  supported  freely  at  four  edges: 


It  should  be  noted  that  0"p  stands  in  place  of  <Ty  which  was  first 

introduced  by  Th.  v.  Karman  (Ref.  9),  but  the  present  author 

believes  O'  is  much  more  suitable. 

P 


The  buckling  strength  of  curved  rectangular  plates  in  this 
strength  unit  was  plotted  against  ^ where  b is  the  developed 

width  and  r the  mean  radius  of  the  plates,  and  the  author  con- 
structed the  probable  strength  curves  from  these  plots  in  depen- 
dence on  the  aspect  ratio  * where  a is  the  length  of  the  plates, 
as  shown  in  Fig.  1.  He  suggested  also  the  buckling  strength  <7 k 
foT  vary  large  aapect  ratio  in  the  following  fonn: 


crkP»°-i8E^ 

It  was  noted  that  there  are  flatter  parts  of  curves  in  some 
range  of  * < 0.1.  The  author  believes  that  only  in  this  region 

the  critical  buckling  stress  and  ultimate  buckling  strength  are 
different,  which  is  the  prominent  characteristic  of  flat  plates 
in  buckling. 


INSTABILITY  AND  STRENGTH  OF  PLATNE-WALLED  CYLINERICAL 
SHELLS  UNDER  AXIAL  COMPRESSION  (Ref.  10 ) 


Closed  Profiles 

The  plane-walled  cylinders  are  here  looked  upon  as  a closed 
sequence  of  flat  plates  connected  along  the  longitudinal  edges 
successively.  The  basic  assumptions  for  the  calculation  are: 
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1.  The  longitudinal  wave  length  of  the  buckling  deformation 
of  any  panel  is  the  sane  and  there  is  no  phase  difference. 

2.  In  the  critical  buckling  state  no  displacements  are  allowed 
at  the  edges. 

3.  Along  an  edge,  the  angle  between  the  two  adjacent  panels  is 
retained  in  the  critical  state  and  the  bending  moments  on  both 
sides  are  in  equilibrium. 

A.  Each  panel  is  long  enough  so  that  the  end  conditions  at  the 
loading  edges  have  only  negligible  effect  on  the  buckling  load. 

The  author  obtained  the  following  condition  to  determine  the 
critical  buckling  stress  when  the  cylinder  has  m panels  of  equal 
thickness  t and  flexural  rigidity  D: 


wal  wbl  wa2  0 0 0 0 0 -0 

1 1 -1  1 0 0 0 0 0 

0 0 Was  Wb2  Wa3  -Wb3  0 0 0 

0 0 1 1 -1  1 0 0 0 


wal  -Wbl  0 0 - 0 Warn  Who 

•1  1 0 0 ------  0 1 1 


where 

Wan  * ®1  tanh  (5  ♦ m2  tan^  nm2 

^bn  = °1  cot,kj3n»i  - cot|3nm2 


and  /3n  is  the  ratio  of  the  width  of  n-th  panel  to  a reference 

panel  width  a^,  (n*l,2, ........ , m) . and  m2  are  parameters 

originated  from  the  fundamental  differential  equation.  They  deter- 
mine the  critical  buckling  stress  <Te_  and  the  half  wave  length  L 
as  follows: 


From  the  combinations  of  m^  and  m2  satisfying  the  determinant  we 
have  to  choose  the  combination  which  gives  the  least  value  of  CTcr. 
This  is  the  actual  critical  buckling  stress,  and  may  be  expressed  as: 
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K,,,  is,  then,  a coefficient  depending  on  the  profile  form  and  pro- 
portion. From  the  second  equation  we  obtain  the  corresponding  half 
wave  length. 

In  Fig.  2,  3,  and  k the  computation  results  are  illustrated. 

It  should  be  noted  here  that  only  the  sequence  of  the  panels  are 
concerned  with  the  critical  buckling  stress,  but  the  angles  of 
intersection  between  panels  do  not  have  any  effect  on  the  buckling 
stress  in  this  calculation.  This  is  due  to  the  edges  remaining 
straight  in  the  critical  buckling  state,  which  is  supported  by  the 
observation  in  the  tests.  If  the  angle  of  intersection  is  very 
acute  or  obtuse,  therefore,  this  theory  does  not  apply. 


Open  Profiles 

For  open  profiles  the  following  additional  basic  assumptions 
are  necessary: 

1.  The  inner  edge  of  the  outermost  panel  with  free  edge  has 
no  deflection  normal  to  the  surface. 

2.  The  outer  edge  of  the  second  outermost  panel  may  be  de- 
flected normal  to  that  surface.  The  deflection  is  assumed  to  be 
restrained  by  the  bending  rigidity  of  the  outermost  panel  in  the 
normal  direction  to  the  second  outermost  panel. 


The  condition  for  determining  the  critical  buckling  stress 
may  be  given  as  follows,  the  number  of  any  panel  being  counted 
from  an  outermost  panel: 


Wg2  «a3  -wb3  0 0 0 

1-110  0 0 

0 Wa3  Wb3  Wa4  -Wfe4.  0 

0 11-110 


0 0 0 Wa  ,111-2  ^b,m-2  ^g,m-l 

0 o 0 1 1 -1 


where  Wg>n  (n=2  or  m-1)  is  given  as: 


W 


Pq  ♦ Pr«r  ♦ Pa«a  * Pra-rs 

Qq  * Qr.r  *■  Qa.s  ♦ Qrs • ^ 
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1 1 

PQ  = -2m ]_  * ( -* — - m2.e)  .shm.  sim  <►  (e  ♦ *•)  . chm.com 

®2  S 

Pr  = (l*e) . (-mi. chm. aim  BQ.shm.com) 

Ps  * -(^-fl)^(mi. shm.com  - m2.chm.sim) 

4 

P rs*  -2»1  * 2mi.chm.com  - (-g*  - m2).shm.sim 
Qq  * chm. aim  - m^.e. shm.com 
Qr  * -(Ire) .m2.shm.sim 

Qs  * -(^rl)  .mi.chm.com 
Qra»  chm. sim  ♦ m2. shm.com 

chm  * cosh  2pnm±,  shm  = sinh  2pnm^,  com  * cos  2pnm2, 

sim  * sin  2/3nm2 

(1  - H)m2  ♦ )La 2 

« 2 i L2 

(1  - — )b>2  ♦ !-a? 

2 2 2 1 


(mf  - mf)' 


*r,l  or  m 


2n^(  (1  - |)m£  ♦ ^ ) 


"f,l  or  m*ay 


■(  1 ♦ i ) 


p 

Here  Wf  , er  o is  the  value  of  -®  for  the  outermost  panel,  there- 
to 

for*,  (3^  or  should  be  used  in  place  of  in  the  above  cited 

equation,  and  Nr>i  or  m ie  the  bending  rigidity  of  the  outermost 

panel  against  the  flexure  of  the  adjacent  panel  edge,  expressed 
in  non-dimensional  form.  For  example,  Nr>m  is  calculated  from 
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Nr.m 


a*-!0  12 


2 

V N.WtI-  t ^S)  - 

«m  ♦ a e,m-l  * 


, 2 2,2 

am+*e.m-l  (W 
*0-1 

1 2 


N ^ is  expressed  in  the  similar  form.  Here  the  first  term  pre- 
sents the  bending  rigidity  ratio  taking  account  of  the  effective 
width  ae  or  2 in  the  second  outermost  panel,  and  the  second 

term  expresses  the  reduction  due  to  the  compressive  stress  in  the 
area  concerned.  The  effective  width  aflj  m_]_  or  2 should  be  de- 
termined as  a function  of  — as  well  known  in  the  literature 

am-l  or  2 

(Ref.  11).  The  calculated  results  for  angles  with  stiffened  edges, 
channels,  hat  and  C profiles  are  given  in  Fig.  5,  6,  7 and  8. 


The  low  values  of  for  small  values  of  |3  are  due  to  the 

poor  values  of  Nr,  and  those  for  larger  values  of  (b  are  caused  by 

the  effect  of  the  free  edges.  The  most  remarkable  point,  however, 
is  that  the  summit  values  for  suitable  magnitude  of  f 3 are  compa- 
rable with  those  of  the  corresponding  closed  profiles. 


Experimental  Results  and  Comment 

The  present  author  made  experiments  for  the  wall  buckling 
strength  of  rectangular  closed  cylinders,  and  C,  hat  and  channel 
profiles  made  of  aluminum  alloy  corresponding  to  17S.  The  test 
results  are  converted  to  standard  values  which  correspond  to  the 
critical  buckling  stress  of  rectangular  flat  plates  supported 
freely  along  four  edges.  Considering  some  strength  values  exceed 
the  proportional  limit,  the  author  converted  the  thickness  ratio, 

t , tjjat  is,  the  ratio  of  the  thickness  to  the  width  of  reference 
av  f 

to  the  standard  thickness  ratio  (•*)  . by  the  formula: 

& SO 


(- 
a st 


27C 


Here  is  the  coefficient  for  the  test  specimen.  And  it  was 

received  some  correction  in  compliance  with  the  actual  sectional 
form  of  the  specimen,  for  example,  the  round  comers  were  assumed 
to  have  the  strength  as  circular  cylindrical  wall. 
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The  buckling  strengths  CT^  were  plotted  against  (^)  as  shown 

in  Fig.  9.  The  experimental  points  stand  in  comparatively  narrow 
band,  which  may  be  deemed  as  substantiating  the  present  theory.  Then, 
the  experimental  curve  was  drawn.  In  the  elastic  region  it  was 
assumed  to  be  a straight  line  just  as  it  is  the  case  for  rectangu- 
lar flat  plates. 

The  buckling  strength  of  channel  profiles  which  were  not  in- 
cluded in  Fig.  9 went  very  little  above  the  critical  buckling 
stress,  and  it  nay  be  assumed  the  critical  and  ultimate  buckling 
stresses  coincide  with  each  other.  The  author  believes  the  reason 
is  in  that  the  stress  rearrangement  beyond  the  critical  buckling 
load  which  is  allowed  in  other  profiles  can  not  be  realized  in 
channels  because  of  the  lack  of  equilibrium. 

Although  similar  investigations  have  been  published  as  well 
known,  it  nay  be  remarked  that  the  present  author  treated  this 
problem  in  the  most  generalized  form,  and  especially^  in  calculat- 
ing Nr  for  open  profiles  he  took  full  account  of  the  effective 

width  in  the  adjacent  panel  and  the  reduction  of  flexural  rigidity 
due  to  the  compressive  stress  in  the  area. 


SANDWICH  CYLINDRICAL  SHELLS 


Simple  Theory  (Ref.  12) 

In  the  simple  theory  the  conventional  assumption  waB  adopted 
that  the  face  plates  are  very  thin,  the  flexural  rigidity  of  then- 
selves  may  be  neglected,  and  the  normal  and  shear  forces  in  the 
surface  of  cylinders  are  taken  by  the  faces,  and  the  shear  force 
normal  to  the  surface  is  taken  by  the  core  in  which  the  deformation 
normal  to  the  surface  is  excluded. 


The  result  of  computation  shows  that  the  buckling  stress 
of  sandwich  circular  cylinders  under  axial  compression  may  be 
expressed  as: 


(a) 


h 

a 


( 2 


1 .^^f.h  ) 

Vl-V  j Gc  ^c  a 


.hlLM  < i 
G„  t„  a “ A 


c r 


k 


provided 
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If  Kp  is  larger  than  1, 


^k  • 7s  Gc 
1 1 


Here  tj,  2tc  are  the  thickness  of  the  face  and  core,  respectively, 
2h  * 2tc  ♦ tf , the  center  distance  of  two  faces,  and  a is  the  mean 
radius  of  the  cylinder.  The  other  conventional  notations  for  the 
face  and  core  are  distinguished  by  the  subscripts  f and  c. 


The  buckling  shear  stress  Tk  when  long  cylinders  are  twisted 
is  given  as: 

2 

Tk*1.05.(l-Kt> 


where 


2 


provided  1>  Kt>  0 . Normally  is  very  small  against  1 and  we  may 
put  usually  Kt=0. 

Similar  results  have  been  obtained  by  other  authors  (Ref.  13), 
only  the  coefficients  being  somewhat  different. 


More  Accurate  Theory 

Since  Kp  in  the  preceding  section  can  sometimes  exceed  unit, 

and  in  that  region  the  flexural  rigidity  of  face  plates  themselves 
and  others  are  no  more  neglisible,  the  authors  developed,  re- 
taining only  one  basic  assumption  that  the  rigidness  of  core 
normal  to  the  surface  of  cylinders  continues  to  exist,  we  could 
show  the  buckling  stress  0*k  increases  uniformly  along  with 

il  or  & instead  of  remaining  constant  at  the  value,  — as  in 
a a tf 

the  simple  theory. 

As  an  approximate  expression  satisfying  the  numerical  exam- 
ples we  could  suggest  the  following  equation  for  CTk: 
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Sandwich  Cylinders  under  Axial  Compression 

The  problem  is  the  precedure  to  make  the  weight  per  axial 
length  W minimum  for  a given  total  axial  load  P and  mean  radius  a, 

p 

or  a given  specific  loading  2 of  sandwich  cylinders  such  as 

a 

treated  in  the  preceding  sections,  the  densities  of  face  and  core 
materials  being  pf  and  p respectively.  They  have  the  following 
relations:  J 


First,  we  assume  we  have  the  buckling  strength  curves  ofO^. 

against  £ for  several  prescribed  values  of  If.  These  curves  may 

be  constructed  from  Eq.  (a)  or  (b)  in  the  preceding  sections, 
taking  account  of  an  appropriate  law  of  plasticity  for  above 
the  proportional  limit  of  the  materials,  or  they  may  be  experi- 
mental results.  These  curves  are  shown  as  an  example  on  the  right 
half  of  Fig.  10.  The  values  in  this  figure  are  selected  only  for 
explanation  and  should  not  be  regarded  as  actual  example. 

tr 

Taking  a curve  with  a constant  value  of  j1  and  multiplying 
the  values  with^c.^,  construct  a new  curve  of  (Jjj  against 
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as  shown  in  Fig.  11.  Then,  it  is  clear  from  the  last  of 

the  above-mentioned  equations  the  value  of  strength-weight  ratio 
jj  will,  then,  be  determined  by  drawing  straight  lines  from  a point 

-iff  -^c)  on  the  abscissa  axis  as  drawn  in  the  figure.  The  slope 

of  the  straight  line  is  equal  to  ^ which  may  be  read  on  a ordinate 

line  with  appropriate  scale.  In  Fig.  11  the  ordinate  axis  was 
chosen,  but  for  clearness  the  scale  was  transferred  to  a position 
on  the  left  side. 


From  the  values  of  07.  and  ^ of  the  points  of  intersection  we 

k a 

can  compute  the  specific  loading  ~2  and  the  strength-weight  ratio 

a 

P t f 

Varying  values  of  — 1 we  obtain  the  curves  as  shown  in  full 

* fit 

lines  in  Fig.  12.  If  we  choose  stepwise  the  values  of  ^f , as  in 

a 

this  example,  then  the  uppermost  parts  of  the  curves  correspond 

tr 

to  the  optimum  selection  of  combination.  When  we  change  — 1 con- 
tinuously, the  envelope  of  the  curves  replaces  them  and  each 
contact  point  will  determine  the  optimum  combination.  In  Fig.  12 

the  curves  of  & for  the  optimum  cocfoination  are  shown  in  dotted 

lines.  Consequently,  we  can  determine  easily  the  optimum  set  of 

— ^ and  — for  a given  value  of  — - and  the  resulting  value  of  - 
a a a W 

from  the  curves  in  the  figure.  Similarly  we  may  construct  curves 

of  against  . 


It  should  be  noted  here  that  the  maximum  point  of  — for  a 

W 

tf 

prescribed  value  of  — is  not  necessarily  the  optimum  point  when 

& 

t* 

the  value  of  — is  varied, 
a 

If  it  is  desired  to  compare  the  merit  of  density  variation 


of  face  and  core,  retaining  the  buckling  strength,  we  have  to 
change  and  in  wide  range.  Then,  it  is  suitable  to  keep  the 

curves  of  CT^  against  ^ with  ^ as  parameter  and  to  change  the 


starting  points  of  the  straight  lines  for 


l 

W 


to 


as 


shown  in  Fig.  10,  since  we  have  the  following  rearranged  equation: 


fc  + (£f  . 1)  if 
*9  c 2 a 


Consequently,  in  this  method  the  slope  should  be  multiplied  by 

ap,  p 

to  obtain  the  corresponding  values, 
t w 


Sandwich  Cylinders  under  Column  Effect 

If  sandwich  cylinders  under  axial  compression  are  so  long 
that  the  column  effect  cannot  be  neglected,  we  have  to  extend  the 
precedure  of  the  minimum  weight  design  to  this  range.  For  simpli- 
city we  assume  that  the  wall  buckling  strength  is  as  determined  in 
the  preceding  sections  and  the  bending  buckling  strength  as  a 
whole  is  determined  only  by  the  face  plates,  cylinder  radius  and 
length.  In  addition,  the  two  types  of  buckling  are  assumed  to 
have  no  interaction,  although  for  both  we  have  to  give  full  con- 
sideration of  the  effect  of  plasticity  for  the  stress  above  the 
proportional  limit. 


In  this  sort  of  problem  we  have  to  decide  the  optimum  radius 

of  the  cylinder,  & and  — ^ for  a given  set  of  the  axial  force  P 
a a 

and  the  cylinder  length  L.  To  begin  with,  it  is  assumed  that  we 
have  the  buckling  strength  curve  of  against  the  slenderness 
2 

number  (-i)  , that  is,  the  reciprocal  of  the  squared  slenderness 
Iw 

h t r 

ratio,  with  as  parameter  for  a prescribed  value  of  — as  shown 


in  Fig.  13.  The  equations  expressing  the  relationship  between 
the  variables  in  the  preceding  section  hold  also  in  this  case. 
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Therefore,  dividing  the  ordinates  in  Fig.  13  by  » 

9 2L  ^ 

we  get  Fig.  14  for  various  values  of  -,  m,  a,  b,  c,  e corresponding 

to  the  wall  buckling  strength  with  the  _3ace_  i nriex-in-Flgr-^ - 

Connecting  the  comers,  that  is,  the  points  of  intersection 
of  the  curve  from  the  bending  buckling  strength  and  the  horizontal 
line  from  the  wall  buckling  strength  in  Fig.  14,  we  obtain  the 

t 

optimum  curve  for  the  prescribed  value  of  - . These  optimum 

t 

curves  for  several  values  of  are  shown  in  Fig.  15  • 

a 

p 

For  a given  set  of  P and  L we  select  — 2 as  the  specific 

L 

loading  in  this  case.  Accordingly,  we  transform  the  abscissa 

in  Fig.  15  into  the  specific  loading  ^*2  t*ie  relation: 

L 

l =CTlc.l67t-f^ 

2 K a 2 
L L 

Thus,  we  get  the  curves  of  the  strength-weight  ratio  £ against 

the  specific  loading  -2  as  shown  in  Fig.  16.  If  the  values  of 

L 

^.f  are  chosen  stepwise,  the  uppermost  parts  of  the  curves  cor- 
a , 

ti»  t a # 

respond  to  the  optimum  selection  of  -.  If  - is  varied  conti- 
nuously, the  envelope  of  the  curves  will  represent  the  optimum 
values  of  strength-weight  ratio.  Then,  the  contact  point  of  the 

t r 

envelop#  with  a curve  determine  the  optimum  value  of  — . The 

corresponding  values  of  & are  read  in  Fig.  1A.  The  values  of  £ 

a 

will  be  given  by  the  following  relation  from  the  slenderness 
number: 

a2.U2 
2“2 
L L 
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These  values  of  h and  — were  determined  and  given  also  in  Fig.  16 
a L 

p ^ 

against  2 with  — ■ * as  parameter. 

L a 


It  is  noted 


are  varied 


prescribed  value 
column  effect  is 


that  the  most  optimum  part  of  £ when  the  values 

W 

falls  apart  from  the  maximum  point  of  £ for  a 

W 

tf 

of  — somewhat  more  than  in  the  case  where  the 
a 

ignored. 


Comment  and  Future  Research 


As  can  be  seen  from  the  results  in  preceding  sections,  in  the 
minimum  weight  analysis  the  strength  in  the  plastic  region  is  much 
more  important  than  that  in  the  elastic  region,  because  the  weight- 
strength  ratio  is  always  favorable  in  the  former  region  when  the 
specific  loading  is  high  enough.  On  the  contrary,  if  the  specific 
loading  is  at  low  level,  it  is  much  advisable  to  resort  to  other 
types  of  structure,  such  as  locally  concentrated  structures  to 
ameliorate  the  weight-strength  ratio  by  increasing  the  allowable 
stress.  The  present  author  believes,  therefore,  the  analysis  of 
stiffened  structures  is  very  important  in  the  minimum  weight  design 
for  lew  specific  loading.  Since  the  stiffeners,  however,  have 
chances  of  failure  in  many  sorts  of  buckling,  the  analysis  is  quite 
complicated.  Ordinarily,  the  bending  buckling  alone  is  considered. 
But  there  are  evidences  that  the  stiffeners  fail  through  the  tor- 
sional buckling  or  the  wall  buckling  in  many  cases.  Therefore,  the 
theory  of  the  minimum  weight  design  taking  account  of  every  sort 
of  failure  is  very  much  desired  in  the  future. 

We  often  express  the  results  of  analysis  of  minimum  weight 
design  by  equations  which  contain  some  plasticity  coefficients 
or  reduced  moduli  and  the  specific  loading.  However,  the  plasti- 
city coefficients  and  others  are  a certain  function  of  the  stress, 
consequently,  that  of  the  specific  loading.  Therefore,  those  ex- 
pressions are  not  suitable  for  practical  selection  of  optimum 
proportions  of  the  structure. 
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OTHER  RESEARCH  RESULTS  IN  JAPAN 


Buckling  Strength  of  Circular  Cylinders  under 
Bending  and  External  or  Internal  Pressure 


K Ikeda  after  having  studied  theoretically  and  experimentally 
gave  the  following  formula  for  the  allowable  bending  moment  Mk  and 
pressure  pk  (Ref.  It)  (Fig.  17). 


For  external  pressure 


♦ lk-=  1 

Pko 


where 


M.  s 

Mko  9 71^3 

(Ref.  15) 

E 0 

(Ref.  16) 

For  internal  pressure: - 


^ - 0.65  ♦ 0.835 
*ko 


1 


a-  Qt-)2  .u.sJQs) 

Pko  pko  ■ _ 

(3.25-  ^ $(6.5- 

Pko  pko 


And  if-p  is  comparatively  high,  i.e.-p^p^ 

^ = 1.49  ♦ 0.56-y/l-P5- 
Mko 

Buckling  Strength  of  Circular  Cylinders  under 

Torsion  and  External  or  Internal  Pressure 

Y.  Yoshimura  and  H.  M&ri  investigated  theoretically  and  gave 
the  following  experimental  formula  for  the  allowable  torsional 
moment  and  pressure  pk  (Ref.  17)  (Fig.  13). 
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u it 

(.  ,t»H )3  + :1 

^k^p=0  Pko 


Buckling  Strength  of  Orthotropic  Cylinders  under  Torsion 

T.  Hayashi  showed  that  the  well  known  Donnell's  expression 
(Ref.  18)  for  the  torsional  buckling  can  be  extended  to  this  case 
only  by  putting:  (Ref.  19). 


Tk-t  /^(l-V^L2 

"ot1(l-  i>xu2)  J 12  D2 


12Dn 


where  the  orthotropic  symmetry  axes  coincide  with  the  longitudinal 
and  circunferential  directions  and  are  denoted  by  1 and  2,  respec- 
tively, consequently,  the  extensional  rigidity  are  designated  as 
al>°^2  an(*  flexural  rigidity  by  D^,  E^,  respectively. 
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RECENT  SOVIET  CONTRIBUTIONS  TO  INSTABILITY  OP 
SHELL  STRUCTURES 
By  George  Herrmann 
Northwestern  University 

SUMMARY 


A review  of  major  recent  Soviet  contributions  to  instability  of 
shell  structures  is  presented.  Some  current  trends  are  discussed  and 
established  programs  for  future  research  are  indicated.  A represen- 
tative bibliography  is  included. 


INTRODUCTION 


As  In  many  other  areas  of  applied  mechanics , the  Russian 
activities  in  the  field  of  shell  theory  during  the  past  decades  have 
been  extensive  varied.  Research  on  shell  instability*  in  parti- 
cular, has  been  carried  out  at  a considerable  rate  of  increase  over 
the  past  few  years.  As  a consequence  of  imposed  space  limitations  for 
papers  of  this  symposium,  however,  it  is  the  purpose  of  this  review  to 
discuss  briefly  only  the  major  Soviet  contributions  of  the  last  3-4 
years.  The  bibliography,  even  though  limited,  should  still  be  broad 
enough  to  permit  the  reader  to  obtain  more  detailed  information  on  a 
given  specific  problem* 

The  source  material  consisted  primarily  of  publications  in  the 
Soviet  periodical  literature  and  listed  in  review  journals  such  as 
Applied  Mechanics  Reviews  and  the  Mechanics  Section  of  the  Soviet 
Reviews  Journal.  Fortunately,  the  language  barrier  which  prevented 
many  Western  scientists  and  engineers  from  becoming  acquainted  with 
Russian  work  is  less  rigid  now  than  in  the  past,  thanks  to  numerous 
translation  projects.  In  the  field  of  shells  attention  should  be 
called  especially  to  translations  published  by  NASA,  by  the  American 
Rocket  Society  in  the  Russian  Supplement  to  their  journal,  and  by  the 
ASME.  in  the  translated  Journal  of  Applied  Mathematics  and  Mechanics, 
(IMM). 

Before  proceeding  to  a discussion  of  specific  topics  in  shell 
stability,  it  appears  appropriate  to  indicate  certain  general  features 
and  trends  in  the  work  of  Russian  scientists  engaged  in  shell  theory, 
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as  these  trends  emerge  from  a study  of  recent  publications . It  can  be 
noted  that  work  on  shell  stability  in  Russia  is  spread  over  numerous 
institutions  and  that  a large  number  of  engineers  and  scientists  are 
engaged  in  this  field , representing  the  interests  of  aerospace,  chemi- 
cal, civil  and  mechanical  engineering.  In  tackling  stability  problems 
a variety  of  assumptions  is  used,  resulting  in  both  linear  and  nonlinear 
governing  differential  equations.  Statistical  treatment  of  stability 
problems  is  commanding  increased  attention  and  the  trend  toward  adapt- 
ation of  approximate  methods  for  use  in  conjunction  with  high  speed 
computors  is  quite  strong. 

It  was  considered  beyond  the  scope  of  this  review  to  compare 
concrete  results  obtained  in  Russia  with  those  available  to  Western 
scientists  and  thus  the  review  is  descriptive  rather  than  critical. 

A number  of  special  conferences  on  plates  and  shells  was  held  in 
the  recent  past,  the  last  one  in  L'vov  in  September  1961,  as  reported 
in  reference  1.  Some  sixty  papers  were  presented,  including  such  topics 
as:  nonlinear  problems  and  their  effective  solution,  asymptotic  methods 
in  shell  theory,  postbuckling  behavior  based  on  the  hypothesis  of 
isometric  properties  of  the  middle  surface,  statistical  methods  of 
analysis  of  nonlinear  problems  in  shell  stability  and  application  of 
multidimensional  Markov  processes  to  the  stability  analysis  of  shells 
subjected  to  random  Impact.  In  summarizing  the  discussions  of  this 
conference,  the  participants  outlined  areas  of  shell  theory  which 
should  be  emphasised  in  the  future  which  included:  general  theory  of 

elastic  shells,  behavior  beyond  the  elastic  limit,  shells  subjected  to 
a variable  thermal  field,  creep  of  shells,  dynamic  problems,  and  non- 
linear problems.  It  was  stressed  that  more  experimental  work  is  needed 
in  shell  theory  and  that  a larger  number  of  young  scientists  should  be 
induced  to  work  in  shell  theory.  The  next  conference  of  this  series  is 
scheduled  to  take  place  in  Erevan  in  October  1962. 


INSTABILITY  OF  SHELLS 


General 

A number  of  recent  papers  is  concerned  with  general  questions 
associated  with  shell  instability.  Statistical  methods  in  the  non- 
linear theory  of  elastic  shells  are  presented  in  ref.  2 applied  in 
ref.  3 to  evaluate  more  than  200  American  test  results  reported  in 
ref.  4. 

A different  method,  based  on  probability  considerations,  is 
reported  in  ref.  5,  where  the  difference  in  the  influence  of  inaccur- 
acies of  shell  properties  and  of  loading  are  pointed  out. 
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Effects  of  linearization  of  shell  equations  on  stability  are 
discussed  in  ref.  6 and  conditions  of  applicability  of  variational 
aethods  are  established  in  ref.  7.  Plastic  buckling  of  shells  of 
revolution  was  examined  in  ref.  8. 


Cylindrical  Shelia 

A large  number  of  papers  reports  studies  on  buckling  of  circular 
cylindrical  shells  subjected  to  various  loadings.  The  linearized 
buckling  equations  are  solved  by  energy  or  Galerkin  methods  in  refs. 

10  to  18.  Stiffened  cylindrical  shells  with  various  arrangement  of 
stiffening  members  are  considered  in  refs.  19  to  23  , the  last  paper 
formulating  the  conclusion  that  it  is  more  advantageous  to  place  fewer 
stringers  but  of  larger  stiffness  rather  than  vice  versa.  The 
influence  of  boundary  conditions  of  buckling  loads  is  established 
refs.  24  and  25.  The  buckling  problem  in  nonlinear  formulation  was 
considered  in  refs.  26  to  32.  In  particular,  the  critical  stress  of 
a cylindrical  shell  subjected  to  pure  bending  t 

be  equal  to  0.26  Eh/R  and  in  ref.  34  equal  to  0.295  Eh/fR  V <-  * ) 
where  E is  Young's  modulus,  h the  thickness,  R the  radius  and  V 
Poisson's  ratio.  The  problem  of  the  variation  of  the  buckling  region 
was  considered  in  ref.  35.  Ref.  36  deals  with  loss  of  stability  in  the 
plastic  region  of  a shell  subjected  to  axial  compression. 


Conical  Shells 

Stability  of  a conical  shell  of  circular  cross-section  subjected 
to  uniform  external  pressure  was  considered  in  ref.  37  and  the  critical 
combination  of  bending  moments  and  pressure  acting  on  such  shells  was 
found  in  ref.  38.  The  combination  of  axial  compression  and  normal 
pressure  was  considered  in  ref.  39.  Various  approximate  methods  in 
studying  a conical  shell  under  lateral  hydrostatic  pressure  were 
compared  with  experimental  results  in  ref.  40. 


Spherical  Shells 

The  stability  of  a shallow  spherical  segment  under  the  action  of 
uniform  external  pressure  was  considered  in  ref.  41  on  the  basis  of 
the  Mar guerre  equations.  Asymmetric  buckling  of  a spherical  shell 
undergoing  large  deflections  under  uniform  pressure  was  analyzed  in 
ref.  42.  The  influence  of  initial  imperfections  on  axisymmetric  form 
of  buckling  of  such  shells  was  studied  in  ref.  43.  It  was  found  tha 
the  lower  critical  pressure  decreases  about  tenfold  as  a result  of 
such  Imperfections  • 
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Dynamic  Loading 

Tha  stability  of  cylindrical  shells  subjected  to  dynamic  loads 
was  investigated  in  refs.  44  and  45.  Whereas  in  this  last  reference, 
circumferential  inertia  was  neglected,  it  is  included  in  ref.  46. 
Rapidly  varying  and  pulsating  pressures  acting  on  a cylindrical  shell 
were  considered  in  ref.  47  and  48.  In  this  last  reference  the  problem 
was  reduced  to  a Mathieu  equation  and  the  amplitude  was  determined 
using  the  Mandel'shtam  method.  The  stability  of  a complete  spherical 
shell  subjected  to  a periodically  varying  pressure  superimposed  on  a 
constant  pressure  was  investigated  in  ref.  49.  Again,  the  problem  was 
reduced  to  a Mathieu  equation  and  the  stability  regions  were  estab- 
lished. Dynamic  stability  of  shells  filled  with  a was 

considered  in  ref.  50. 


Experimental  Investigations 

Celluloid  and  paper  models  were  used  in  ref.  51  to  determine 
experimentally  the  elastic  stability  of  cylindrical  and  spherical 
shells  subjected  to  external  pressure.  Results  of  «rt«Hy  compressed 
shells  using  again  paper  as  the  model  material  are  reported  in  ref.  52. 
An  experimental  study  of  dynamic  buckling  of  a shell  is  described  in 
ref.  53.  Critical  pressures  for  conical  shells  were  determined 
experimentally  in  ref.  54.  Stability  of  bimetallic  cylindrical  shells 
under  axial  compression  beyond  the  elastic  limit  was  studied 
experimentally  in  ref.  55. 


Miscellaneous 

Stability  of  three-layered  shells  was  investigated  in  refs.  56 
end  57  and  a general  theory  of  shallow  sandwich  shells,  the  two  facings 
having  different  properties,  was  evolved  in  ref.  58.  Instability  of 
helicoidal  shells  is  discussed  in  ref.  59,  of  curved  thin-walled  tubes 
in  ref.  60  and  of  shells  of  double  curvature  reinforced  by  stiffeners 
in  ref.  61. 
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A REVIEW  OF  SOME  AVAILABLE  TECHNIQUES  FOR  PREDICTING 
GENERAL  INSTABILITY  OF  SHELL  STRUCTURES 
By  Walter  J.  Crichlow 
Lockheed-California  Company 


SUMMARY 


The  reliability  of  past  methods  of  prediction  for  the  general  insta- 
bility of  complex  light-weight  shell  structure  has  been  shown  to  be  less 
than  adequate.  A brief  review  of  available  data  and  methods  of  predic- 
tion is  given,  including  empirical  and  high-speed  compiting  techniques. 
These  latter  procedures  show  same  promise  for  improvement  in  reliability 
(with  empirical  test-based  correction  factors)  and  success  in  handling 
more  complex  structure  (by  lumped  element  models  in  finite  difference 
numerical  techniques ) . Two  analytical  methods  (Van  der  Neut , Becker ) and 
two  semi-empirical  formulae  (Michielsen,  Ensrud)  are  correlated  with  the 
QALCZC  test  series  under  pure  bending.  In  addition,  shear  loading  test 
data  are  described  and  compared  with  numerical  predictions  on  four  highly 
orthotropic  panels  with  flexible  rib  caps  supported  on  rigid  posts  (truss 
type  ribs). 
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ANALYTICAL  METHODS 


Van  der  Neut's  Method 


The  method  presented  In  Reference  1 hy  Van  der  Neut  appears  to  he 
the  most  complete  analysis  of  the  general  instability  of  stiffened  cylin- 
drical. shells  under  axial  compression.  Its  generality  can  be  Judged  from 
the  fact  that  the  method  not  only  covers  symmetrical  and  non- symmetrical 
buckling  modes,  but  also  includes  such  limit  cases  as  column  instability 
of  the  whole  cylinder  and  column  failure  of  the  longitudinal  stiffeners. 

By  comparing  the  theoretical  solutions  of  the  orthotropic  shells  with 
distributed  section  properties  with  the  solution  for  the  shell  with  a 
discrete  frame.  Van  der  Neut  concludes  that  the  two  solutions  differ  only 
within  a few  percent  if  there  are  at  least  two  frames  per  half  wave  length 
of  the  longitudinal  buckling  mode.  The  solution  for  the  orthotropic  shell 
with  distributed  section  properties  has  been  correlated  with  the  GALCIT 
tests  under  pure  bending  (Reference  2)  and  the  margins  m 

- W - 100  (1  - <« 

are  plotted  in  Figure  1.  Van  der  Neut's  critical  stress  has  been  modified 
by  the  inclusion  of  the  tangent -modulus  plasticity  factor  T^. 

The  experimental  critical  stresses  were  obtained  from  the  reported 
maximum  strains  in  Reference  2,  using  the  stress  strain  curve  for  17ST 
material. 

Twelve  (12)  GALCIT  specimens  were  of  such  discrete  stringer  spa$ings 
that  they  could  not  qualify  for  distributed  properties.  The  Van  der  Neut 
predictions  for  the  remaining  specimens  are  very  good. 


Becker's  Method 


Becker  has  derived  a procedure  (Reference  k)  for  the  prediction  of 
the  general  instability  of  orthotropic  shells  under  axial  compression, 
torsion,  and  external  pressure,  covering  the  entire  range  of  lengths. 

The  GALCIT  tests  (Reference  2)  have  been  correlated  with  this  method,  for 
axial  loading. 

A comparison  of  any  orthotropic  theory  with  experimental  data  shows 
a discouraging  discrepancy  due  to  several  uncertainties  in  the  determina- 
tion of  the  effective  stiffness  parameters.  One  approach  is  to  assume 
several  limit  cases  and  to  compare  the  theoretical  results.  The  results 
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shown  in  Figure  1 (pertaining  to  Becker's  formulae)  have  been  obtained 
under  the  following  assumptions: 

a.  negligible  effective  width  of  skin  in  both  directions 

b.  negligible  torsional  rigidity  of  the  sheet-stiffener-frame 
system 

c.  the  effective  shear  thickness  of  the  cylinder  wall  t = -jt 

d.  inclusion  of  a tangent -modulus  plasticity  reduction  factor 

It  can  be  seen  that  the  predicted  values  are  generally  conservative 
(positive  margins). 


SEMI-EMPIRICAL  FORMULAE 

During  the  past  decade  extensive  studies  have  also  been  undertaken 
at'-  Lockheed  to  establish  semi-empirical  formulae  for  the  general  insta- 
bility of  stiffened  cylinders  under  compression  and  shear. 

Michielsen's  Approach 


The  formulae  given  below  to  predict  general  instability  of  a stif- 
fened circular  cylinder  under  compression  is  the  result  of  studies  by 
Michielsen  commencing  in  195^  (Reference  5)*  The  theoretical  develojment 
is  made  for  an  orthotropic  cylinder  as  a linear  problem.  The  relations 
between  rigidity  parameters  and  geometrical  properties  of  the  actual  cy- 
linder are  derived,  the  theoretical  buckling  load  per  inch  of  circumference 
is  established,  and  a set  of  adjustments  obtained  from  an  extensive 
evaluation  of  available  tests  is  introduced.  These  include  considerably 
reduced  shear  rigidity  of  the  (buckled)  skin,  empirical  functions  to  ac- 
count for  the  ratio  between  the  critical  bending  stress  and  critical 
compression  stress,  and  for  plasticity.  The  best  fit  to  test  results  was 
obtained  by  neglecting  the  skin  completely  in  determining  stiffness  para- 
meters connected  with  normal  stresses. 


T = Px/pyJ  K = Ax  A^ (a  b t2  );  0 = 10*  px  Py/R2 

S = 25  + .025  (b2/Rt  )2;  D = 1 + (Y  - l/Y)s/KS 
B = (Y  + l/Y)  + V(Y  - 1/Y)2  + KS 

Me=  (0.1)  E t R2  VCK/B  (1  + 0.25  ) h(2) 


754 


Ms  = 1.9  E R ta[l  + (S  - 25 )--6] 

M - M M - M 

^ = j M = ■■  + M 

TT  (Ax/b)  R2  cr  + 0.5(fe/fy)=  S 

fy  = yield  stress  of  longitudinals 


M _ 

+ R 

V 

ult 

z 

V * shear  force 
z 


Ensrud’s  Approach 


>(2) 


A semi -empirical  method,  based  on  distributed  orthotropic  prop- 
erties, used  in  determining  general  instability  of  ring-stringer-stiffened 
cylindrical  shells  was  developed  by  Ensrud  (Reference  6). 

Compression.  - The  allowable  stress  Fccr  is  given  by  Equation  3. 


Fccr-°c  Ccr,37B  (t'/R>3C  E (3) 

where  orc  = buckling  coefficient  derived  from  one  test  of 

particular  structure  (=4.1  for  GALCIT  specimens) 


r = Iy/(a  h R»  ) 
h = depth  of  ring 

Kjj.  = Saint-Venant  torsion  constant  of  longitudinals 

\ -A 


and  Tj^  is  the  tangent  modulus  plasticity  reduction  factor. 
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Shear.  - The  allowable  stress  Fscr  is  given  by  Equation  k 


F 


scr 


as  cs  r*37B  (t*/t)  E Tl2 


(4) 


where  as  = buckling  coefficient  derived  from  one 
of  particular  structure. 


test 


* “Sj 


1 12  (1-v3)  I 

7* 1 

a t 


t 1 » (2t/3)  + (A  /b)  for  buckled  skin 

S X 


\ - -83  \ + •17  \ 


T)  = secant  modulus  plasticity  reduction  factor 
8 v 

The  buckling  coefficients  ac  and  as  depend  on  the  detail  design  of 
the  ring-stringer  intersection  and  have  been  determined  from  numerous 
tests . 

The  above  semi -empirical  formula  for  compression  (Equation  3)  has 
been  correlated  with  the  GALCIT  series  (Reference  2)  and  the  result  is 
graphically  presented  in  Figure  1.  Correlations  with  a series  of  large 
curved  fuselage  type  shear  panel  tests  at  Lockheed  show  similar  compari- 
sons for  this  loading  case  (Figure  2). 


NUMERICAL  STABILITY  ANALYSIS  OF  COMPLEX  STRUCTURES 


From  an  approach  proposed  in  Reference  5 a digital  stability  analy- 
sis procedure  was  developed  which  is  equivalent  to  a small  deflection 
buckling  theory.  It  is  programmed  on  a high  speed  digital  computer  in 
conjunction  with  a general  program  for  the  analysis  of  redundant  structures. 
It  is  applicable  to  any  structure  represented  in  a lumped  element  (or 
finite  difference)  foim. 

The  stability  criterion  is  based  on  the  equilibrium,  in  each  node 
point  of  the  lumped  element  structure,  of  internal  and  external  forces 
in  the  critical  deflection  mode.  This  equilibrium  is  expressed  by  stipu- 
lating that  the  unbalances  (residuals)  of  the  internal  loads  in  the 
critical  displacement  mode  must  be  such  that  they  cause  that  same  dis- 
placement pattern.  The  critical  mode  can  be  expressed  in  terms  of  the 
deflection  influence  coefficients  in  each  freedom  of  the  lumped  element 
structure,  and  the  residuals  in  terms  of  unit  residuals  due  to  the 
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deflection  coefficients.  The  stability  criterion  in  form  of  the  equili- 
brium in  each  freedom  leads  then  to  a set  of  homogeneous  equations,  of 
which  the  largest  eigenvalue  is  the  reciprocal  of  the  smallest  critical 
load  level  and  the  eigenvector  determines  the  buckling  mode. 

Secondary  bending  (beam  column ) type  problems  can  be  handled  in  a 
similar  way,  including  the  effect  of  the  displacements  caused  by  the 
applied  load  condition  at  a given  load  level  and  the  corresponding 
residuals.  In  this  case,  the  system  of  equations  is  nonhomo geneo us , and  its 
solution  vector  determines  the  increment  of  deflections  and  internal 
loads  due  to  secondary  bending. 

The  method  and  the  digital  program  have  been  checked  out  by  simu- 
lation of  continuous  structures  for  which  theoretical  analytical  results 
are  available. 

A column  and  a plate  in  compression,  an  arch  and  an  isotropic  cylin- 
der in  hoop  compression  were  analysed,  simulating  the  structure  by  lumped 
elements.  The  numerical  result  matched  the  theoretical  analytical  values 
very  closely,  the  accuracy  depending  on  the  number  of  nodes  defining  the 
wave  length  of  the  buckling  mode.  On  a straight  column  in  compression, 
stability  and  column  bending  (with  side  load)  were  computed  with  an  error 
of  .4$  for  sixteen  nodes  per  half-wave.  On  the  arch  and  the  isotropic 
cylinder  in  hoop  compression,  the  error  varied  from  .3$  for  twenty  parts 
per  half-wave  to  5*5$  for  five  parts  per  half-wave. 


BISTABILITY  OF  INTEGRALLY  STIFFENED  WHIG  SURFACE 


General  Instability 


The  general  instability  of  flat  orthotropic  plates,  representative 
of  integrally  stiffened  wing  surfaces,  Figure  3,  have  been  investigated 
in  Reference  7.  The  integrally  stiffened  panel  is  simply  supported  along 
the  front  and  rear  beams  and  elastically  supported  by  equally  spaced 
flexible  rib  caps.  Furthermore,  each  rib  cap  rests  on  equally  spaced 
rigid  posts  (i.e.  truss  points).  Even  under  the  simplifying  assumption 
of  uniformly  applied  constant  spanwise  compression  and  shear  load  and 
elastic  behavior,  this  structural  problem  illustrates  a typical  case  for 
which  numerical  solutions  have  became  possible  only  through  the  advent 
of  high-speed  digital  computers. 

The  mathematical  approach  for  finding  the  buckling  loads  under  com- 
bined loading  follows  conventionally  the  Rayleigh-Ritz  method.  A standard 
iteration  procedure  (Reference  8)  is  applied  to  find  the  dominant 
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eigenvalue.  To  limit  the  computing  time  in  case  of  excessively  slow 
convergence,  no  more  than  200  iterations  were  permitted.  In  the  majority 
of  the  actual  computed  cases,  no  less  than  approximately  fifty  (50) 
parameters  of  the  deflection  function  have  "been  considered  (including 
lagrangian  multipliers  to  consider  the  condition  of  zero  deflection  at 
the  posts), and  in  seme  cases  this  number  went  as  high  as  approximately 
one  hundred  (100 ). 

Figure  h shows  a typical  interaction  curve  (buckling  coefficients 
Kg,  K^):  It  consists  generally  of  three  branches.  The  buckling  pattern 

for  Branch  (l)  which  applies  for  low  values  of  has  a spanwise  wave 
length  2A  = with  narrow  chordwise  waves  and  is  similar  to  that  for 
pure  shear.  As  the  value  of  Kc  increases.  Branch  (g)  becomes  critical. 
For  this  branch,  2A  = 3A  while  the  chordwise  waves  are  somewhat  wider 
than  for  Branch  (l) • Branch  © is  practically  unaffected  by  variations 
in  the  orthotropic  plate  stiffness  ratio  (D^/Dy)  but  is  strongly  depen- 
dent on  the  aspect  ratio  (B/A)  and  the  rib  cap  stiffness.  This  branch 
is  character! zed  by  a wave-length  2A  = 2A  and  the  buckling  pattern  is 
similar  to  that  of  pure  compression. 


Local  Buckling 

In  Reference  9,  local  buckling  coefficients  have  been  computed  for 
the  special  case  of  an  infinitely  long,  elastic,  integrally  stiffened 
plate  under  pure  longitudinal  compression,  jure  shear,  and  for  various 
ratios  of  combined  shear  and  longitudinal  compression  loads.  The  buckling 
problem  for  the  individual  plates  (skin,  stiffeners)  has  been  treated  by 
use  of  the  differential  equation  for  the  deflection  surface.  The  results 
have  also  been  checked  by  using  a modified  version  of  the  digital  com- 
puter program  for  general,  instability  (energy -method ) and  the  agreement 
has  been  found  excellent. 

The  re  stilts  of  shear  tests  are  summarized  in  Table  1.  These  panels 
were  subdivided  into  four  bays  by  diagonal-truss  ribs  closely  reproduc- 
ing actual  aircraft  structure.  The  panels  were  tested  in  a picture-frame 
Jig  72  inches  x 57  inches  between  hinges  (diagonal  length  92  inches). 


CONCLUSIONS  AND  RECOMMENDATION 


The  comparison  in  Figure  1 of  the  predictability  of  the  general  insta- 
bility failure  of  stiffened  cylinders  under  compression  indicates  the 
improvement  to  be  achieved  by  the  use  of  test  based  correction  factors. 

The  scope  of  the  geometrical  parameters  covered  by  the  GALCIT  tests  is 
limited  compared  with  the  requirements  of  modern  shells.  A large  scale 
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test  facility  is  urgently  needed  along  with  support  for  a comprehensive 
test  program  on  specimens  of  a size  and  structural  configuration  to  en- 
compass current  designs.  It  is  strongly  recommended  that  the  NASA 
provide  support  for  this  necessary  activity. 
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(c)  Buckled  stiffeners,  clip  failures,  and  broken  rib  cap  tab  in  corner 
of  jig. 

(d)  Catastrophic  failure  - post  buckled  state  in  pronounced  tension  field. 


CUMULATIVE  FREQUENCY  IN  {%) 


Figure  1.-  Correlation  of  several  methods  of  prediction  with  a GALCIT 

test  series. 
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Figure  2.-  Correlation  of  shear  test  results  of  stiffened  curved  panels 

and  cylinders. 


Figure  3.-  Flexibly  supported  surface  of  Integrally  stiffened  wing  box  beam. 


Figure  4.-  Typical  interaction  curve  for  general  instability  of  flexibly 
supported  integrally  stiffened  panel. 
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A DIGITAL  METHOD  FOR  THE  ANALYSIS  OF  LARGE  DEFLECTIONS 
AND  STABILITY  OF  COMPLEX  STRUCTURES 

By  Dale  S.  Warren 

Douglas  Aircraft  Company,  Inc. 


SUMMARY 


The  status  of  an  extended  program  to  develop  a general  digital 
method  for  geometrically  nonlinear  structures  is  reported.  The  program 
is  based  on  the  notion  of  superposing  corrections  upon  the  general  solu- 
tions given  by  linear  matrix  methods.  Thereby,  full  advantage  is  taken 
of  the  existing  capability  for  linear  analysis.  The  approach  offers 
many  desirable  benefits,  such  as,  (1)  complete  generality  with  respect 
to  structural  geometry,  boundary  conditions  and  thermo-mechanical  loading, 

(2)  an  explicit  description  of  the  effects  of  initial  eccentricities  and 

(3)  provisions  to  account  for  both  short-time  and  time  dependent  plasti- 
city, and  local  buckling.  In  addition,  the  linearized  stability  cri- 
terion for  thermo-mechanical  loading  is  available.  These  benefits  have 
been  realized  for  planar  structures;  generalizations  for  application  to 
shell  structures  are  under  consideration. 


INTRODUCTION 


The  trends  in  the  designs  of  advanced  aerospace  vehicles  and  the 
high  costs  of  testing  in  extreme  environments  have  increased  the  demands 
on  the  reliability  of  methods  for  the  analysis  of  complex  structures. 

The  need  for  improved  nethods  for  the  analysis  of  geometrically  non- 
linear structures  is  especially  significant,  and  therefore,  an  extended 
development  program  has  been  devoted  to  this  need.  The  digital  approach 
h8s  been  adopted  to  provide  the  generality  required  for  practical  appli- 
cation to  complex  structures. 

The  feasibility  of  the  program  was  established  by  the  development 
of  the  general  matrix  equations  for  geometrically  nonlinear,  discrete 
structures.  The  essentials  of  the  development  are  as  follows.  It  is 
observed  that  large  deflections  define  two  specific  effects  that  are 
ignored  in  linear  theories.  These  effects  are  identified  as  corrections 
to  linear  theory  and  incorporated  in  the  general  matrix  equations  that 
describe  the  internal  forces  and  deflections  of  linear  structures.  The 
solution  of  the  modified  equations  defines  the  internal  forces  and 
deflections  of  geometrically  nonlinear  structures.  The  resulting 
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equation  of  deflections  is  nonlinear  and  includes  the  linearized  stability 
criteria,  for  thermal,  mechanical  and  combined  thermo-mechanical  loading. 
The  development  provides  for  discrete  structural  assemblies  consisting 
of  bars  that  carry  direct,  shearing,  bending  and  torsional  loads,  and 
panels  that  carry  shearing  loads  only.  Assemblies  of  this  type  have 
been  used  successfully  in  linear  analyses  of  many  classes  of  complex 
structures,  ranging  from  riveted  and  bonded  joints  to  complete  vehicles. 

It  is  believed  that  the  reliability  and  versatility  associated  with  this 
type  of  discrete  idealization  are  directly  applicable  to  the  analysis 
of  nonlinear  structures. 

Although  sinple  in  concept,  the  theoretical  development  is  rather 
involved.  Therefore,  only  an  outline  of  the  theory  is  presented. 

Because  of  the  generality  of  the  approach,  an  extensive  series  of  appli- 
cations is  required  to  fully  evaluate  and  appreciate  the  method. 
Representative  applications  are  described  in  this  paper. 


OUTLINE  OF  THE  THEORY 


The  Effects  of  Large  Deflections  in  the  Considerations 
of  Equilibrium  and  Member  Deformation 

The  conditions  of  equilibrium,  conpatibility  and  member  deformation 

define  the  response  of  statically  indeterminate  structures.  Properly, 

these  conditions  apply  to  the  deformed  state  of  the  structure.  The 

factors  important  in  the  equilibrium  of  an  axially- loaded  bar  and  the 

adjacent  joints  of  a deformed  structure  are  shown  in  Figure  1.  The 

positions  AB  and  A’Bf  represent  the  positions  of  the  bar  in  the  original 

and  deformed  states,  respectively.  The  joints  are  in  equilibrium  under 

the  action  of  the  member  force  F,  the  linear  force  F'  and  the  vector 

increment  6.  The  linear  force  F1  is  the  member  force  that  would  be 
n 

predicted  if  the  deformation  of  the  structure  were  neglected  in  the 
equations  of  equilibrium.  Therefore,  the  vector  increment  $ can  be 

considered  as  a correction  to  the  linear  force  F* , to  account  for  the 
effect  of  deflections  in  the  equations  of  equilibrium.  The  correction 
is  appropriately  called  a " fictitious  force."  From  Figure  1, 

K ■ L ' V • (!) 

Since  ^ is  linearly  related  to  F,  the  fictitious  forces  for  a system 
of  axially-loaded  bars  can  be  written  metrically  in  the  form 

K • * 


(2) 
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where  ^ is  a matrix  of  fictitious  forces,  B is  a linear  transform  and 

F is  a matrix  of  member  forces.  The  fictitious  force  associated  with 
thewsruing  of  a shear  panel  is  also  linearly  dependent  upon  the  member 
force,  andStberefore  Equation  (2)  is  applicable  to  a composite  structure 
consisting  of  axially -loaded  bars  and  shear  panels. 

The  consideration  of  member  deformations  must  also  be  r®^sed  to 
account  for  large  deflections.  In  Figure  2,  the  original  and  deformed 
nositions  of  a bar  are  indicated  by  AB  and  A B' , respectively, 
theory  is  developed  in  terms  of  the  deformation  of  the  bar,  6L  and  the 
geometry  of  the  undeformed  structure.  In  this  reference  JJ* .. 

difference  between  the  length  of  the  projection  of  A B and  the  original 

length  is 


(L  + 8L)cos  e - L = 8L  cos  e - L(l-cose) 


(3) 


Expanding  cos  e in  a power  series  and  neglecting  higher  order  terms, 

L 


L 2 

(L  + 6L)  cos  e - L = 6L-^e 


(10 


Prom  Eauation  (1+)  it  is  concluded  that  the  effect  of  rotations  of  a bar 
STbe  approximately  described  by  adding  the  "fictitious  member  deforms.- 

tion" 


L 2 

en  = * 2 e 


(5) 


to  the  linear  equations  of  member  deformation.  The  fictitious  memoer 
deformation  of  a shear  panel  can  be  described  in  a similar  form  and 
the  complete  set  of  fictitious  member  deformations  of  a composite  stru 
ture  can  be  described  by  a matrix  e • 


The  General  Equations  for  Internal  Forces  and  Deflections, 
Accounting  for  Large  Deflections 


For  a linear  structure,  the  internal  forces  and  deflections  due  to 
applied  thermo-mechanical  loading  can  be  described  in  terms  of  influence 
coefficients  by  the  matrix  equations 


FL  = 


V + Fe 


(6) 


and 

*L  - V + Ae  eT  ' (7 

where  F and  ^ are  the  matrices  of  linear  internal  forces  and  deflec 

tions,  respectively,  due  to  the  applied  thermo-mechanical  loading 


described  by  the  matrix  of  mechanical  loads  ^5,  and  the  matrix  of  unre- 
strained thermal  deformations  e_.  The  matrices  F,  and  F describe  the 

i p e 

internal  forces  due  to  conditions  of  unit  applied  mechanical  loads  «nd 
conditions  of  unit  member  deformations,  respectively,  and  the  matrices 
A^  and  Afi  describe  the  deflections  due  to  conditions  of  unit  applied 


mechanical  loads  and  unit  member  deformations,  respectively, 
influence  coefficient  matrices  F,,  F , A/ 

r * P 

routine  manner  by  the  use  of  linear  matrix  methods. 


The 

and  A„  can  be  derived  in  a 
e 


As  defined,  the  fictitious  forces  are  of  the  same  physical  form  as 
and  the  fictitious  member  deformations  are  of  the  same  physical  form 
as  e^,.  Further,  and  eQ  are  corrections  to  be  added  to  the  linear 

solution  to  account  for  large  deflections.  Therefore,  for  geometrically 
nonlinear  structures,  the  forces  and  deflections  due  to  applied  thermo- 
mechanical  loading  are 

F - F^  (^  + ^)  + Fe  (eT  + eQ)  , (8) 

and  __ 

A - A^  (^  + ^q)  + Ae  (eT  + en)  , (9) 

where  F and  A are  the  internal  forces  and  deflections,  respectively, 
accounting  for  large  deflections.  " 

Equations  (8)  and  (9)  can  be  solved  approximately  for  the  deflec- 
tions. The  result  is  (ref.  l) 

t 1 ‘ + ^nIA  >3  * “ * * Ae  eT 


(10) 


where  I is  the  identity  matrix. 


and 


are  matrices  of  influence 
aA 


coefficients  for  the  fictitious  forces  due  to  the  combined  effect  of 
the  unit  deflections  and  the  linear  internal  forces  due  to  applied 
load  and  temperature,  respectively,  and  6 is  a matrix  of  fictitious 

forces  due  to  the  combined  effect  of  the  unknown  deflections  and  the 
internal  forces  induced  by  unit  member  deformations. 


The  homogeneous  form  of  Equation  (10), 

f 1 ‘ ^ + ^TA  } J A * 0 * 


(11) 
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is  the  linearized  stability  criterion  for  buckling  due  to  thermal, 
mechanical  and  combined  thermo -mechanical  loading.  Equation  (11)  was 
developed  by  P.  H.  Denke  in  i960  and  has  been  the  basis  for  the  investi- 
gation of  the  elastic  stability  of  various  complex  structures.  It  can 
be  used  in  conjunction  with  a reduced  modulus  for  cases  of  plastic 
buckling.  However,  since  plastic  buckling  is  dependent  upon  initial 
eccentricities,  the  general  approach  provided  by  Equations  (0;  and  (10) 
is  preferable.  The  following  elaborations  of  these  two  equations  were 
developed  for  practical  application  of  the  general  approach  to  the 
analysis  of  buckling  in  creep  environments  (ref.  2): 


a - [1  - ^ (C^J  ^ + cT  ^ )]'J  {cj  A|4  »*  + °T  Ae  eT 

* A(S  (ct  V "■  °t  V ’ 

+ [Ae  + ^ V (i+  Ao>3(ep  * en> 

and 

* * * * ct  p=  st 

* (c,s  v * °t  V ’ <A + io> 
t[Pe  + P»l'lneAtA',ao)'*(epten)  ' 


(12) 


(13) 


In  Equations  (12)  and  (13),  is  the  matrix  of  initial  eccentricities, 

A is  the  matrix  of  deflections  due  to  load  and  temperature,  and 

are  scalars  describing  the  intensity  of  the  distributions  of  load  and 
temperature,  respectively,  is  a three-dimensional  array  of  ficti- 

aeA 

tious  forces  due  to  the  combined  effect  of  unit  deflections  and  internal 
forces  due  to  unit  member  deformation*  and  e^  is  a matrix  of  nonlinear 

components  of  member  deformations.  The  matrix  e^  can  be  used  to  repre- 
sent both  plastic  deformation  and  local  buckling*  Equations  (12)  and 
(13)  are  nonlinear  and  dependent*  and  therefore*  special  techniques 
are  required  for  solution. 


APPLICATIONS  OF  THE  METHOD 


Linearized  Stability  Solutions 

In  general,  a linearized  stability  solution  by  the  digital  method 
includes  the  following  steps:  (l)  computation  of  internal  forces  and 

deflection  influence  coefficients,  (2)  computation  of  the  fictitious 
forces  for  conditions  of  unit  deflection  and  (3)  solution  of  the  eigen- 
value  problem  described  by  Equation  (ll).  The  results  are  the  critical 
loads  and  corresponding  buckling  modes  of  the  structure.  A continuous 
computing  process  for  the  complete  problem  has  been  devised  using 
existing  digital  methods  and  programs.  Internal  forces  and  deflection 
influence  coefficients  are  computed  lasing  the  Redundant  Force  Msthod, 
a fully  automatic  version  of  the  Matrix  Force  Method.  These  data  are 
transformed  using  a general  purpose  matrix  abstraction  program,  and 
the  eigenvalue  problem  is  solved  using  a computer  program  originally 
developed  for  computation  of  vibration  modes  and  frequencies.  An 
indication  of  the  generality  of  the  method  is  provided  by  the  complexity 
of  the  computations  required  for  comparison  of  digital  solutions  with 
available  data.  From  the  viewpoint  of  the  digital  approach,  most  of 
these  cases  are  degenerate,  i.e.,  the  typical  stress  distributions  are 
uniform,  and  therefore  the  matrices  of  fictitious  forces  can  be  written 
by  inspection* 

The  method  has  been  applied  to  numerous  cases  of  columns  and 
panels.  Columns  were  analyzed  to  evaluate  the  effect  of  the  precision 
discrete  idealization.  The  results  indicate  that  convergence  is 
monotonic  and  that  a high  degree  of  precision  is  not  required,  ab  an 
example,  a fixed-free  column  can  be  represented  by  two  bars  with  an 
error  of  5$,  or  by  three  bars  with  an  error  of  2$. 

The  digital  method  has  been  used  to  investigate  several  cases  of 
panel  buckling.  A case  of  buckling  of  a simply  supported,  rectangular 
panel  in  shear  was  analyzed  for  the  specific  purpose  of  method  verifi- 
cation.  The  critical  shear  stress  cocputed  by  the  digital  method  is 
H0$  of  the  comparable  value  reported  in  reference  3,  and  buckling 
modes  are  in  excellent  agreement.  The  magnitude  and  sign  of  the  error 
are  consistent  with  the  relatively  crude  idealization  used  in  the 
analysis,  and  the  error  characteristics  observed  in  the  investigation 
of  columns.  On  this  basis,  the  agreement  is  considered  to  be  excellent. 


Large  Deflection  Solutions 

A practical  and  convenient  computing  process  has  been  developed  for 
the  analysis  of  large  deflections  of  discrete  structures  (ref.  2). 

Linear  influence  coefficients  are  computed  by  the  Redundant  Force  Method, 
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and  Equations  (12)  and  (13)  are  solved  using  a gener^.  purpose  matrix 
abstraction  program.  For  cases  of  elastic  response  without  local 
buckling  (e  » 0),  the  equation  of  deflections  is  solved  by  an  automatic 

iterative  procedure.  The  solution  of  the  equation  of  internal  forces  is 
then  a routine  process.  The  results  are  the  internal  forces  Reflec- 
tions for  the  specific  thermo-mechanical  condition  described  by  and 

C . For  cases  of  short-time  or  time  dependent  plasticity,  or  local 

buckling  (e  / 0),  an  incremental  procedure  is  used.  The  results  are  a 

series  of  solutions  describing  the  history  of  internal  forces  and  deflec- 
tions with  respect  to  load  and/or  time. 

A comparison  of  test  data  for  a stiffened  panel  in  compression  at 
elevated  temperature,  and  the  results  of  the  comparable  incremental 
analysis  are  shown  in  figure  3-  The  peculiar  shape  of  the  deflection 
profile  is  of  particular  interest.  The  panel  was  stiffened  unidirec- 
tionally  and  loaded  in  the  direction  of  the  stif feners . In  addition, 
a secondary  loading  was  induced  transversely  to  the  stiffeners  by  an 
elastic  restraint  to  Poisson  deformation.  The  effect  on  the  response  o 
the  panel  was  pronounced,  even  though  the  ratio  of  transverse  to  Primary 
loads  was  only  5$.  Without  the  secondary  loading,  the  deflection  profile 
would  have  been  the  characteristic  shape  indicated  by  the  curve  deter- 
mined by  linear  analysis.  The  agreement  of  these  data  is  an  Important 
contribution  to  the  verification  of  the  method. 

Verification  of  the  notion  of  fictitious  member  deformations  is 
important  to  the  use  of  the  digital  method  for  analysis  of  structures 
that  exhibit  failure  due  to  large  deflection  instability.  The  res ul  s 
of  an  investigation  for  this  purpose  are  shown  in  figure  4.  It  is  con- 
cluded from  this  comparison  that  the  idea  of  fictitious  member  deforma- 
tions properly  represents  the  effects  peculiar  to  large  deflection 
instability. 


CONCLUSIONS 


A general  digital  method  for  the  analysis  of  nonlinear  planar  struc- 
tures has  been  developed,  programmed  for  efficient  computations,  and 
verified  by  application  to  a wide  variety  of  structures.  It  is  con- 
sidered to  be  a practical  and  extremely  valuable  approach  to  the  analysis 
of  nonlinear  structures  and  worthy  of  the  effort  required  for  generali- 
zation to  include  shells.  When  fully  developed  and  understood,  it  is 
expected  that  the  digital  method  will  provide  a sound  basis  for  the 
analysis  of  the  complicated  nonlinear  response  of  advanced  aerospace 
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vehicles  vith  sufficient  reliability  to  allow  a reduction  in  the  scope 
of  testing  at  elevated  temperatures . 


ACKNOWLEDGEMENTS 


The  development  program  reported  in  this  paper  is  being  conducted 
under  the  direction  of  M.  Stone,  Chief  of  the  Aerostructural  Mechanics 
Section,  Aircraft  Division,  Douglas  Aircraft  Company,  Inc.  Technical 
direction  of  the  program  is  the  responsibility  of  P.  H.  Denke,  Super- 
visor of  Research  and  Development  in  the  Aerostructural  Mechanics 
Section.  A major  portion  of  the  work  reported  herein  was  accomplished 
under  the  sponsorship  of  the  Aeronautical  Systems  Division,  AFSC,  USAF, 
by  authority  of  Contract  No.  AF  33(616) -8359,  titled  "Buckling  of 
Structural  Panels  Subjected  to  Creep  Environments." 


references 


!•  DcHfc®,  P.  H.:  Digital  Analysis  of  Nonlinear  Structures  by  the  Force 

Method*  Paper  presented  to  the  Structures  Materials  Panel 
of  AGARD,  NATO,  in  Paris,  France,  July  1962. 

2.  Warren,  D.  S.:  A Matrix  Method  for  the  Analysis  of  the  Buckling  of 

Structural  Panels  Subjected  to  Creep  Environments*  ASD  Technical 
Documentary  Report  62-7^,  September  1962. 

3*  Stein,  M.  and  Neff,  J. : Buckling  Stresses  of  Simply  Supported 

Rectangular  Flat  Plates  in  Shear*  NACA  TN  1222,  March  1947. 


751 


FICTITIOUS  FORCES  INDUCED  BY  ROTATION 
OF  AN  AXIALLY- LOADED  BAR 


Figure  1 


FICTITIOUS  MEMBER  DEFORMATION  INDUCED  BY 
ROTATION  OF  A BAR 


Figure  2 


CREEP  DEFLECTION  OF  A COMPRESSION  PANEL 


Figure  3 


LARGE  DEFLECTIONS  AND  STABILITY  OF  A TRUSS 


Figure  k 
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NON-LINEAR  SHALLOW  SHELL  ANALYSIS  BY 

THE  MATRIX  FORCE  METHOD 

By  Warner  Lansing,  Irving  W.  Jones 
and  Paul  Rainer 

Grumman  Aircraft  Engineering  Corporation 


SUMMARY 


The  matrix  force  method  of  redundant  structure  analysis  is  currently 
being  extended  by  various  users  to  cover  a number  of  non-linear  problems . 
One  of  these  is  the  non-linear  analysis  of  heated  cambered  wings,  such  as 
might  be  used  in  advanced  flight  vehicles.  In  this  case  the  approach  used 
by  the  present  authors  is  equally  applicable  to  shallow  shells,  the  formu- 
lation of  the  strain-displacement  and  equilibrium  relations  being  a 
finite  element  equivalent  to  that  used  by  Marguerre.  The  solution  is 
obtained  by  a combined  iteration  and  step  by  step  procedure  utilizing  a 
tangent  flexibility  matrix.  Divergence  in  the  calculations  indicates 
that  the  range  of  stable  configurations  has  been  exceeded.  Cambered 
plates  subjected  to  several  loadings  are  given  as  examples;  for  one,  an 
exact  solution  is  available  for  cccrparison. 

It  is  believed  that  the  basic  concepts  involved  in  this  shallow 
shell  analysis  can  be  extended  to  apply  to  other,  more  general  shell 
instability  problems,  and  that  useful  solutions  to  the  latter  are  pro- 
bably within  the  capability  of  present  day  digital  computers . 


INTRODUCTION 


Shell  structures  are  one  of  the  vital  considerations  in  the  design 
of  aerospace  vehicles . New  methods  are  needed  for  analyzing  the  entire 
range  of  shells,  from  the  very  thin  walled,  pressurized  membrane  type, 
usually  of  relatively  simple  geometrical  shape,  to  the  reinforced  shell 
type,  with  provision  for  such  features  as  redistribution  of  large  con- 
centrated loads,  discontinuities  because  of  cutouts,  irregular  basic 
geometry,  etc. 

In  cases  where  they  are  applicable,  new  solutions  based  upon 
extensions  of  the  classical  shell  theory  approaches  would  be  preferred. 
However,  when  the  shell  structure  and/or  loading  is  sufficiently  irregu- 
lar, one  of  the  finite  element  approaches  is  probably  the  only  way  out. 
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This  paper  presents  a review  of  one  such  analysis  for  the  non-linear 
behavior  of  shallow  shells*  This  is  of  course  a restricted  problem, 
but  it  is  believed  that  information  gained  from  its  solution  will  be  of 
assistance  in  attacking  the  more  important  general  shell  case. 


REVIEW  OF  THE  METHOD 


There  are  currently  several  finite  element  structural  analysis 
methods  in  general  use  throughout  the  aerospace  industry.  Originally 
these  methods  were  developed  primarily  with  the  linear  analysis  of  air- 
frames in  mind;  more  recently  they  have  been  extended  by  a number  of 
investigators  to  include  various  non-linear  structural  effects.  See 
for  example  references  1-4. 

Reference  5 treats  the  specific  problem  of  a heated,  cambered  wing. 
The  non-linear  feature  in  this  case  is  the  effect  of  large  deflections, 
rather  than  any  material  property  consideration.  While  the  procedure 
was  developed  with  low  aspect  ratio  wings  in  mind,  it  is  equally  appli- 
cable to  shallow  shells,  the  formulation  of  the  strain  and  equilibrium 
relations  being  a finite  element  equivalent  to  that  used  by  Mar  guerre 
(ref.  6). 

Basically,  the  method  consists  of  first  carrying  out  two  separate 
analyses,  one  for  the  bending  behavior,  the  other  for  the  membrane 
behavior.  In  so  doing,  the  shell  is  idealized  as  consisting  of  a number 
of  bars  and  shear  panels.  The  output  of  the  bending  analysis  is  a con- 
ventional stiffness  matrix  which  is  independent  of  the  lateral  displace- 
ments. The  membrane  analysis,  on  the  other  hand,  yields  a stiffness 
matrix  that  is  a function  of  the  displacements.  Its  determination 
requires  that  one  first  assume  a set  of  lateral  displacements.  From  the 
two  component  stiffness  matrices  one  can  assemble  a matrix  equation 
giving  the  total  loading  carried  by  the  shell  structure  in  the  assumed 
deflected  configuration.  This  loading  will  not,  in  general,  agree  with 
the  required  loading.  At  this  point,  the  assumed  deflected  configuration 
must  be  altered  to  correspond  more  nearly  to  the  applied  loading.  Deter- 
mining the  correcting  loads  and  displacements  involves  the  calculation 
of  a "tangent  flexibility  matrix" . 

Its  calculation  is  the  other  key  step  in  the  analysis.  It  is 
obtained  by  the  differentiation  with  respect  to  the  displacements  of 
the  matrix  equation  for  the  total  applied  loads  which  was  just  discussed. 
The  resulting  tangent  stiffness  matrix  for  the  composite  structure  is 
Immediately  inverted  to  give  the  corresponding  tangent  flexibility 
matrix.  The  elements  of  this  matrix  give  the  deflection  at  one  point 
of  the  conq>osite  structure  due  to  a unit  load  at  another,  assuming  that 
the  structure  displaces  linearly  from  its  deflected  shape. 
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With  the  tangent  flexibility  matrix  available,  it  is  possible  to 
extrapolate  linearly  from  the  assumed  deflected  configuration  to  an 
improved  one.  The  cycle  may  be  repeated  as  many  times  as  needed.  The 
procedure  merely  determines  at  the  end  of  each  cycle  how  nearly  the  loads 
sustained  by  the  structure  agree  with  the  actual  applied  loads,  and  ter- 
minates when  the  agreement  is  satisfactory. 

For  structures  such  as  shallow  shells,  which  have  a characteristic 
non-linear  applied  load  vs.  deflection  curve  with  continually  decreasing 
slope,  the  determination  of  the  buckling  load  can  be  carried  out  as 
follows:  One  first  selects  an  applied  load  level  and  an  assumed  set  of 

deflections,  usually  zero  for  the  latter  as  a matter  of  convenience,  and 
the  iteration  procedure  is  begun.  When  it  has  produced  a stable  set  of 
deflections  corresponding  to  the  applied  loading,  these  deflections  and 
an  increased  applied  load  level  are  selected  for  a new  iterative  solution. 
This  step-by-step  procedure  is  continued  until  the  slope  of  the  load- 
deflection  parameter  curve  has  become  practically  horizontal,  at  which 
point  the  iteration  procedure  will  no  longer  converge.  The  highest 
stable  applied  load  level  reached  in  this  manner  is  a lower  bound  for 
the  buckling  load. 

A more  direct  approach  to  the  stability  problem  is  also  being 
explored  in  which  the  buckling  load  level  is  calculated  directly. 
Indications  are  that  this  approach  may  be  successful  in  cases  where  the 
equilibrium  loading  decreases  distinctly  after  the  structure  becomes 
unstable . 


NUMERICAL  EXAMPLE 


Description  of  Idealized  Structure 


Reference  7 contains  an  exact  solution  to  a non-linear  shallow  shell 
problem,  namely  a cambered  plate  subjected  to  pure  bending.  A simplified 
idealization  of  this  same  type  of  structure  but  with  a built  up  construc- 
tion in  mind  has  previously  been  programmed  for  a digital  computer.  It 
is  therefore  convenient  to  simulate  the  present  cambered  plate  by  appro- 
priate bar  and  shear  panel  elements  and  to  compare  the  resulting  predic- 
tions of  the  computer  program  with  the  exact  solution. 

Figure  1 shows  schematically  the  idealized  structure  representing 
the  cambered  plate.  Because  of  double  symmetry,  only  one  quarter  of  the 
plate  need  be  considered.  The  node  points  are  shown  numbered  from  one 
to  fourteen.  Interconnecting  the  node  points  at  the  upper  and  lower 
surfaces  of  the  plate  sure  the  bars  and  shear  panels.  In  the  case  of  the 
bending  structure  analysis,  standard  methods  for  selecting  effective 
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areas  and  gages  are  employed  and  yield  satisfactory  accuracy  - see  for 
example  reference  5.  For  the  membrane  structure,  one  would  customarily 
use  the  entire  thickness  of  the  plate  as  effective.  However,  with  the 
total  cross-section  approximated  by  only  five  lumped  areas,  the  moment 
of  inertia  of  the  finite  element  representation  is  I.58  times  the  moment 
of  inertia  of  the  actual  distributed  cambered  plate  material.  This 
could  have  been  remedied  by  introducing  more  node  points  into  the  ideali- 
zation. Instead,  for  simplicity,  the  effective  thickness  for  the  membrane 
structure  was  taken  as  I/I.58  times  the  actual  value.  This  solution  of 
the  problem  is  not  entirely  satisfactory  because  when  subjected  to  lateral 
loads,  the  cambered  plate  is  now  too  flexible  in  shear.  The  results 
should  nevertheless  still  be  qualitatively  correct  in  this  situation,  and 
should  be  much  better  when  the  loading  is  primarily  bending. 

The  dimensions  of  the  example  structure  are  shown  in  figure  2.  As 
can  be  seen  there,  the  thickness  t is  0.25  inches  and  the  width  a is  20 
inches,  while  the  rise  of  the  parabolic  cross  section  is  1.25  inches. 

Young  Ts  modulus  E is  taken  as  10?  psi,  and  Poisson  Ts  ratio  is  .316. 


Loading  By  End  Couples 


The  first  loading  considered  is  pure  bending  in  the  spanwise 
direction,  for  which  an  exact  solution  is  available  (ref.  7)*  This 
state  is  characterized  by  the  conditions  that  (l)  the  stress  distribu- 
tion and  the  shape  of  the  distorted  cross-section  are  both  corstant  for 
a 11  cross-sections,  (2)  the  curvature  in  the  spanwise  direction  is  also 
constant,  i.e.  spanwise  elements  of  the  plate  bend  circularly,  and  (3) 
the  applied  edge  loads  remain  tangent  to  the  plate  surface  as  it  deflects. 
For  the  state  of  pure  bending  to  exist,  the  resultant  moment  M must  be 
applied  along  the  two  cambered  edges  as  a combination  of  membrane  stres- 
ses and  plate  bending  stresses.  It  is  found  that  for  the  cambered  plate 
proportions  of  figure  2 and  for  a very  small  value  of  M,  96#  of  M is 
carried  in  membrane  action  while  only  4$  is  carried  by  plate  bending. 

As  M increases  in  value  and  the  cambered  plate  tends  to  flatten  out,  a 
smaller  amount  of  the  total  bending  is  carried  in  membrane  action,  until 
the  structure  becomes  unstable.  This  is  shown  for  the  exact  solution 
by  the  solid  curve  of  figure  3*  where  the  non-dimensional  bending  para- 
meter (l2Ma)/(Et^)  is  plotted  against  the  longitudinal  curvature  para- 
meter a2/Rt.  The  quantity  R is  the  radius  of  curvature  of  any  spanwise 
line  element  in  the  mid-plane  of  the  plate. 

In  the  case  of  the  finite  element  solution,  the  entire  applied 
load  M is  arbitrarily  introduced  by  an  in-plane  loading  only,  acting  on 
the  two  cambered  edges  as  indicated  in  figure  2.  The  five  horizontal 
forces  shown  are  distributed  according  to  engineering  beam  theory.  The 
small  vertical  forces,  distributed  in  the  same  proportions,  are  introduced 


757 


in  order  to  have  the  resultant  forces  remain  approximately  tangent  to 
the  median  surface  at  the  edge  as  the  edge  deflects.  The  magnitudes  oi 
the  vertical  forces  are  given  a final  adjustment  hy  trial  such  that  the 
redJSn  S camber  is  approximately  uniform  at  all  interior  cross- 
sections?  ?he  results  of several  of  these  calculations  are  shown  by  the 
points  in  figure  3.  B*  entity  B In  the 
Is  non  taken  as  the  average  of  the  radii  of  eurvature 
snanvise  lumped  bars,  at  the  centerline.  The  agreement  with  the  theo 

retical  solution  of  reference  7 is  surprisingly  8°°Jin°the°idSlized 
■Moalization  No  real  attempt  has  been  made  to  obtain  the  idealized, 
structure 1 s maximum  load  because  of  the  laborious  way  in  which  the  end 
couplefhad  to  be  introduced.  For  most  applications  this  would  not  be 
a°problem,  since  the  directions  of  applied  loads  can  usually  be  considered 
to  remain  constant  during  deflection. 


Loading  by  Lateral  Pressure 


The  other  loading  considered  is  a downward  acting  uniform  pressure, 
resisted  by  a uniform  line  load  at  the  transverse  centerline.  These 
effects  are  simulated  on  the  finite  element  structure  in  the  usual  way, 
by  equivalent  concentrated  forces  acting  at  the  node  po  n s. 

The  load-deflection  behavior  is  again  plotted  on  figure  3,  the 
bending  moment  M now  being  the  maximum  value  in  the  spanwise  direction, 
occurring  at  the  centerline.  The  curvature  parameter  is  once. more  the 
average  value  at  the  centerline.  Each  of  the  triangular  points  shown 
renresents  an  equilibrium  configuration  obtained  by  the  iteration  Pr0“ 
cSSr ^pressure  Is  Increased  to  a new  value  the  displacements 
for  the  preceding  point  are  used  as  the  starting  point  for  t e 
sequencePof  iteStions.  The  process  is  terminated  when  a ^ ^ 
increase  in  the  pressure  results  in  passage  from  a stable  to  an  unstable 

configuration# 

From  a comparison  of  the  curves  for  the  two  loadings  it  is  obvious 
that  the  cambered  plate  is  much  more  flexible  for  the  lateral  pressure 
SSlS  tSTS  pSt  tending.  This  should  be  expected  In  the  actual 
iSS^fd  pStc  because  of  the  rather  large  contribution  of  the  shear 
deflections  of  the  membrane  structure  In  the  lateral  pressure  case. 

MS “s  e»gSrSed  In  the  finite  element  idealisation  because  of  the 
reduced  effective  membrane  thickness,  as  discussed  previous  y. 


CONCLUDING  REMARKS 


Although  the  shallow  shell  structure  considered  in  the  previous 
numerical  example  is  of  a rather  special  nature,  and  the  idealization 
employed  rather  crude,  the  authors  believe  that  the  basic  method  should 
be  adequate  for  the  general  shallow  shell  case.  In  particular,  for 
axi-symmetric  shells,  trapezoidal  panels  can  be  readily  substituted  for 
the  rectangular  ones  presented  here.  In  keeping  with  other  applications 
of  these  finite  element  methods,  it  should  be  possible  to  account  for 
almost  any  type  of  irregularity  in  structure  and/or  loading.  The  appli- 
cation need  only  be  sufficiently  important  to  justify  the  cost  of  imple- 
menting the  computer  program. 

In  the  progression  toward  the  conpletely  general  shell  instability 
problem,  the  case  of  cylinders  and  cones  is  next.  Its  solution  by  finite 
element  analysis  methods  appears  to  be  realizable.  Considerable  progress 
has  already  been  made  in  developing  these  methods  for  semlmonocoque 
shells.  These  have  been  employed  in  a relatively  routine  manner  for 
stress  distribution  purposes  by  a number  of  airframe  manufacturers.  It 
should  be  fairly  straight  forward  to  extend  this  work  to  include  a com- 
plete monocoque  shell  representation  if  desired,  by  the  addition  of 
certain  element  flexibilities. 

The  introduction  of  linear  instability  effects  into  these  calcula- 
tions should  also  be  reasonably  straight  forward.  Finally,  it  would 
appear  that  the  non-linear  effects  of  large  deflections  could  be  intro- 
duced by  the  initial  inperfection  concept.  The  method  of  solution  would 

again  use  an  iteration  and  step  by  step  procedure  based  upon  the  tangent 
flexibility  matrix  notion.  * 

Lig  question  that  remains  is  how  large  a computer  and  how  much 
of  a programming  effort  will  be  required  to  accomplish  an  this?  The 
answer  should  not  be  too  far  away. 
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